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PREFACE 


;Tliis book lias grown out of a short series of lectures which 
were given in August, 1926, at the St. Andrews Congress of the 
Edinburgh Mathematical Society. It was the aim of those lec¬ 
tures to present in outline the salient features of the Invariant 
Theory, from its origins in the early forties of last'century to 
the present day. But in the course of filling in the sketch, it was 
borne in upon me, more and more clearly, as the argument pro¬ 
ceeded, that the subject takes its rise far earlier. 

For this reason I have followed the method of Salmon in 
opening with an account of determinants. This also made it 
desirable to introduce the rudiments of another great depart¬ 
ment of algebra—the theory of matrices. These will chiefly be 
found in the first seven chapters, which have been written 
mainly with a view to their applications in what follows. It is 
no exaggeration to say that the well-known theorem, given by 
Laplace, for the development of a determinant, plays an essential 
part in all the main theorems of the symbolic invariant theory, 
as here adopted, with the one striking exception of the Basis 
theorem of Hilbert. 

I am glad to acknowledge the great debt which|4aathema- 
ticians owe to Sir Thomas Muir for his charming of 

Determinants which is at once a monument and an inspiration. 
If the present book encourages the reader to turn to the History 
and explore its farther fields, one of my objects will be attained. 
Here the subject is confined to what is called determinants in 
general and compound determinants. Perhaps the reader will 
also be tempted to dip into the buoyant papers of Sylvester 
{Collected Works) and the systematic treatise by Cullis {Matrices 
and Determinoids)) who so generously displays the significance 
of the earlier writings by Sylvester. 
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As to the invariant theory itself, an attractive approach to 
binary and ternary forms has for many years been accessible 
through the admirable treatises by Elliott {The Algebra of 
Quantics, Oxford, second edition, 1908) and by Grace and Young 
{The Algebi'a of Invariants, Cambridge, 1902), the former de¬ 
veloping the direct, and the latter the symbolic methods. Eut 
during the present century considerable advances have been 
made in studying quaternary and higher forms (involving four 
or more homogeneous variables), both in the algebra itself and 
in its appKcation to physics through the concept of Relativity. 
Accordingly, while I have incorporated just enough of the binary 
theory to give a short connected exposition of its develop¬ 
ments, my chief concern has been with the general forms. 

Whatever completeness may attach to the present argument 
is finally due to the memoirs and recent books by Weitzenbock ^ 
and Study.2 To the former belongs the credit of extending the 
work of Clebsch and Gordan from the binary to the general 
case. But perhaps the most remarkable service which he has 
hitherto rendered is to give a complete account of the basis 
of analytical projective geometry in relation to all the usual 
metrical forms. Euclidean and others. An exposition of these 
results is given in Chapter XXI. 

In such a far-fiung theory, with all its great ramifications into 
pure algebra, the theory of groups, projective and difierential 
geometry, somewhere or other the line must be drawn: and this 
has been done as follows. First, beyond a bare introduction to 
each (Chapters XX and XXI), the two chief applications, to 
algebraic and difierential geometry, have been omitted. How¬ 
ever logically appropriate fuller treatment would have been, 
it was felt that justice could not be done to what is an extra¬ 
ordinarily attractive and penetrating type of analytical geometry 
in three-fold and higher space, at the end of a long algebraic 
theory. But the reader can fund a full account of the plane 
geometry in the later chapters by Grace and Young. 

Secondly, there is no mention of the interesting algebra of 
altefrnate numbers for which ax h — — 6x a. These have a 

^ InvariantentTieorie {Groningen, 1923 ). 

^ Einleituyig in die Theorie- der Invarianten linearer Transformationen auf 
und der VectorenrecTinung (Brannschweig, 1923 ). 
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long Mstoiical record in the work of Grassmann, Whitehead, 
Scott and Matthews, and others. The omission calls for some 
explanation, because in the deft hands of Dr. Weitzenbock, a 
key to the general invariant theory is provided by complex 
symbols, which are a type of alternate numbers. But it was 
found that by enlisting the full implications of Sylvester’s 
Theorem (1851) (p. 48), the ordinary symbols provide quite a 
natural medium for the whole general theory, from beginning 
to end. 

There is also no attempt to grapple with all the details in the 
theory of canonical forms and invariant factors; but the neces¬ 
sary suggestions for further reading have been made at suitable 
stages. Neither has room been found for the discussion of special 
complete systems; nor for the extensive theory of modular 
invariants which have lately received great attention in America. 

Here and there, illustrative examples have been included, 
often as straightforward applications but occasionally as more 
advanced problems and suggestions for further inquiry and re¬ 
search. Among examples of determinants and matrices are 
several for which I am indebted to Professor E. T. Whittaker 
and Dr, A. C. Aitken. 

My best thanks are due to my colleague. Dr. W. Saddler, for 
his ripe judgment and criticism in reading the work, and for 
oSering many valuable suggestions; and to Dr. J. Williamson for 
reading the proof-sheets and giving further helpful advice; and 
also to Dr. J. Dougall for his expert and very efficient help in 
removing both mathematical and typographical blemishes. 

H. W. TURNBULL. 

Si* Andrews J June 1928 



PREFACE TO THE SECOND EDITION 


Besides a revision of the existing ■work where numerous cor¬ 
rections have been made, two chapters are added. Chapter XXII 
contains many notes upon determinants and matrices which 
experience has shown to be useful and appropriate to invariant 
theory. Bideterminants provide a new algorithm for investigating 
problems both elementary and advanced. Chapter XXIII gives 
a brief survey of Young’s theory of standard forms, and thus 
continues a theme hinted at in Chapter XXI. It is designed to 
point the way to further investigation into the significance of 
the Gordan-Capelli series for the later and abstract concepts 
initiated by Brobenius and Schui. Eeferences are given at the 
close of the chapter to the important developments by H. Weyl, 
D. E. Littlewood, D. E. Rutherford, and others, either in the 
abstract or in the algebraical or in the geometrical theory. 

I take this opportunity of mentioning an interesting series of 
papers which Weitzenbbck and Bos continue to communicate to 
the Amsterdam Academy, upon the differential geometry and 
invariants of a ruled surface in four dimensions, thus providing 
a fruitful example of invariants in quinary forms. 

My best thanks are again due to the many friends who have 
called my attention to blemishes in the earlier edition, and par¬ 
ticularly to Dr. A. 0. Aitken and to Dr. J. Dougall and the pub¬ 
lishers for helping with their mathematical experience and 
technical sMU. 

H. W. TURNBULL. 

SL AndrewSt January^ 1945. 
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The Theory of Determinants, 
Matrices, and Invariants 

CHAPTEE I 

Matrices and Determinants 


1. Notation. 

The fundamental importance of determinants as working tools 
in mathematics has come to be so widely recognized that it may 
be assumed that the reader has some practical knowledge of them, 
and in particular that he has realized their value in providing a 
simple general rule for the solution of linear equations. Certain 
introductory results may therefore be given without undue em¬ 
phasis on intermediate steps, which can easily be supplied. 
Our first object is to learn a notation and a few important 
definitions. 

Suppose there are two homogeneous linear equations in three 
variables a?, y, z, 

a^x+h^y+ (\z=0, ) ^ ^ ( 1 ) 

a^x+h^y+c^z=0. | • 

Then in general they have a solution 

^ ^ y ,_^ ( 2 ) 

Cg ““ ^2 ^2 ^2 ^1 ^2 ^2 ^T. 

These denominators, which are called determinants of the second 
order, can be written shortly in various ways, all of which have 
great value: 

(i) I ^1^21 , 1 j , I ^2 1 j 1 

(ii) (6 c)j2, (c«)i2^ 

(iii) (be ), ica) , (ah ). 


(3) 
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Tlie last of these ways makes use of the obvious fa^^t that if two 
letters be are written down side by side, one is first and the other 
is second, read from left to right. We agree to drop the suffixes 
in (iii), whenever they are 1, 2, for exactly the reason that we 
drop the index 1 in writing when ^ = 1. In fact we define 
{hc)ij to mean and merely suppress the suffixes ij in the 

case when ^‘ = 1, ^* == 2. 

A fourth and more familiar notation for the determinant 
— b^c^is. the well-known square array, introduced by Cayley ^ 
in 1841 long after determinants (and much that will concern us 
in this chapter) were first invented. It is 


^1 ^ I 

i 


(<t) 


which has the advantage of showing such coefficients of the original 
equations, as appear in the first determinant, exactly in their same 
relative positions. 

This leads to still more ways, all useful, of writing down the 
solution of equations (1):— 



( 5 ) 


In each of these cases three equations have been grouped into one 
statement. Only in (iii) we note that an essentially new idea is 
present: the double vertical lines,^ before and after the rectangular 
array, signify that determinants are to be chosen therefrom by 
suppressing in turn the first, second, and third column of letters, 
and at the same time retaining the orders 6, c; c, a; a, b oi the 
columns. 


2. Definition of Matrix. 

There is obvious importance in adopting a methodical arrange¬ 
ment of equations and all such polynomial expressions, involving 

^ In 1841, Collected WorTcs, 1, 1. 

-This notation has sometimes also been used to denote the matrix of the 
array. 



I.] NOTATION 

several variables x, y, z. Also, because of tbe convenient fact that 
many of tbe properties of a square or oblong formation can be 
illustrated by arranging four or six things two by two in a square, 
ox two by three in an oblong, we can continue to extract useful 
general notions from our equations (1). The set of coefficients 

% h 

^2 ^2 

of (1), arranged in their relative positions, is an example of a 
matrix of orders two and three. A matrix of orders m and n simply 
means a set of mn mimhers arranged in rectangular array with m 
rows and n columns. 

At first sight such a definition strikes one as awkward and 
vague, for the question naturally arises in the mind, what shall 
we do to these numbers, shall we add or subtract them or form 
them into determinants? Nevertheless it is exceedingly useful 
to train ourselves to think of an array of numbers as a single 
thing with properties of its own, and to hold ourselves in readiness 
to operate on the terms or elements of the array in any convenient 
way that suggests itself, as in fact we have done in the preceding 
results (2), (3), (5). We are indeed all familiar with this idea, for 
ordinary Cartesian co-ordinates 

of a point in space provide a simple instance. Here the matrix 
is of orders one and three. This involves more than merely three 
numbers x, y, z; it is three numbers together with a specific 
relation between them; namely, that they are ordinally arranged. 
In general when x, y, z differ, the geometrical interpretation of 
the different arrangements 


[^3 iy^ [^, 2 ;, x], [z, x, y], [z, y, xl 


is six different points: and this is hint enough that regarded as 
algebraic elements (molecules, if we like), we may with advantage 
study the behaviour of matrices, always treating them as single 
integral things, and not as elaborate clusters of component parts. 
Just as Cayley first provided us with the well-known square 
notation for determinants (Cf. (4)) so also we have to thank him 
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for first ^ enunciating this principle. He, However, confined the 
definition of a matrix to a square formation only. 

Let us agree to use brackets [ ] for enclosing the constituents 

of a matrix, and incidentally for expressing co-ordinates of a 
point, in plane or space, so that we can now proceed to discuss 
the matrix M of the coefficients of linear equations (1), and write it 





We can also with advantage notice that there is a matrix X of 
the homogeneous variables x, y, zbi the equations, namely 

X == [x, y, z\. 


It is a simple but far-reaching fact that for a given system of 
equations, arranged by columns and rows as in (1), there are these 
two matrices M and X. One cannot exist without the other. 

It was said that in general equations (1) have a solution. By 
this is meant all cases in which the two equations are effectively 
distinct, a state of things that only breaks down if 

I 6-j ! = {5^2 • ^2 • ^2* 

When this happens the coefficients of one equation are propor¬ 
tional to those of the other, and the two equations furnish no 
more information about x, y, z than either of them alone would do. 
It is then impossible to derive solutions (2) from (1), still less 
the results (5). If we define the phrase determinants of the matrix 
M to mean all the determinants (6c), (ca), {ah), we may state that 
the equations (1) are soluble unless all the determinants of the 
coefficient matrix M are zero. 

Suppose two of the determinants (6c), (ca) vanish. Then, 
eliminating c^, Cg it follows that {ah) also vanishes. Hence a suf 
ficient condition, for the insolubility of equations (1) in the form 
(2), is that two of the three determinants of M vanish. 

If, however, only one determinant vanishes, (6c) say, then 
x == 0, y :z— {ca) : {ah). And we may define equations (2) to 
have this meaning, although standing alone the ratio x : (6c) 
would now be meaningless and could not be employed. 

Just as there is geometrical significance in [0, 0, 0] which 

^ JPhil. Trans. (1868); Collected Works, 2, 476. 
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denotes the set of co-ordinates of the origin^ so we may presume 
that the null matrix 



has algebraic significance, although in relation to equations (1) 
it appears to indicate their non-existence. 

We may sum up this little investigation by attaching a special 
term ranh to a matrix. The rank of 



is two, unless all the determinants h-^c ^— 

— a^bj^ v£^,nish, in which case it is one, unless again all six 
elements c^, « 2 > ^ 2 ? ^2 vanish, in which case it is zero. 


EXAMPLES 

1. If a^sc H- 4 - == 0, < 22 ^ + -f- C 22 : = 0 are the Cartesian 

equations of two distinct planes, prove the rank of the coefficient matrix 
is two. If the rank is one, what is known about the planes? 

2. If these equations refer to lines in a plane, in areal (or other homo¬ 
geneous) co-ordinates, what is the significance of the rank of their matrix? 

3. A two-hy-three matrix has rank unity. Show that if its rows deno fce 
areal co-ordinates of a point, each row denotes the same point. 

What other two-by-three matrix has rank unity? 

Ans. A matrix in which one row is three zeros. 

4. A three-by-two matrix has three rows and two columns. If each 
row is interpreted as Cartesian co-ordinates of a point in a plane, show 
that its throe determinants all vanish if the three points are in line with 
the origin. 


3. The Transposed Matrix. 

If we interchange columns and rowvs without disturbing the 
order of either, reading columns downwards and rows from left 
to right, we obtain the transposed ^ matrix. Let us use an accent 
to denote the transposed matrix. Thus the transposed of M is 

~ai, 

M' = 62 

C2_ 


Sometimes called conjugate matrix. 
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If we transpose M* we obtain M, so that here we have an example 
of a conjugate or sy'i7i7net7'ical relation between two things. So 
also the transposed of X ~ [x, y, z\ is 


and vice versa. The determinants of the matrix M' are ( 6 c), {ca), 
{ah) which are the same as those of Jf. More precisely the relation 

6i 62 6j Cj^ 

<h ^2 ^2 ^2 

shows the identity of corresponding transposed determinants. 
But we should naturally think of the determinants of M as forming 
a row (i.e. a matrix) of three elements, of the same pattern as X, 

[ ( 6 c), (ca), (ah) ] 

while those of M' form a column of three. 

Owing to the practice of writing from left to right, rather than,, 
as the Chinese do, from top to bottom, we have never accustomed 
ourselves to thinking of co-ordinates of a point written downwards 
as in X\ It will later appear that this novel way sometimes has 
very great advantages. But occasionally, in order to save space, 
a column matrix will be written horizontally and enclosed in 
brackets { }. Thus 

X y^ 

4. System of Linear Equations. 

Before dealing with the general case involving n variables, 
let us consider a set, or system, of three linear equations homo¬ 
geneous in four variables 

aijr + 6 i 2/-|- CiZ-f- = 

^2 ^ ^ 2 ?/ “f" ^ 2 ^ -}- ^ 2 ^ = 0 , 

asaj-f-632/+C3Z-I-d3«= 0. ... (6) 

Multiplying these respectively by ( 60 ) 33 , (^^) 3 n (^c)i 2 and adding 
we find that all terms involving y ox z disappear, and that the 
result may be written 

(a 6 c)a;-h (d 6 c)t= 0, . . , , , ( 7 ) 



I.l SOLUTION OF LINEAR EQUATIONS 

where (abc) is a convenient symbol for the coefficient of x in the 
result, and (dbc) for that of t. Thus 

(abc) = % (bc)2s + (^<^)l2 

= a-^b^C^ ^3 ^2 H ” ^3 

Likewise 

(dbc) = d^b^CQ d^bgCa d^b^c^ — d^b^c^ -{- d^b^c^ — d^b^c^- 

Manifestly the series for (abc) may also be written 

% ^2 ^3 % <^2 ^3 " i “ <^2 % — “ i ~ <h ^^2 ^3 — < h . ^2 (9) 

and further, it is clear, on expansion, that the following equalities 
are true 

(abc) = (bca) = (cab) == — (acb) — — (hac) = — (cba). (10) 


Before Cayley introduced the notation 

L h <h 


^3 h 


( 11 ) 


for this series (8), which is a determinant of the third order^ it was 
frequently written 

S dz C^1^2C3, .(12) 


tb.e summation indicating either that a, 6, c are to be deranged in 
all six possible ways, as in (9), without deranging the suffix order 
1, 2, 3, or vice versa, as in series (8), the suffixes are deranged but 
the letters are not. The dz sigii here indicates that some terms 
have a positive sign and some a negative, the choice depending 
on a rule to be presently explained. 

If we also solve for y or z, as in (7), we obtain in general 

^ ^ n 3) 

(bed) (acd) (abd) (abc)’ 


as should be carefully verified. The negative signs occurring 
with the alternate variables y, t are inserted to maintain 
the alphabetical order in the denominators. For these deter¬ 
minants are obtained in the Cayley notation by suppressing 
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io turn each one of the columns of the coefficient matrix 

Qi Cl di 

62 C 2 dz (14:) 

{_ ag 63 C3 d^ J 

Some writers define these as the determinants of this matrix: 
it is preferable, however, to attach a sign -f- or — according as 
an odd or even column is suppressed. Thus x,y,z,t are respectively 
proportional to the determinants A, B, C, D of the coefficient matrix, 
namely 

A — {bed), B= — {acd), C= {ahd), D— — {ahc). (15) 

5. Linear Combinations of Rows or Columns. Number Field. 
Rank. 

It is convenient to have a precise notation applicable to 
ri«atrices, deter m inants, and systems of equations. A few examples 
suffice to explain it. Consider the array 

a b 0 

X y z 

a —{— X h -f” ' c —f~ 2 :, (Id) 

Here we obtain the third row by adding the elements of the 
two other rows columnwise. This is denoted by 

rowg = rowi “1“ roWg. (17) 

Again consider the array of four columns, 

a b c a “t" b c 
X y z x-\-yf-z. (18) 

Here is an example of adding row-wise. We denote it by 

coll-f-C 0 I 2 + C 0 I 3 = C 0 I 4 . . • • (19) 

Next the two arrays 

a b c a qa 

pa pb pc b qb 

G qc 
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exhibit what is meant by multiplying a row or column by a given 
number. We write these 

rowg = p rowi colg = q col^ 

respectively. 

In general, by 

'p rowi + q rowa -f r rows . . . (20) 

is meant: form a new tow by multiplying the first by p, the second 
by q, the third by r, and adding. Similar remarks apply to 
columns, but only the former process applies immediately to 
equations, as for instance in reaching result (7) of the last 
section from (6). 

We shall assume that all the symbols a, 6, c, cr, , hitherto 

used, stand for real or complex numbers. It follows that the 
process (20) implicitly includes subtraction as well as addition 
of rows, since one or other of p, q, r may be real and negative. 

At this stage it is useful to have a clear conception of what is 
meant by a fieM of numbers. This can be defined as follows. 

Definition of Number Field .—A class of two or more complex 
numbers forms a field if whaiefcer two equal or unequal members 
p and q are chosen then p + q, p — q, pX q^p-r-q are them¬ 
selves members of the fields excepting the case q = 0 m the quotient 
p-t- q. 

It follows that integers do not form a field, because for instance 
2 3 is excluded: but rational numbers form a field. So also 

do real numbers. So also do numbers of the type a-\-bs/^ where 
a and b are rational. So also do complex numbers. It also follows 
that zero is a member of every possible field, by taking p and q 
equal in — q. 

Suppose we now prescribe a definite field F for the numbers 
p, q, r of (20). By this procedure we are said to form a linear 
combination of the rotvs or columns in question. 

Obviously if p, q, r are all zero we should form a row of zeros 
from 

p rowi + J^oWg + ^ rowg. 

But, excluding this case, suppose we still get a row of zeros, i.e. 
a null row, when not all p, q, r vanish; then we term the several 
rows so combined lineaHy related or linearly dependent in the 
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field i\ The same definition applies to columns. And if we 
cannot get a null row unless all 'p, q, r vanish, the several rows so 
combined are linearly independent in the field F. Likewise for 
any number of rows, and columns. 

This distinction between linear dependence and independence 
is of the utmost importance, and should be carefully thought out 
with these simple cases, in order to pave the way for its more 
elaborate use at later stages. 

We can now utilize this discussion of linearity to define the 
ranh of a matrix in general. The rank of a square matrix is 
the greatest number of its rows or columns which can be found to 
be linearly independent. That of a rectangular matrix with fewer 
rows than columns is the greatest number of its rows which are 
linearly independent. If there are more rows than columns, the 
same test applies to its columns. 

So for the m X ^ matrix the rank may be any whole number 
0, 1, 2, . . . , r not exceeding either m or n. It will be shown in 
Chapter V that this definition amounts to the same thing as that 
already adopted in §2. 


6- Linear Equations which are not Homogeneous, 

The solutions of the homogeneous equations in either three or 
four variables already treated give the ratios but not the exat^t 
values of the variables cc, z, . . . . In general n such equations 
for n -}- 1 unknowns x, y, z, . . , ^ t determine the ratios 

xiyiz:.,.:t 

in terms of the coefilcients. It follows that if one of these, the 
last, t, for example, is given in value, the rest can be determined. 
It is useful to take i = — 1, for when this is done we can at 
once write down solutions as follows. The binary case has two 
equations for two unknowns cr, y : the ternary case has three for 
three unknowns. 


(1) The Binary Case. 

a^x-{-b^y=^ Cg J 


{ah) =4= 0, 


^ _ 1 
(c6) {ac) {ah) 


so that 


(c&) 

{ab)’ 


V 


_ («c) 

(«&)■ 


then 
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(2) The Ternary Case. 

If X + h^y + c^z=d^ 

+ Cgg: = \ (ahc) 4= 0, 

<^3^+^3?/+C33=:cZ3 


then 


so that 


ag __ y _ g _ 1 

(dhc) {add) (ahd) {ahcf 

^ {dhc) {add) {ahd) 

{abc)’ ^~J^y 


II 


It is worth while noticing the simple manner in which these last 
fractions, giving x, y, z, are formed. Bach denominator is the 
determinant formed from the left-hand side coefficient matrix 
of the given system of equations. This matrix is now a square 
array. The numerator of x is obtained from the same determinant 
by suppressing the first column and substituting the column of 
(il’s in its stead. By substituting in the second and third columns 
of {ahd) similarly, we obtain the respective numerators of y and 
z. This device overcomes the difficulty (cf. (14)) of affixing the 
sign. It has the advantage of perfect generality, for it applies 
equally well to n equations involving determinants of the nth 
order. This rule was first given by Cramer in 1750. 


7. Condition of Solubility. 

These equations are soluble, as we see, unless in the binary 
case {ah) == 0, and in the ternary case {ahd) ^ 0. A similar test 
holds for more variables. Thus the equations in the ternary case 
are soluble if the rank of the square matrix 

- m-3 &3 C 3 J 

is three. It is interesting to examine the cases of failure, when 
the rank is less than three; but as our chief concern is with the 
soluble case we leave this aside. 
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8- Number Rings. 

It is useful to give a name to classes of numbers, sucli as the 
real integers, or again tbe complex integers, which fail to form a 
field only by disobeying the division law. Such a class is called 
a ring and can be defined as follows. 

Definition of a- Numh&i' Ring. A class of two or more numbers 
forms a ring if whatever two equal or unequal members p and q 
are chosen then p — q^p X q are themselves members of 

the ring. 

It follows that integers form a ring but not a field. The idea 
of the ring has place both in elementary arithmetic and in the 
theory of numbers. Nor is division entirely excluded, if it arises 
out of repeated subtraction, and involves a remainder (within the 
ring) which may happen to be zero. 

EXAMPLES 


1. Write down the determinants of the following arrays: 


r*i, 2, 3*1 ["^2 ^3 

U, 5, 6j ’ L&2 &3 & J ’ 


rO, 3 2, 1-1 ra h 

5, 4, 3, 2 . a' y 

_1, 0 2, 2j Ll 1 


c 

c' 

1 


2. What is the rank of the following matrices? 


2 

5 

8 



2 3-1 rl 0 

0 0 L 0 1 
8 9J Lo 0 

Ans. 2, 2, 3, 



1 

~1 

0 



3. Solve, for x:y:z:t, the homogeneous equations; 

ax by cz dt — 0, 
a^x + + cH H- dH = 0. 

What is the rank of their matrix? 

Ans. 3 if at least three of a, b, c, d are diJfferent; 
1 if they are all equal; otherwise 2. 


4. The complex number 2 -f 3i consists of two linearly independent 
parts 2, 8-i in the field of real numbers, but not in the complex field. 

The same is true of every non-zero complex number. 


5, The rational numbers ^ together with all numbers such as 
p r \/5 ^ 

- - -form a field (where g, r are integers, and g 4= 0). 

If five points are the vertices of a regular pentagon, prove that the 
ratios of all segments of all lines joining these in pairs belong to the field. 



CHAPTER II 

Fundamental Properties of the Determinant 


1. Derangements. 

In order to consider determinants more generally, and to make 
the exposition clear, we must now recall several fundamental facte 
of algebra. First the number of arrangements or permutations ^ 
of n different things placed in a row or column r at a time is 

„P,. = n(w — 1) (w — 2)... (n — r 4- 1) = ., ( 1 ) 

(n — r)! 


where n!=lx2x3x...xn, which gives the nuinber when 
all are arranged each time. Secondly, the number of combinations, 
or groups, of r things chosen from n dilferent things is 


n 





■■( "" ) 

/ r! f)! 

\n —- r/ 


. ( 2 ) 


Thus a group of n things can be divided into subgroups, con¬ 
taining respectively r and n — r things, in ways, for this is 
only another way of d(‘scribing the same process. 

Now consider the function 


abo ... m 


formed by the product of n dilleront numbers a, h, c, . . , , m. 

1 Jacob BernoiilU (10i)4-01705) lirHt used this word in this sense: Ars con- 
jectandi (1713). Factorial ?/. was introduced by Kramp (1808). The brilliant 
aohiovomonts of a young French tnatluunatician, Pascal (1623-62), set this 
theory a-going. Ho diHCOVcrcd the number mOn as {n + 1) (n4-2),.. m{{m — n)\, 
and initiated tho mathcmathial theory of probability. Moreover, it is interest¬ 
ing to notice that PascaFs results followed from tho study of a matrix 

1 1 1 1 ... 

1 2 3 4 ... 

1 3 6 10 ... 

1 4 10 20 ... 


Cf. Rouse Ball, Tlisfory of Mathematics (London, 1901), p. 294. 
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Here is an example where the arrangement of factors is im¬ 
material: all the nl ways of arranging the row a, b, . , . ^ m are 
equivalent. But consider next 

4 > = 'Za-^h 2 ,c^,. .... ( 3 ) 

defined as a function of numbers ag, . . . , in 

which the summation sign indicates nl terms, obtained by per¬ 
muting a, b, . . . , m in all ways without disarranging the suffixes. 
This function is called the 'permanent of the square matrix of 
order n 

^ a-^ CjL ... m^' 

<^2 ^2 ^2 ^2 

Such a function is easily constructed in any particular case. It 
is useful to us in paving the way for a better grasp of what a 
determinant is. 

If _p, g, r, . . . , jf are the n given numbers, a, &, c . . . , m, in 
another order, so that 

Pi_q^r^ • • • 

is a term of the series ( 3 ), we call^g'r ... ^ an inversion or derange¬ 
ment ^ of ahc. ,. m. We also have a special symbol 

(ahc . . . m\ 

'. ..t 

to mean the substitution oi p, q, r, . . . , t respectively for a, 6, c, 

, . . , m. It should now be clear that 

means exactly the same permanent as <f>, S still having the 
same meaning. 

Next, by transposition is meant the interchange of two of the 
n letters without deranging the other n — 2 letters. If these two 
letters are adjacent in the row the process is called an adjaceiit 
transposition. Thus 

abcde, abdce, adbce, dabce, dacbe 
^ Cramer’s word (1760). 
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represent terms derived by adjacent transposition in succession, 
whether read from left to right or right to left. Manifestly any two 
terms of cf> can be connected by such a chain involving adjacent 
transposition, and the process can be carried out in many ways if 
many letters are involved. 

Theorem. —Any transposition is equivalent to an odd number 
of adjacent transpositions. 

For if the transposition interchanges p and q between which 
h letters stand, it is equivalent to 2 ^ -j- 1 adjacent transpositions 
caused by shifting p through ^ + 1 places until it is just past q 
and then shifting q through h places back to where p first stood. 

2. The and C_ Classes. 

Theorem.— the n! arrangements of n letters abc . . . m 
may he sorted into two classes and C_, such that an even number 
of transpositions applied to any arrangement does not alter its class 
whereas an odd number does so. The class is taken to include 
the original arrangement abc . . . m. 

In the example just cited the terms are as follows: 

Oj. abode, adbce, dacbe. 
abdce, dabce. 

Proof — 

This consists of two parts, first to show the practicability 
and next the unamhiguity of the classification. First, if 

/1 2 3 . .. 

\ijk...l) 

denotes a substitution whereby a new arrangement ijh.. .1 is 
derived from the n integers 1, 2, 3, ... n, we may prove the possi¬ 
bility for these integers and then apply the same classification to 
n letters (or anything else capable of orderly arrangement). We 
count how many in the lower row precede 1, how many greater than 
2 precede 2 , how many greater than 3 precede 3, and so on. Then 
ijk .. . 1 is placed in C^. or C__ according as the total count is even 
or odd. As this counting tallies with adjacent transpositions the 
classification is practicable. 

Next it is unambiguous. This is proved by showing that 
no two arrangements T^ = 12Z . . .n and = ijk . . .1 are ever 
connected both by an odd and by an even chain of adjacent 
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tiunspositions. Let the supposed chains be given by terms 

Ti, T,; 

m rp» rpt rpt rp 

■^15 -^25*“* i* 1 ’ S 5 r > 

where consecutive terms differ only by adjacent transposition. 
Form the chain from T-^ to by linking these chains at 
thus: 

rp m rp rp rpt rpt rpr rp 

-L 2 > • * - r —1 J r 5 ,s-» s—1 >***-^2» “^1* 

If Tg differ from its predecessor by interchange of p, q, some later 
term Tj^ differs from what immediately precedes it by interchange 
of g', jo: otherwise the original order as in T-^ could not be finally 
reached. If several terms Tj^ have this property, we choose that 
nearest to J'g* off start again on the first unpaired 

term after T 2 , repeating the same argument. In this way all 
the series except the first T-^ is paired off. Hence either both 
chains are odd or both are even. This proves the theorem. 

Example, T-^ =2314 
T 2 = 3214 
T 3 =3124 
T 4 =3142 
=3412 
Tq =3421 
Tr^T^ = 4321 
Ts =4231 
=2431 
^10 = 2341 
Til = 2314 

Here two even chains connect Ti and T,.. We pair off, in order, 
rows 2, 8 ; 3, 6 ; 4, 9; 6 , 11; 7, 10. 

Reciprocity or Duality. 

This theorem applies at once to a permanent; nor does it 
matter whether it is developed by fixing the sufiixes and deranging 
the letters, or fixing the letters and deranging the suffixes. Thus 
when n = 2 

Ui I ^ 2^1 — a-y bg I bi Ug. 
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Everything, in fact, that has been said of the two classes 
and C_ will hold of either suffix or letter permutation. But if we 
combine both, we obtain rather a different state of things; there 
would be in all n! X n\ terms giving the function cj> exactly n\ 
times, each term of occurring n\ times. 

We may find to which class such a term as 

Vi <lj 

belongs by adding the total count among •pqr ^ to that of the 
suffixes ijh . . , 1 , for this tallies with recovering the order abc . .. m 
first and then that of the suflfixes 123 . . . 

3. Definition of Determinant. 

The series of n! different terms 

S dz • • • '^n 

wherein suffixes alone are permuted and the sign of the term is 
given by the class or C_ to which it belongs is the general deter¬ 
minant of order n. It is often written 

{abc .,. m), 

or I fea C3 . . . I, 

or more expressly 

% ^ ^ I 

<^2 ^2 ^2 * • * ^^2 1 

A = 

K 

The leading diagonal term 

has a positive sign (apart of course from special negative values 
among its n factors). 

Let S denote the generation by interchanging letters, and S 
that by interchanging suffixes. Then ^ 

a 

A = S d= (hf^c^ . . . 

= 2 dz ^ 162^3 * • • 


(BSS4) 
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Let us write the general term of S 


€ OihjC ^.... 7ni, 


where e is ::£:1 according to the class of ijJc . . - 
times denoted by 


€ 


= sgn 


fl23 . 
Ki j h . 



1 . 


This is some- 


Now -fee interchange of ij shows at once that 

/12Z 


is opposite to e. The same remark holds of the interchange of 
an^ pair i'f in the lower row. Appl 5 dng this to A, if any two 
letters a, c are interchanged in ah terms of S we obtain a series 

i 

Swy where each term Uy^ is equal and opposite to a term in S. 

i 

Also any two such terms Uy, Uy of YiUy must difier, otherwise 
they would be also equal before the interchange. Thus 
exactly tallies with —A: whence 

If two columns of A are interchanged, A changes sign. 


For like reasons 

If two rows of A are interchanged, A changes sign. 


I,et 'p, q be two letters or two suffixes. In the substitution notation 
these last results are written 



Should the elements of the rows, or columns, in question, be 
identical, the left-hand side of this last equation leaves A un¬ 
changed, so that 

A = — A, so that A = 0, 


whence, A vanishes if two columns {or rows) are identical. 

In particular, if each element e^ of A is unity, the above 
holds, so A vanishes. But now, on referring to the definition, 
we find each term of A is ± 1. Hence the number of (7+ and 
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terms is tlie same. 
Each class C 


But the total number is 
n ^ 

4 _ and C__ has — terms, 

-1- — o 


19 

Hence 


An example of all possible interchanges of columns of A was 
given in (10), p. 7, There will be n\ ways of writing A in general 
by such interchanges of colunms, together with n! ways by 
interchanging rows. So for n—B, if A = 

I % 62 ^3 I “ j *^2 ^3 ^ I ~ I <^3 ^2 I “ I % ^3 ^2 I ” 1 ^2 ^3 I 

= 1 ® 3 ^ 2 <h I “ I I = 

In this way any one of the elements may be brought to occupy 
the first place originally filled by 


4. Arrangement of Terms in the Expansion of a Determinant. 
Standard Order. Co-factors. 

Bet us write A == T-^ —{— . . . “i" • • • it 

where the chief term is and the number of terms is 

nl. This series is very unlike most of the familiar series of elemen¬ 
tary analysis, for here there is real difi&culty in deciding on a 
natural order of its terms. There is no such thing as a general 
nth term in A, as every term is in a sense a general term. But let 
us agree upon one standard order as follows. We fix the order 
123 ... n of suffixes in each term, and then arrange the terms 
alphabetically.^ This not only gives a unique order of succession, 
but automatically cuts the series of n ! terms into n equal sections 
of {n — 1)1 terms, exactly like the A, B, C , . . sections of a 
dictionary. So we write 

A = -j-• (^) 

for % is a factor of all the first {n — 1 ) ! terms, of the next, and 
so on. The capital letter factors are called co-factors of the re¬ 
spective small letters. But we may equally well take the suffix 
order fixed as ijh . , .1; so we likewise obtain, if ^ = 1 , 2 , . . . , n, 

A = a^A^ + -]-••• + . . ( 6 ) 

which defines cofactors of elements of the ^th row. Thus A^ is 
co-factor of Bi of 6 ^, and so on. 


^ If n > 26, define this as abc ... za'b'c '... z'a"b"c" _&c.! 
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Correlatively we ma}’ fix the letter order cibc ... of a term 
and write the s uffix sets in ascending order, reading the suffix set 
as an ordinary number in a sufficiently high scale.^ For 5^ == 3 
this gives 

It leads in particular to the development 

A = -f" ^ 2^2 ~f" ^3"^3 “7“ • • • ~f" ^71 ♦ (^) 

and in general to 

A = + CgFg + € 3^3 + ... + • . ( 8 ) 

where e. denotes any of the n letters. 

In the above we have expanded A by a row or by a column. 
In each case the co-factor, typified by E^, is a determinant of order 
n — 1. 

For it contains all the {n — 1)! terms obtained by permuting 
either letters or suffixes not represented by e, or i, and the charac¬ 
teristic alternation of sign accompanies the derangements. Hence 
the definition of a determinant is satisfied. 

In particular 

^ _ ^2 ^ ... nt^ 

63 C 3 ... m 3 


* * • '^7^ 

for contains the term afib^c^ . .. which has the sign of the 
first term (the chief or leading diagonal term) in this last deter¬ 
minant. This is most easily remembered as the result of sup¬ 
pressing the row and column of A intersecting at 

Unfortunately this last device would cause confusion in finding 
co-factors of other elements, because the sign of the resulting 
expression may be wrong. It is therefore useful to have a special 
name for the determinant so formed by suppressing row i and 
column e. It is called the minor of Let us represent this graphi¬ 
cally. 


i 



^ If u < 10 the scale of ten will do. 
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Tins process has not disturbed the orders of the rows and columns 
retained. Each such determinant of order n — 1 obtained by 
suppressing a row and a column of A is called a first minor. So 
A will have first minors. They are given by the elements of the 
matrix 

+ Ai, —- . . ( 

- ^25 “ O2 , +-^2 . . . 

L(-r-'A. +M.a] 


with alternate signs like the pattern of white and black squares 
on a chess board; white + and black —. For it is obvious from 
the mode of definition adopted for co-factor and for minor, that 
they only may difier in sign, whereas this sign is determined by 
counting the adjacent moves, say right and downwards from 
position A-^ to that of the element in question. Thus the minor 
of Cg has a negative sign because it is three such moves from 
position 

If n Greek letters a, y, . . . , with n suffixes a-e used to 
denote such minors we may write the determinant A in still more 
ways 

A = -1- Cj-xi — . . . 

A. Ct^ (X^ dtg <X2 —{— 0^3 CLq ... 

&C., 


exactly corresponding to the expansions by co-factors 
A == Oi A^ -f- (7^ . 

A = -f- <^2^2 ^3-^3 ~f" • • • • 


That these are actually equivalent is best seen by noticing that 

the minor of is by definition | _|, while the terms of 

A involving \ must be given by 

with the negative sign, since the suffixes are in natural order 
while b and a alone are interchanged. 

Thus co-factors and first minors are numerically equal hut differ 
in sign according to the scheme (10). 

An example of the use of minors with the characteristic alter¬ 
nate signs is given in (13), p. 7. 



22 


FUXDA.MENTAL PROPERTIES 
EXA3IPLES 


[Chap. 


1 . In Oj bi Cj 
0-2 &2 ^2 
^3 ^3 ^3 

63 C 2 which is the same as its minor. But the 
GgCj), since the determinant can be written 

1 ^3 ^3 I 

h ^ <h 
63 ^2 I 

2. Expand (aZ>c) by its second column; and also by its third row. 

S. Prove 4- & 2^2 -f 2 « 3^3 = 0* 

4- Prove (pcj -f- + (P^i + ^^ 2)^3 ■+• + ^^ 2)^3 “ 

5. What is the sign in the scheme (10) at the ith column and Jth row? 
Ans. ( — )i+J. 


the «.o-factor of Oi is — 
co-factor of 6 ^ — (^ 1^2 — 


5. Laplace’s Development of a Determinant. 

Just as the full expansion S ± <^^2 • • • of a determinant A 
arises from tEe nl permutations of n different suffixes 1, 2, .. . , 
so also special forms of the expansion are found by considering 
the modified set of permutations of n things when r are alike of 
one kind, s of another, t of another, and so on. This number of 
permutations is known to be 

n\ _ ( n 

rl sriTTT. ~ \r> s, t, , . , 


where = In. particular, for two kinds, 

n — r, it is 


' n \ _ nl _ /n\ 

5/ r\(n — r)! v / 


r. 


To fix our ideas, consider the kinds as white and black: the first 
r things being white, the following n — r things black. Thus, as 


regards colour, there are only two different things, and only 

colour arrangements of the n original things; but using a stricter 
criterion, each colour arrangement subdivides into rl(n —r)! 
different arrangements, when each individual thing is regarded 
as different. 


Further, we may imagine all the colour arrangements of the 
n things first made, and then subdivided, so that we can think of 
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IL] 

the original tz-! arrangements in their colour order; namely the 
first r\{n — r)\ of these arrangements belong to one colour order, 
the next r! {n — r)! to another, and so on. 

For instance, taking three things, one white and two black 
62 , 63 , there are in all six arrangements 

b^b^w^ 

derived from three colour arrangements 

wbb, bwb, bbw. 

For five things 63 , 64 , 65 , two white and three black, there 

are ten colour arrangements, say 

yywhbh, . . hhwhw, bbbww, 


and twelve ( 2 ! 3!) subdivisions of each. The twelve subdivisions 
of wwbbb are 


w-^w^h^bj)^ 

w^w^b^b^h^ 

64 6g 63 

w^w^b^b^b^ 


w^w^b^bj^^ 

w^w-^b^b^b^ 

w^w^b^b^b^ 

w^w^b^b^h^ 

w^w-jD^b^b^ 

w^w^b^bjy^,] 


Manifestly the subdivision of a given colour arrangement can 
be made partially, black first and then white, as in the above 
scheme read by columns, or white first and then black, as in the 
above scheme read by rows. These partial subdivisions go on 
independently because they each only afiect arrangements entirely 
within a colour group. 

Now let this arrangement be made of the original terms of 
the determinant, where the first r suffixes are called white and the 
next n — r black, the letters a, 6 , . . . , m being fixed in order. 

We first have colour arrangements, which are next subdivided 

into an array of (n — r)! rows and ( ^^ • columns, each column 

containing permutations of the black but not the white. 

Since the letters a,b,..,,m are fixed in order, and the black 
suffixes alone are deranged in a column, each inversion being 
accompanied by a change of sign in the term, it follows that the 
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sum of terms in a column is a determinant SQ-Fs of order 

{n — t) multiplied hy the product of r elements whose suffixes 
are wliite. Also tliis determinant will appear in eacli of the 
rl columns of the same original colour arrangement. Summing 
such r! columns we obtain the sum of these coefficients, which, for 
the same reason give a determinant of order r due to permuta¬ 
tion of white suffixes. Thus each colour arrangement gives an 
array of terms whose sum E,.E,^^r is ^ product of two deter¬ 
minants 


E,,. I S-'r+l *'r+2 • »»'■ 


(13) 


where a\ 5 ', .. . , g\ , . . , mf are the letters , m in 

some order. For the letter order has been deranged by factorizing 
the terms of one colour grouping. Hence the original determinant 

/n\ 


is expressed as a series of 


terms 




by rearranging the whole series of nl terms in the manner ex¬ 
plained. But inasmuch as each term of S E^E^^_^. now has its 
suffixes in the original order, the terms are derived from one 
another by applying what has been called the colour permutation 
to the letters ah... m instead of to their suffixes; for this 
is the effect on the letters of arranging a typical term of 
each colour grouping ( 12 ) in ascending order of its suffixes. 
And finally if we examine the chief term of F,. and of E^_^, 
which is 

^ 2 f r ^ 9 r+l ^ r + 2 ■ ■ , 

we see that it is a term of the original determinant with letters, 
not suffixes, deranged. We infer that, if :> 2, 

belongs wtth ah . . . fgh . . . in to the C_j_ class. This completely 
specifies the sign of the term and we finally write 

I 0^62 ... I — S I a\h\ .. I I ^V+i ^ V +2 • ‘ • m', |, (14) 
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This is called a Laplace development of the determinant 

hy its fi'st r and next n — r rows?- 

Example .— 

I { ~ 1 1 j ^ 3^4 I “1“ j ^ 1^2 { I <^ 3^4 I Hi“ { ^2 { { ^ 3^4 I 

H- 1 ^1^2 I I %^4 I + 1 1 I C3»4 i + I <^1^2 I 1 «3^4 I* 

Various corollaries immediately follow. For let ij ... q he 
arrangement of the suffixes 1, 2, . . . , n. Then 

I . . . m,, I = I Uibj. . . m,j | 

= S[a^6j-. ,m', 

say. This gives a Laplace development by any assigned r rows 
and the complementary n — r rows. 

Similarly we may fix the letter order in the class and 
pecrmute the suffix order. This gives a Laplace (r, n — r) develop¬ 
ment hy columns, also denoted by (r \ n — r). 

Once more, by using three or more colours in the original 
permutations we may make a Laplace (r, s, t, . .) development by 
rows or hy columns, 

a = i:e,e,e,..., .... ( 15 ) 

a series o£ nl /r^ s\ ti . . . terms. 

EXAMPLES 

a 

1. Expand | | as S | aibj | ] Ckdi | where ij, Tel — 13, 42: also 

wliere ij, kl — 41, 32. 

2 . Expand | | as 'Za^ | I I <^ 4^5 I I also as Za^ | | | d^e^ |. 

% 

3. I£ I (hP^CgdA^sfe I is expanded in various developments but without 
regard to the sign of the term, what sign should be attached to each of the 
following? 

( ^ 2*^4 ( I I» I ^e/ 5^4 I ( bsP^e^ (’ { I I *^ 163/2 I. 

Ans. — , — , Hh- 

4. Show that the ordinary expansion 2 d: - of 1 • • • 1 is 

a jparticular case of a Laplace development. 

6 . Show that the expansion by a row or a column, e.g. S ai Ai is a 
Lf.place development. 

1 Dating from 1772. Cf. Laplace, CEuvres, VIII, 365-406; Muir, History, I, 
p. 24. 

2=tt 


( D 884 ) 
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6. Algebraic Complements and Minors oi Order r. 

If A = S is a Laplace development where each term 

is positive, the factors Ey.^ ^n—r sometimes called algebraic 
complements of each other. 

For instance in | 0^)2 | the algebraic complement of ag is — bj^. 
In j a^h 2 C^d^ [, that of [ a^C 2 1 is | |. 

Definition of Minor of Order r .—The determinant obtained by 
suppressing any n — r rows and any n — r columns of A is called 
a minor of order r. 

It is also called an (n — r)th minor, in agreement with the 
first minors already introduced, where n — r = 1. 

It is best to extend this definition so as to include, as such a 
minor, a determinant made by any derangement of rows and of 
columns. Hence we regard the two determinants given by 

as minors of order r, where p, q, , » ., s are any r of the n letters 
a^hy. . ,, m and i, j, , ,, ,h are any r of the su£B.xes 1,2,...,^. 

In this way both and minors, and when their 

product is a term in a Laplace development of A, they are called 
complementary minors. Their other name, algebraic complements, 
is used also in a different sense: namely, if 

K = 'TiE^. En^y. — S I a 3^ 6'2 ... f'y. | [ ^V +2 • • • |j 

tlie partial letter rows a'h' • - -f' and . , . m' in this order are 
called algebraic complements of each other. 

The phrase is used to specify two complementary letter (or 
suffix) sets in such cases as the Laplace development. Clearly it 
is relative to a given natural order. Thus, relative to the order 


1234, possible algebraic complements 

1 , 234 

12, 34 

34, 12 

2, 314 

13, 42 

42, 13 

3, 124 

14, 23 

23, 14 

4, 213 




but not 234, 1. 


214, 3, &c.. 
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7. Determinantal Permutation, 

Definition. — The arrangements of n letters ab ... f, gh ... m 

where r 'precede and n — r succeed the comma according to the 
(r j n— r) Laglace development is called a determinantal permutation 
of the n letters. It is denoted by 

ah f gh ... m. 

For example we should write 

a, be — a, be, b, ca, c, ah. 

When this notation is used on arguments a, 6, c of a function 
of a, 6, o it is understood to mean the sum of the functions obtained 
by making these permutations. 

The dot placed above a symbol (letter or suffix) indicates that 
it undergoes permutation. The notation evidently gives a compact 
way of writing a Laplace development. Thus 

I ^2 ^3 ^4 ^5 I ~ I ^ ^2 I I <^3 ^4 ^5 I 

where a series of 5 !/2! 3! terms is indicated. Similarly for further 
subdivisions, including the original expansion. So 

A == I ^3^465 j = S Oryb^^c^d^e^ 

= 1 a-jo^c^ I I <^ 4 % I 
== I &2 I I <^3 <^4 1 

&C. 

We may therefore speak of an {r, s,t, . . .) determinantal permuta¬ 
tion of r + s + j 5 . . . things. But if r=s=i5=...= l we 
must utilize a negative sign to specify certain of the terms. Thus 

a, b, c a, by c, a, c, b, b, a, c, h, c, a, c, a, h, — c, b, a. 

Also, as an alternative to the a, be above, we have 

a, be == a, be, — b, ae, c, ab. 


and so on. 
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As furtJber examples of tiie notation we may Lave 

1 % ^2 I i ^ ^2 1 “ I % ^2 1 1 ^ ^2 I I % ^2 i I % ^2 1 > 

sin (A — B) — sin A cos B. 


EXAMPLES 

1. Prove {d — c){d — h) {d — a>){c — 6) (c — ci) ip — cl) 

1111 
a h c d 
c2 d^ 
a? 63 ^3 d^ 

This determinant is called an alternant. 


2. Give the corresponding identity for an alternant of orders 2, 3, 
and n. 

Cl 

3. Prove the rule of signs for the determinant S zb Ly con¬ 

sidering the alternant. 

4. Resolve into factors 

1.11 
a 1 c d 
2a d® 

a? 3a3 c® d® 


5. Prove by resolving into partial fractions that if 

f[^x) — PqX^" -f px^^'~ ^ -b . . . 4- r c n, 

_/(^)_ 


1, 

1, 

(x — Ax) (x “Ao) . 

1 

. . (JT — An) 

1, 1, 

Ax, 


An 

Xx, Xo, 

Ax«-2 

A2«-2, 

Xn”-2 

Xin—2^ 

fM 

fiP^) 

fiPn) 


X — Aj’ 

X— Tj' 

X — An 

Xi»^~l, x^^-i. 


1 

Xji 

X,,n~2 

X^n-1 


6- If the denominator {x — A^) ... (a; — An) of the preceding example 
is written express the integral of a rational fimction 



as the quotient of two determinants of order n. 

[Replace each/(A£)/(a; — Ai) of rown above hy f(M) log{x — Af). 

7. Evaluate/(ie)/^(a;) a^nd J'{f(x)/g(x)}dx as quotients of determinants 
in the case when g(x) has repeated factors. 

[Replace col^ of 6o^A, determinants by columns obtained from coli by 
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differentiating with regard to as in Ex. 4. This covers the case when 
Xa — Xi alone. Eurther such differentiation solves the problem for higher 
repetition. 


8 . If in the alternant A = {{ of Ex. 1, a and b are conjugate 
complex numbers, r(cosa i i sin a), prove 


: 2 i 


0 

r sin a 
sin 2a 
r® sin 3a 


1 1 

r cos a c 

cos 2a 

r® cos 3a c® 


1 

d 

d^ I 

I 


[Use coll — C 0 I 2 , coll 4- C 0 I 2 .] 

9 . Adapt Ex. 5 to the case when Xj, Xg are conjugate complex numbers. 


10. The first n integers are deranged and written also in their original 
order, so: 


4 3 2 5 1 


1 2 3 4 5 

If the 71 pairs 11, 22, . . . Tin are joined by lines, curved if necessary to 
avoid multiple intersections, prove that the number ‘of intersections 
determines the class or <7- of the upper derangement. 

\_Aithen. 

11 . Rathe's theorem on conjugate 'permutations. Two derangements 
are conjugate if the element and place occupied in one become the place 
occupied and element in the other. Show that the conjugate of 43251 is 
63214. 

Eurther, show that the scheme 

1 2 3 4 5 

6 3 2 1 4 

has the same pattern of intersection lines as in Ex. 10. 

Hence prove that two conjugate permutations belong to the same class. 

\^Aitken. 

12. A derangement is self conjugate if its conjugate is itself. Prove 
that its pattern is symmetrical about its horizontal bisector. 

13. By considering such symmetrical patterns oi n, n — 1 and m — 2 
columns, prove that the relation 

C7?i — ZJn —1 4“ — l)Un —2 

connects the number of self conjugate patterns of n, n — 1 and n — 2 
things respectively. 

[Rothe—A itlcen. 

Of. Muir, History of Determinants^ 1 (1906), 60. 

Count the ways in which 1 is paired with 1; then with 2; then with 
3; and so on. 
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Linear Properties. Fundamental Laplace Identities 
1. Linearity. Homogeneity. 

The w-rowed determinant A — | I ^ linear 

function of the elements of any row or column. So many pro¬ 
perties of A hang on this that it is worth explaining in some 
detail. 

To begin with, the notation/(a?) is used to denote function 
of a single variable or argument x: while f(x^, 
denotes a function of n different arguments. If these arguments 
can usefully be called a set, or one-rowed matrix, as when they 
serve as co-ordinates of a point, we frequently contract this 
notation and write 

fi^i) ®2> ^3) • • • > ^n)' • • • (1) 

We may even drop the suffix and write simply 

fi^)- 

This is the contracted functional notation for a function of a specified 
set of arguments 

\_X^, a?2j • • • 5 • • • • • (2) 

The function is homogeneous and of order 'p in its arguments 
if, and only if, 

• • • j =f{hx-^, , fcj (3) 

identicaUy for aU values of h. Thus if ©a, . .., are in¬ 
dependent of aj, the function 

%aa+a2^2++ ... (4) 

IS of order unity. It is a linear homogeneous form in n arguments 
Xm We write this in various ways, for example, 

n 

^a^Xi, {a\x), a^, 

%*=1 


30 


{ax). . . (6) 
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Now tlie fundamental property of a linear form is the sim¬ 
plicity of its addition theorem, namely 

fix + y) =/(x) +f{y), 

which can be interpreted in the contracted functional notation. 
Thus if 

f{x) = ... + a,^x^ 

f(y) = + % 2/2 + . •. + 

then 

y) = ai(a5i + + a 2(^^2 + 2 ^ 2 ) + • • • -f a,,{x,^ + ^n)- 

More generally if we multiply throughout by p and respectively 
and add, 

fi'px + qy) = jpfix) + qfiy) 

where 

px-^qy = +qy:^, +qy^, pXn+qy„. 

An imm ediate consequence is the following theorem. 

The n-TOwed determinant A is unaltered in value by addmg 
to one of its columns any linear combination of its other columns. 
This is true also of its rows. 

Thus, by p colg + q C 0 I 3 + r C 0 I 4 , 

% + pW H" 9.^ + j ^ 

a^ +qc^ +rd^, c^, d.^ 

= (abed) -j~ p if bed) + q(chcd) -(- r(dhcd) 

= (abed), 

because the other terms, each having an identical pair of columns, 
vanish. This proves Cramer’s rule of p. 11. For if 
aiX -f hiy + CiZ = d^, i = 1, 2, 3, 
then (dhc) == (ax by cz , he) 

= (abc)x + ifbo)y + (cbc)z = (ahc)x only. 

Consequently x = (dbc)l(ahc) provided that (abc) 4 = 0. Similarly 
y is calculated from (ade)', and so on for z and for n such equations. 
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2. Special Determinants. 

Tlie foUowing cases, the results of which can be easily verified, 
are worth noticing. 

(1) The unit determinant. It has unity for each leading diagonal 
element, and zero for each other element. 


1 


1 = 


&:c. 


The matrix of this determinant is called the unit matrix [68 

p. 68). 

(2) The value of the unit determinant is unaltered by filling 
up one triangle of zeros with arbitrary elements. 


1 = 


( 3 ) 



1 . . 

11 .1 



X 1 . 

\x 1 1 



y z 1 


&o. 


CZi . 

X b. 

y 

P 


»2 . 

2 C3 . 

9 r d. 


2*2 ^3 ^4 • 


(■^) determinant of lower order can be expressed as one of 
higher order without disarranging its elements. 


a h 
c d 


a b X 
c d y 


a b X z 
c d y t 

. . 1 . 

. . . 1 


a b . 
c d , 

ef 1 

9 ^ . 


Thus the determinant 


a b 


c d ^ diagonally with the 

umt mato, bordered on one side with zeros and on the other 

With arburary elements. 

3 . Double Suffix notation and other Contractions. 

Hitherto we have used letters to distinguish columns, and 
suffixes for rows. This has certain advantages, but not such 
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as entirely supersede other notations. Let us now write 


for 


d-^ Cl>2, < 3^3 • • • (^n 

a h c ... m 


and for the letter of the ^th row and the^th column: so that 
a typical determinant is 


%1 

^12 

%3 


H 

<M 

II 

<1 

^22 

^23 - 1 ^1*1 

(6) 


%2 

^33 



We adopt this simple notation^ | a^jl for the determinant A, 
and \a[j\ for its matrix, so that 

^12 

~ ^21 ^22 ^23 •* (^) 


In consonance with a previous use, A is sometimes denoted by 
where stands for the ?;th column. 

As a rule there is no ambiguity in practice when the order 
n of the determinant is unspecified, so that | a^j | is of whatever 
order immediately concerns us. Where doubt may exist the 
order must be clearly explained. 

A particular case of this notation is defined by 

[S.,]; (8) 

This symbol, which is called the Kronecker delta, characterizes 
the unit determinant and the unit matrix. 

4. A Determinant is irresoluhle into Factors. 

Regarded as a rational integral function of its elements, 
a determinant has no rational factors. Tor suppose if possible 
that A = I aij | can be written as the product of two rational 
factors 

Since A is linear in each element, cannot occur in both 
factors 6, (f>. Suppose that it occurs in 6. 

In the expansion of the determinant no term occurs in which 

^ Introduced by H. J. S. Smitli (1862) and established by Klronecker. 
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is multiplied by any element belonging to its row or column. 
Thus ^ can involve no element belonging to the first row or the 
first column. Let a,,, be an element which does occur in <j^. By 
similar reasoning no element belonging to the rth row or sth 
column can occur in 6. 

Thus the two elements cannot occur either in ^ or in 

But the expansion of the determinant involves every element. 
Our supposition that A can be written as a product of factors 
is therefore untenable. 


5. Rules for Combining Matrices. 


It is now the place to give the rules for addition and sub¬ 
traction of matrices. These rules, which are due to Cayley, turn 
out to justify themselves, although they contradict some of the 
corresponding rules for determinants. 

If and hij are corresponding elements in row i and column 
j of two matrices A and B, the sum of A and B is a matrix with 
hijfor correspo?iding element. This is the definition on the 
understanding that it is true for all values of i and j, so that 
A and B must be conformable for addition,; they must each have 
the same number n of columns and m of rows. 

A rule is sometimes given for addition, when the matrices 
are imconformable; but this case will not be considered. 

Let the sign { 27 ]- placed after an equality mean ‘^identically 
for all values of i andj/ then the m by n matrix G is the sum of 


A and B if 


^ij ~f" 


where A = [a^jl B = 0= [c,y]. 

prehensively as C = A B 


{ij} .... (9) 

We now write this com- 

.( 10 ) 


Likewise for subtraction, we define 


to mean 




( 11 ) 

( 12 ) 


In particular we write A -f- A ~ 2A, so that 2A denotes a 
matrix wherein each element of A is doubled: whence if 7 * is a 
positive integer r .4 = [ra,,] .... 


( 13 ) 


where every element is multiplied by r. 
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Again, if ^ = jB then ai^= {ij}, while if A JB is the 
null matrix, a^j + b^j ~ 0. Accordingly we write 

Kj] — K-] = K- — %] = [0] == 0: 

also 

+ [—= [«y — %:;] == 0. 

This in fact defines — A, namely 

^ = fei], - K] = [- a^. (14) 

The reader who has examined the theory of indices in 
elementary algebra will have no difficulty in extending the 
validity of relation (13) to cover cases where r is not merely a 
positive integer, but is negative (as in (14) ), zero, rational, 
real or complex. Let us call such values scalar numbers to 
distinguish them from the entities A, B, G which are arrays of 
numbers, although they behave in many ways like scalar or 
ordinary numbers. This behaviour is summed up by saying: 

Linear combinations of matrices with scalar coefficients obey 
the rules of ordinary algebra. 

In fact we may prove without difficulty the following funda¬ 
mental identities: A — B implies B A, 

A -j- B = B -}- A, 

(A + B) O — A -j- + ^)j 

rA -{-~ L), . ( 15 ) 

rA -j- sA = (r -|- s)A, 
rA = Ar. 

Each of these equations involving A, B,G is, merely an abbre¬ 
viation for a set of mn equations involving aip b^p c,:;, where both 
i and j remain constant in each particular equation. 

We may even have relations linear in the matrices but not 
linear in scalar numbers. It would be true to say 

xA ^ _ ^(2— Qd)A + y{y~ z)B 
y — z z— X (y-~z){z— x) 

where x, y, z are scalar numbers. What is at present excluded 
is a product of matrices AB^ AC, A^, . . ., which will later be 
defined. 
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The reader who is familiar with the use of vectors in one form 
or another will recognize that these laws are identical with the 
addition laws of vectors. 

tTransposition of a Matrix. 

Definitions.— The matrices A = [ajj] and A! = [ajj] are called 
the transposed of one another. Each is obtained from the other 
hy interchanging its roios and columns. It is often convenient 
to denote the transposed of A hy an accent. (Cf. Chap. I, §3.) 

The property is conjugate or symmetrical, and sometimes A* 
is called the conjugate of A. 

'VA’hen transposition leaves a matrix unaltered, the matrix is 
said to be syrnmetricah if transposition is equivalent to changing 
the sign of all the elements the matrix is shew symmetrical. 

When a matrix has a single row, or a single colunm, it is 
called a vector. Thus there are two distinct types of vector, 
the row vector, and the column vector. 


EXAMPLES 


tten 


Again 


ri 

2 


r 

0 2 < 

5-1 

If A 4 

5 

6 

and B = 

4 4 ( 

5 L 

L7 

8 ' 

9 J 

L 

7 8 i 

u 

r 1 

4 

6 - 


r. 

1 0 

Ad-i?= 8 

9 

12 

, while A — 

B= ( 

3 1 

Li4 

16 

17_ 


L( 

3 0 


pA -f qB = 


r ^ 

4^ H- 4g, 
L7p + 7g^, 


+ 2q, 
5p + 4:q, 
Sp -h Sq, 


Sp + 3q 
Qp 4- Qq 
9p -{- 8q 


If A' is the transposed of A, then A 


]■ 

•-R 1 11. 

Ls 6 9J 


ra h g 

n. r ^ 

r 

q-\ 

u & ^ 

IS svmmetrical, while >8 — — r 

0 

p is skew 

f c 

J l-q 

— P 

oJ 


symmetric. 

A skew symmetric matrix necessarily has zero elements throughout 
the leading diagonal. 


3. I¥ove that in general the sum of a square matrix and its transposed 
matrix is symmeiTicaZg while the difference is sJcbw syrnrYietTiccCL. 

4. Prove the determinant of the matrix equivalent to pA is times 
the determinant of A, if A is a square matrix of order n. 
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5. If / denotes the unit matrix 0 1 0 I, then A — X/ is 

LO 0 1J 

<^11 ^12 > 

®21 9 *^’22 ^9 

The determinant \ A — X7 [ is a polynomial of degree n in X. Likewise for 
I A -j- XB I if R is nonsingular,. square and of order n, 

6. Prove (A + B)' = A'-j- B\ 

7. Prove A = {Ay. 

8. Any square matrix of order n has at most arbitrary elements. 
The symmetrical has ^n{n-\-^) a,nd the skew symmetrical ^n{n —1) 
arbitrary elements. 

6 . Currency of a Matrix. 

It is often very well worth, while to group several columns 
as well as rows of a determinant in one symbol. Let us agree to 
use capital letters with suffixes for this purpose, unless something 
is said to the contrary. 

We first write the n-rowed determinant 

(Oiaattg . . . 0,616263 . . . 6„_,) 

as 

In fall this is given by 

I ^11 ^12 • • ^11 ^12 • • ^IS 

^ _ 0^21 (^^22 ^2f ^21 ^2: 

^nl ^n2 - * ^7ir ^nl ^n2 * * 

where s — n — r. Clearly this is a formidable expression, only 
to be used sparingly, while (16) is much easier to handle and 
(17) is even better still. In (16) each or denotes a column; 
in (17) ^n—r denote complementary oblong matrices making 
together the square which furnishes determinant (18). 

Definition of Currency.— The suffix t of A^. is the currency of 
the matrix [A,.] for the field or category of order n. 

So the currency specifies the number of columns in A^.. 
In the same way we consider each of (16) to have unit 

currency. They act as “small change” equivalent to two 


. . ( 16 ) 
. . ( 17 ) 

( 18 ) 
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‘^pieces’’ A^., Hglier currencj in tke determinant whose 

contents is of total currency n. 

Nest let A be cut just below the rth row and expanded by 
Laplace’s development. The result is a sum of terms 

* • • ®J*)l23. .r • (.K ^2l^Z * * ' ^s)r + l. 9*4- 2 . . . n 

where ^2 , . . -, are deranged, although the outside sufhxes 
are fixed because they refer to rows. It is essential to have a 
ready way of alluding to this fundamental operation, so we simply 

denote the sum of all the arrangements by these equivalent 

notations: either or _ h-J)^ , , This is a 

case of what has been called (p. 27) a determinantal 'permutation 
of the r columns of the matrix with the s columns of B^, 

7. Transposition Properties of Determinants. 

The process just described can be carried further by parti¬ 
tioning one or both of and B^. Equally well we may partition 
a determinant into layers of rows, or even make a double partition 
by columns and rows. In this case we express a determinant by 
the matrices in the rectangular partitions. Eor example 

a h 

e f 

p q 

X y z t 

can be looked on as pieced together from four sub-matrices in 
rectangular array 


fa 

61 [c 

dl 

L- 

fi U 

hj 


ql fr 

d 

La; 

yJ 

d 


forming a matrix of matrices. In all such partitioning the 
relative positions of the original elements of the determinant 
are maintained. Accordingly by 

A B 
D E 


A = 


(19) 
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meant a determinant whose elements are partitioned into 
four matrices A, D, E. li A, D each have r columns, B, B, 
$ columns, A, B, t rows, D, E, u rows, then 

r s—t-\- u — n. 


A being of order n. Now we can alter the expression for A 
in various useful ways. For by transposing all s columns of 
B, E to precede columns oi A^ I> we have 




A B B A 

BE ^ ’ E D 


( 20 ) 


By transposing rows, we have also 
ID E 


A=(- 


A B 


= (-r 


D 

A 


Similarly for triple and higher partitions. 

The main use of this matrix notation occurs when all the 
matrices have n rows, and determinants of orders ^n, 39 ^, . . ., 'pn 
are considered. 

For example, let B, S, T be matrices of n rows and r, s, t 
columns respectively, where 

r s-\-t= .( 21 ) 


a:hen 


R 8 . 
R . T 


represents a determinant of 2nr rows and 2n columns, the dots 
signifying arrays of zeros. Now A is rmaltered by 

— rowi, ... row,,^_^ — row^, ... rowg,^ — row,,, 

or brieflly 

lower matrix — upper matrix. 


But by definition of subtraction of matrices 

R~-R==0, 0 — S= — S, T—0-- 


Thus 


A = 


R 


S 

S 


. (22) 


Similarly 


A = 


. S —T 

T 
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Eorther, on multixjlTing by — I eacb of tbe last n rows of tbe 
f ill] expression siiminarized in (22), we cbange the sign of all 
the elements concerned, and so — S becomes + S and T becomes 
— T, Hence 


A=(-r 


\B S 
S 


~~T\ 


But T has t columns. So, on multiplying the last t columns of 
A by — 1, we obtain 

A = (—1 


(-r 


R S . 

. S T 


as in (20). 


T\ 
S R 


R S 

So the determinants and 

^R , T ^ I /S . 

in sign, and that only when ^ ^ is odd. 

Exactly similar reasoning shows that if 

E, L, 


. . • (23) 

can only differ 


are ^ matrices of currency h, % j, Z;. . . respectively, the deter¬ 
minant of order np 


\R L . . 

\r . M . 
R N 


(24) 


apart from sign, is unaltered by writing any matrix Z or or 
N. . , repeated in the first column and the rest diagonally as 
before. The only condition is 

7c.-{-,.(p — l)n . . . (25) 

to make the total number of elements (not matrices) the same in 
each row and column. 

The next section will illustrate this type of determinant. 
EXAIVIPLES 

X, 1£ A, B, .. . are each two by two (or 21c by 2h) matrices prove 
A B' _\D C' 

C D - [b A 


: &C. 
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2. 11 A, B, O, . . . are each sq^uare matrices, then 


3. Prove 


4 . U 


A . 

. B 


b 


=-\A\ \B\ iCI. 


A . . 

L B . 
M N O 


= \A\ \B\ |C|. 


pExpand by Laplace’s method.] 


% ^1 h ^ 

CSg ^2 ^2 ^2 ^^2 ^2 

h 4 ^3 ^3 ^ 


^6 ^6 4 ^6 ^’e I 

show that = — (XAL) = — = (LAX) = — (XA^). 

6. Examine the corresponding six permutations for (AiLjXic)j 
i-h j h ^ n. 

6. Extend the linearity theorem at the middle of p. 31, to the case when 
the letters ct, b, c, d are replaced by matrices. 


8 , Fundamental Laplace Identities. 

Laplace’s development leads to many important results in 
particular cases, some of wEich will now be given. They mostly 
depend on cutting the determinant half-way across and expand¬ 
ing by complementary minors of equal order. 

First expand the vanishing determinant 


Xl 

2/i 


S/i 


2/2 

Ojg 

S/2 

Xq 

s/3 

x^ 

s/3 


s/4 


s/4 


then 

(®y)i2 («&')a4 + (a:«/)i3 (a^y)4a + (a^)i4 («2/)23 = 0 (26) 

identically. 

Correlatively since 

^2 
«'2 

then 

(be) (ad) + (ca) (bd) + (ab) (cd) ~ 0. (27) 


^2 ^2 ^2 _ Q 

b-y_ d-^ 

&2 ^2 ^2 
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Several results follow from a determinant of the sixth order. 
Consider the identity 


6i Cl (?! . 


6i Cl * 

a.2 ^2 ^2 • * 


^2 ^2 ^2 ^2 

Gg Cg dg . 


Gg 6g Cg dg . 

. . - e^ fi 


— <h. fx 

. . • ^2 ^2 f2 


— Gg - ^2 —■ <^2 . Cg /g 

. dg Cg f^ 


- CTg bg Cg • Cg f^ 


This is comprised in the single operation: Subtract the u'p'per from 
the lower half matrix in the first determinant. Expanding by 
Laplace’s method we have 

(ahc) (def) = {dhc) (aef) + (adc) (bef) + {abd) (cef), (28) 

where all suffixes are 1, 2, 3. All the other usual terms have 
disappeared because of the zero columns in one or other factor. 

This is called a fundamental ternary identity^ in general 
form. But in particular if M — [/] (i.e. d^=f^, d^—f^, 

d^ — /g) then (def) — 0 and 

0 = (/6c) {aef) + {afc) {bef) + {abf) {cef). 

Rearranged this is 

0 = (6c/) {aef) + {caf) {bef) + {abf) {cef). (29) 

This is an example of an extensional, for it reproduces at a higher 
order an identity (27) already known, merely by inserting a 
common letter f in each factor. 

The eighth order gives still more varied results by exactly 
the same device. We expand the identity 



Cl 

dx exfx . 

. 





dx 

% 

fx 

, 



C 2 

^2 Cg f^ • 

• 


Gg 

^2 

C 2 

dg 

^2 


. 

, 

Gg b^ 


ds ^3 fs • 

- 


Gg 

63 


dg 

^3 

fz 

, 

. 

G 4 64 

C 4 

d4 ^4 yk • 

• 


a4 

64 

C 4 


^4 

yd 


. 

. , 

- 

di % /i 5^1 

h 


™ai 


~~<h. 

. 

. 


9i 


• • 

- 

d 2 ^2 /2 5^2 

h 


<^2 


Cg 


. 

. 

92 

h.. 

. . 

• 

ds5^3 

h 


CCg 

--63 

— ^*3 

. 

. 

. 

93 

h 

• * 

- 

d4 C 4 /4 ^4 

h 


— 0^4 

-«>4 

— C 4 

- 

• 

* 

94. 

64 
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and obtain 

{abed) {efgh) + {dbee) {fdgh) + {ahef) {degJi) 

= {adef) (begh) + (bdef) (cagh) + (edef) (abgh). . (30) 

All other terms disappear because of zero columns. Now it is 
useful to use the abbreviation as in § 7, p. 27, for this last result. 
It is written 

(abed) (efgh) — (adef) (bcgli), . . - (31) 

where the three dots placed over the letters of a term indicate 
the sum of three terms obtained by suitable derangement—^in 
one case 

d, ef e,fd f, de, 

and in the other, 

a, be h, ca c, ab. 

Matrix Notation. 

As this eight-rowed determinant can teach us several further 
interesting facts about four-rowed determinants, let us make a 
natural abbreviation, writing 

abedef . . abed f 

. , . d e f g h —a —b —c 7i 

as short for the above equality. In this last each letter stands for 
a matrix of one column of four elements. This enables us to form 
other possible relations by varying the number of repeated letters. 
Thus from 

abode... a h c d e. . . 

. . c d e f g Ji —a —b . . . f g h 

it follows that 

(ohed) (efgh) + (ahde) (efgh) + (abec) (dfgh) 

= (aede) (bfgh) — (bode) (afgh), 

or, more succinctly, 

(abed) (efgh) ~ (aede) (bfgh). 

The five dots placed above letters, indicating determinantal 
permutation as already explained, must, of course, not be con¬ 
fused with the dots in (32) which stand for zeros. The two uses 


. (32) 

. (33) 

. (34) 
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happen to have arisen quite independently, like the use of 
vertical lines | a,j| to denote a determinant or else a modulus of a 
complex number. It is an interesting study to discover how 
mathematics advances by the bold use of one symbol for two or 
more distinct things, letting the context decide. 

Comparing (32) and (34) a curious rule comes to light. The 
dots used in the two statements nicely balance each other. 
Letters c, d, e in. (32) are dotted in (34). This should facilitate 
the proof of any such identity. 

Examples .—Prove 

{abc) {def) = 0, 

{abed) (efgJi) == 0 , 

(abed) {efgh) = {ahef) (edgh), 

(rbedu) (efghu) == {ahefu) {edghu). 

9A Pundamental Identities of Order n. 

Let i -i- j 7c == n, so that 

{AiBjG^) 

denotes an n-rowed determinant whose columns are specified by 

qi J j • • • 5 J 9 ^2 ? • • • 5 » ^2 9 • • • J 

in this order. Let 

be another such determinant whose columns are specified by 

5 dg, . . di, , Cg, . . . 9 %j/ij^2j • • • j/a• 

We form the determinant of 2n rows 


or simply 


A, Bj A . . 

. o* A ^ A 

A B G D . . 

. . G D E Fi 


meaning exactly the same thing. Now we subtract the upper 
n rows from the lower, as before, so that 

^ The rest of this chapter, excepting §12, may be omitted on a first reading. 
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\4BOD . . A BCD ^ • D BC A . . 

. . GBBI —A~B . .BF " ^ . —B . —ABF 


on interchanging i columns D with, i columns A. Expanding the 
first and third of these by a Laplace development, as in §8, p. 42, 

terms on each side of the identity; but 

many of these terms vanish, because of zero columns. On the 

left the surviving terms, ^ in number, may be written 

{A,Bfi^) (ABjFj,). 


we obtain a sum of 


c ." 


On the right the upper row of capitals furnishes the first factor 
and the lower the second factor of a term. Each second factor 
has exactly i negative columns. Hence the expansion is 

i-riB.BjGj,) {A,BjFj,) 

with terms. Equating these results we have the important 

identity 

(A.BjO,) (B.BjFj,) = (D,BjC,) (A.BjF,), (I) 

In particular if j — 0, ^ ^ = yj-, we merely suppress the matrices 

B and B, so that 


(A,c,) (b,F,) = A). . . (11) 


with only one term on the right, and 
Once more, from the equalities 



terms on the left. 


Ai Bj Gjf. A Bj . 

. A ^Jc B>i Bj F j, 


ABGDB . 

. BCDEF 


ABODE . 
—A,...F 


we have on expansion 


(A,BjG^){b,BjF,) = 0. 


(Ill) 


These three results, which are of great use in the invariant 
theory, can be summed up in one statement: 

A sum of products of two n-rowed determinants, form,ed hy 
determinantal permutation of p columns of one with q columns 
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of the other, is identically equal to a like sum, a single product, or 
zero, according as pq <, =, > n. All columns undergoing 
ierange?nent on one side of the identity are collected into one factor 
on the other side, except in the third alternative case. 

Letters wliich are so collected into one factor are said to be 
convolved in tliat factor. 

This theorem, which collects together results illustrated in 
§8, has only comparatively lately been recognized, although 
its simpler cases ^ when w = 2, 3, 4, &c., were studied from the 
very outset of the determinant theory. Sylvester was the first 
to establish it as in formula (II), but he did not arrive at the 
other cases (I) and (III). 

A particular case of (II) when i = 1 can be written 

{% ^2 ^3 • * • hi) — (^1 • ^n) (^- 2 ^) + * * • = (^x ^2 • • • (<^i 

by substituting % for A^, for Gj^., for and D for F 

This falls in with the Cramer rule of substitutions if we rewrite it as 

- • • ^n) • • • ^n) + • • 

+ (b^D) = {b^b^ ... bj (a^D). (IV) 

This last result is closely connected with the easily proved identity 
(V) given later, p. 50, where examples of its use will be found. 

10, Implicit and Explicit Convolution. 

In the above identities certain matrices are unchanged for 
each term. For instance, A^Bj on the left of (I) remains unper¬ 
muted while BjFj^ is unchanged on both sides of the identity. 
It is useful to make the following distinction and to say that 
A^Bj is explicitly convolved on the left and implicitly convolved ^ 
on the right, while is explicitly convolved throughout. 

Similarly is explicitly convolved on the right and implicitly 
on the left.. 

^io. 1779 Bezout gave several simple oases. Cf. Muir, History of Deter- 
minanis, Vol. I, p. 41. 

® Tlie importance of a word for this implicit convolution has begun to be 
felt elsewhere. Such matrices axe “herausgegriffenen”. Weitzenbock, JkfafA. 
Annalen, 97 (1927), 794. 

These identities are given in the Trans. Cambridge Phil. 80 c. XXI (1909), 
under identity B, p. 209, where incidentally there is an error in the sign, which 
should read (— and not (— )*®. Identity (IV^) was formulated by Sylvesl-er 

in 1839, and (H) in 1851 {Phil. Mag. (4), ii, 142-145). 
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11. General Fundamental Identities of Order n. 

For tEe purpose of this present section let us use the notation 
A,B~ AB==n .(35) 

to mean adjacent '?^-rowed matrices within a determinant and 
not the ordinary product of matrices. On shifting i columns 
of A past B we obtain 

B^A^^ BA=^{~y^R .(36) 

In the last section we considered sums of products of two ?^-rowed 
determinants. We now extend the results to products of p such 
determinants 

{AL), {BM), (CN) . 

composed of ^^-rowed matrices 

A = A„ B=Bj, .... (37) 

where j> Jo, .. . are p positive integers each less than n. 

We consider the following determinants A^, Ag, . . ., A^ , of 
orders n, 2n, . , ,, pn respectively: 

ALB . ^ 

Ai=(4i), A,= BMC. (38) 

A B . CN 

where each matrix <7, ... is repeated, while each L, M, N, _ 

occurs once. When expanded as in § 8 , p. 42 by a Laplace 
development into determinants of order n, these become 

A^={AL){BM), A^={AL){BM){CN), ... . (39) 

for again the zero columns prevent such matrices as L, M, N 
from being permuted. Also by rowg — row^, row^ — rowj^, . . . 
in (38) we have 


A2= ^ 

L B . 


\A L 

B 

^ A 

. B M 


~L 

. M\ 

A 

L B . 

C . 

A 

L B . C . 

^3 ~ ^ 

. B M 

c . 


— L M 

A 

. B . 

C N 


— L . N 


Sdc. 


(40) 
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Again expanding by a Laplace development A 3 leads to results 
§ 9 , (I), (II), (III), p. 15, already given, while A 3 , A 4 . . . give 
analogous identities which may be stated as follows: 

(i) Jj€t i -f" 3 d” ^ "b" • • • ^ ^ ct/yid L^—j = Lj Ljj- ... L;^ , 

hy 'partitioning the n — i columns of Ln__i into its first j, next 
k, ., ., and last h columns. Then 

(AL) (BM) (ON) . . . = (ABC .. . L') (L"M) (L'"N) . . . , (I) 

(ii) i + 3 4 - k + ... = n, and Lja-i = Lj" Jjf" . . . , then 
(AL) (BM) (CN). .. = (ABC . . . ) (L"M) (L'"N).... (II) 

(iii) XeJ i 4 - J 4 k -f- .. . >n, then 

(AL) (BM) (CN). . . = 0. . . . (Ill) 

The only difficulty here is to settle the sign on the right hand 
of (I) and (II). The case of A 3 for (I) suffices to justify the result. 
Writing L = L''L'"L\ and interchanging the first j columns L*' 
of L with the j columns of B, and the h columns X"' with G, 
wu have 

ABC L' L" . X'" 

A 3 =(—. . . — X' —X" AT ~X'" 

. . . — X' — X" . — X'" N I 

Expanding and shifting all negative signs out of the factor 
determinants we have 

A 3 = (—)^-''+2'4ABaX') {L"M) {U"N). 

Similarly for A 4 , . . ., A^. 

We can now enunciate these results in the following state¬ 
ment: 

A sum of products of p determinants each with n rows^ formed 
hy determinantal permutation of i columns of the first, j columns 
of the next, and so on, is identically equal to a sum of such pro- 
ducts, a single product, or zero, according as i -{- 3 -f- . . . 

—, n. All colmnns undergoing derangement on one side of 
the ideMity are convolved in one factor on the other side, except 
in the third alternative case, 

CoroUary I .—If each of i, j, ... is unity, the corresponding 
series on the left of the identity can he written as a 
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compound determinant, namely one loliose elements are deter¬ 
minants. 

Thus, replacing B, O by a, 6 , c, and L, M, N by A, jx, v 
we have 

(aA) ( 6 A) (cA) 

{aX) {by.) {cv) = {ay) {by) {cy) 

{av) (pv) {cv) 

where each of A, y, v has currency n — 1 . 

It is useful to use G-reek letters for these very important 
matrices involving n — 1 columns. 

Corollary II. —If L, M, N . . . have certain columns in common^ 
these columns do not undergo derangement. Tor the consequent 
terms would all be zero. 

Corollary III. —Each identity for n-rowed determinants can 
he extended n + nx-rowed determinants, simply by affixing a 
common matrix 0 of currency m to each 0/ L, M, N . . ., and 
considering all matrices to have n + m rows. 

This is the principle of extensionals. Incidental examples have 
ah'eady been given (§ 8 , (29), p. 42). 

Proof.{AL) {BM) = {ABL') {L"M), L = be 

identity (I) for n-rowed determinants. Also let 

{Am) (BM0) 

d enote a product of two n + m-rowed determinants, Tvhere 
L, B, M have received m new rows and 0 has n -f- m rows 
and m columns. On permuting A, B in this we have an identity 

{km) (BAT©) = i:{AB ...){... Af0). 

If a column of the 0 from the first factor is displaced, the con¬ 
sequent term vanishes by corollary II. Thus L alone is deranged 
and 

{Am) (BAT©) = (ABre) {L"MQ). 

Corollary IV. —Each fundamental identity remains an identity 
after any further determinantal permutation has been applied to 
columns of M, N . . . and other arbitrary coUtmns, excluding 
those of A, ~B, G, ... , L", L", L"', .. . which are already implicitly 
convolved. 

c D SS4 ) 


3 
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For if the new operation has t terms, the fundamental identity 
is true for each such derangement, so that the sum of these t 
identities is stili an identity. 

Examjyle.—SuKie (alV) (bmm') == (abV) (imm') we infer that 

{all') (bnuri) {nX) — {all’) (bmn) {m'X) 

= {oM') (hmn') {nX) — {ahV) {Imn) {m'X), 

where a new operation m', n of two terms takes efect. 

12. Linear Relation between n -f- 1 Linear Forms. 

The identity (IV) (p. 46) can also be proved as follows: 

We form a vanishing determinant of order n X from n 
arbitrary rows followed by 

row„^i= rowi + rowg + ... + a;„row^. 

Thus 




^31 

^iil 

= 0 

^l7l 

^2n 


■ • K71 

<h7i 

^Ix 

^2x 

^Sx 

• * ^nx 

^IX 


where h^^x^ + . . . + 

Expanding this by the last row, we have 

- • ■ ^u%) - b^a^ &2a; +-•- 

+ (V) 

If in pairticular iCo, -. -, x,^ are the n determinants of the matrix 
D, which consists of n — I columns, the result reverts to (IV). 
Since the elements a, b, x are all arbitrary, identity (V) gives the 
important information formally proved in Chapter V, §1, that 
Any n + 1 homogeneous linear forms in n variables are neces¬ 
sarily linearly related. 

For b ^,.... are such forms, and (V) is such a linear rela- 
tion, provided not all the determinants appearing in (V) vani^sh. 

EXAMPLES 

1. Prove by this method if ?z, = 2, and a^, = Ojthen 
{be) CTar "f" {ca) hx “f" Ccc = 0, 

{he) (ad) -f (ca) {bd) -f- {ah) (cd) = 0. 
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2. If n = 3, 

(bed) cLx “1“ {cad) hx “n {cibd) Cx = (jibe) dx^ 

(bed) (aef) -f- (cad) (bef) -f- (abd) (cef) — (abc) (def). 

3, Examine the identity (IV) when i> is a unit matrix prolonged by 
zeros: as 



4. Prove if i = 1, 2, 3, 


(bed) 04 + (cad) hi + (abd) Ci = (abc) du 
and generalize this result. 

6 . Prove as a special case of the Sylvester identity (II), 

(abef) (cd)-^^ = (abed) (e/)i2, (abef) (cd)ij = (abed) (ef)ij. 

6. (abpqr) (c^)i2 = (abedr) (pg)i2» 

(abpqr) (cd)ij == (abedr) (pq)ij- 

13. Principle of Duality. 

There is still something more to be learnt from these funda¬ 
mental identities. The identity (I) arising from a product of ^ 
?^-rowed determinants may in fact be looked on as the result of 
alternative Laplace expansions of the ^%-rowed determinant A^. 
But, as already remarked, this gives rise to ^ + 1 equivalent 
expansions, according as we expand A^, directly, or after sub¬ 
tracting its first, second ... or ^th matrix layer from all the 
p — 1 remaining layers. Thus if y? = Z, i j h <i n, we take 

A L B . G . 

A 3 = a . B M C , 

A . B . C N 

where the currencies of the six symbols in order are 
n — i, j, n — j, Jc, n — k. 

Hence by shifting columns to bring ABC before LMN, we have 

A B G L 
^ B G M 
ABC 


N 


(41) 
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Writing eg to denote this power of negative signs, and R for 
ABC which is of currency ^ + y have 

\R L . 

Ag = €3 R M (42) 

R N 

and in general 

R 


As in §7, p. 39, we may, but for sign, transform so as to 
bring any letter L, M, N, repeated p times over into the first 
column, with the other p single letters, including R, in any order 
diagonally. For this reason we ivrite as 

• • • ( 4 ^) 

or shortly {RL2IN . . . ). It can then be shown that the inversion 
latv of these symbols is exactly the same as for the Ti-rowed deter¬ 
minant 

regarded as an expressioti in the p -|- 1 matrices of n rows, 
E, A, B, C, . . , , of currency indicated by the suffixes. 

Manifestly 

{Ej, A,BjO^...)= (A, Ej,B Cj ,...), . ( 45 ) 

and correlatively it will shortly be proved that 

{RLMN .,.)== {—f^iLRMN . . (46) 

Sometimes we need to partition one of these matrices, and 
therefore require a more explicit notation, namely, a full stop 
between the several matrices. Thus if i2 = ABC, 

Ag = (RLMN) == (,ABG . LMN), . . (47) 

which is also written with a vertical line instead of a stop, 

{ABC 1 LMN), 

On reference to (II) we have by expansion 

{ABC I LMN) = {AL) {BM) {GN). . . (48) 
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The currency suffixes are suppressed only when all the matrices 
have expressly been defined. Otherwise they are necessary. 

T\lien several matrices in (RLMN . . . ) are not denoted by 
single letters, the full stops between are essential. Thus if 
a,b,c,. . . are all of unit currency, denoting columns of four-rowed 
determinants we might have 

{ab . cde .fgh) — {acde) (hfgli) 

= {acde) {bfgJi) — {hcde) (afgJi), * (49) 

or again 

(aa'a" . bb'b" . ccV'. dd'd") = {abb'b") (a'cc'c") (a"dd'd"), (50) 


Proof of the Law of Transposition. 

A reference to the original definition of Ag, Ag, . . ., A^ shows 
that it is enough to prove the law for adjacent transposition of 
E, L and of X, M, 

Taking the X, M case first and using A 3 for brevity, we have 
A 3 == (RLMN) == (ABO ] LMN) 

= (AL) (BM) (ON) 

= (BM) (AL) (ON) . (51) 

by the commutative law of ordinary multiplication applied to 
each term of this series. This yields 

A 3 = (BAG I MLN), 

But by (45) the interchange of AB induces ij changes of sign 
in R. Hence 

A 3 == (RLMN) = (—y^ (RMLN). . . (52) 

Next, for the transposition of R, X we have 

A 3 = (AL) (BM) (ON) = (ABCU) (L"M) (L"'N) 

by the fundamental identity (I), when X = X"X"'X'. Here the 
currency of L' is Ji (= n — i — j — h), to give n columns for 
the first factor. Hence by shifting columns 

A 3 = (—)'^^^^~^>(L'ABG) (L"M) (L'"N) 

= (_)Mn~70(X'X''X"' I RMN)! 
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Again, shifting the h columns L' past the j + h columns 
U'\ we have 

A3= I RMN) 

= {—f^LRMN) 

by simplifying the sign index. For this index is 

h{n~h)-\-h{j~\-h+ . ..) 

~h{n — — h — i) = hi (mod 2 ), 

leading to the same result. This proves the law. 

Definition of Formal Duality: —Two n-Towed matrices of cur-- 
rency h and n — h respectively are formal duals of each other for 
the field of order n. 

Formal duahty is a relation between numbers of columns: 
the elements therein may be quite arbitrary. 

In the above investigation A is formal dual of Z, B of M, 
4 &C., and conversely. We extend the definition to include the 
determinants given in (45) and (46) as formal duals of each 
other, and accordingly sum this up with a more symmetrical 
notation as follows: 

Let n be partitioned into p + 1 positive integers i^^ 
• • • 5 4+1 

4 + 4 -f“ • • • 4- 4+1 = 

so that 

{n — 4 ) + (n — 4) + • • • + (^ — 4+i) ~ 

Let A, B, . . ., B be (p -f- 1 ) matrices of n rows, of currencies 
4, 4, . . . respectively, and L, M, N. ,Q be (p 4- 1) such 
matrices of currencies n — i^, n — . Then the ^-rowed 

determinant 

(ABO ..,K) 

is formal dual of the ^^-rowed determinant 
(LMN ... Q). 

More expressly with ourreney sirffixes inserted, these dual deter- 
min,ants are 

(Ai^Bi^ - . . • • - Qn—ip+f 

It is also convenient to have a term to describe what is in 
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fact the really important thing about these deter m i n ants, the 
relation between their currencies. 

Definition of Characteristic. —The sets of integers 

L? • • • 5 ip-\-i\y ^ ^25 • » •) ri 

are the characteristics of the respective determinants. 

For example, in results (49) and (50) the characteristics of 
the left-hand members are (233) and (3333) respectively. Since 
they are concerned with the field of order 4, their formal duals 
are ( 211 ) and ( 1111 ). 

These examples, as illustrations of the more general 

{ABC I LMN) = (AL) {BM) (GN) 

are extremely useful. Taken in conjunction with the funda¬ 
mental identities, and especially (I), they readily lead to many 
elegant results, particularly when special values are given to 
the matrices as in the following examples of compound deter¬ 
minants, which illustrate the characteristic (n — 1, n — l,...j 
n — 1), dual of (11 . . . 1 ), (cf. § 11 , Corollary I, p. 48). 

Historical Note.—The chief properties of such compounds 
which have been recorded by Cauchy (1812), Bazin (1854), Syl¬ 
vester (1841), Whittaker (1915) are still comparatively unknown. 
Perhaps this is due, especially in the far-reaching cases given by 
Sylvester, to the rather cumbrous notation originally adopted. 
It is hoped that the present notation will help the reader to grasp 
the principles underlying these theorems. 

Mum: History of Determinants, Yo\. I; Vol. II, especially pp. 58-62, 108. 
Whittaxeb; Proc. Edinburgh Math. 8oc., 36 (1918), 107—115. 
Turxbull: Proc. London Math. 8oc., 2, 22 (1923), 503-507. 

Pebbab: Proc. London Math. Soc., 2, 23 (1924), 


1. Prove 


EXAMPLES 


bi h 


2 . If each letter denotes a column in a three-rowed determinant, write 
out in full the identity (apqfhrs) (ctu) = (abc) (prs) qtu). Prove 

(abc) (bca) (cab) = (abc)K 
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3. If a — ^ Y == prove 

(aSy) = iprs) (qtu) - (qrs) (plu) 

= _ (rpq) (stif) + (spq) (riu). 

4. Let* A == (ale . def. ghk . Imn) denote the formal dual of the four- 
rowed determinant (xgzt), each letter representing a column of four 
elements. Prove 

A == (adef) (bghk) (chnn), =-> (dabc) (eghJc) (firm), 

6, Proi-e 

(ahe. hep . cqr . stu) ~ (abcp)(hcqr)(cstu). 

6. Generalize result 5 for a product of n — 1 determinants expressed 
as a compound determinant. 

(ayz) (hzx) (axy) = (abc) (xyz)\ 

a 

(ayzi) (xbzt) (xyct) (xyzd) == (abed) (xyzt)^, 

9. Generalize S. This is Bazin's Theorem (cf. V, p. 108). 

10. If [ab .. ] is the unit matrix, state the results 7 and 8. 

Ans. Cauchy’s theorem on the ad jugate, §7, p. 67. 

11 . 

(ayzQ) (bzxQ) (cxyd) = (abcQ) (xyz^'f, 

12 . 

(ayzB) (xbzid) (xyciO) (xyzdO) == (abed^) (xyztQ)^. 

13. Generalize 12. This is Sylvester's Theorem, It is the extonsional 
f)f Bazin’s Theorem. 

14. 

(bed . acd. xyt, xyz) = — (abed) (exyt) (dxyz), 

15. 

(hede . aede. abde . zyoM . xyzt) = — (ahede)^ (dxyzu) (exyzt), 

16. The generalization of 14 and 15 is Whiitaher's Theorem, 


17. If {abed ...] is the unit matrix, and (xyz^) is an arbitrary deter¬ 
minant with 0 denoting all but the first three columns, state the results 
11 and 12. 

Ans. Jacobi’s theorem on the adjugate, p. 79. 



CHAPTEE IV 


Multiplication of Matkices and Detekminants 

1. Fundamental Laws of Algebra. 

We now come to the crucial distinction between matrices and 
ordinary numbers: they do not obey the same law of multipli¬ 
cation. To gain a clear picture of what is here involved we must 
first recall the four fundamental laws of algebra, on which the 
whole superstructure is based. These are: 

I. The associative law; 

II. The distributive law; 

III. The commutative law; 

IV. The division law. 

The first three lead to six primitive facts concerning ordinary 
addition and multiplication of ordinary numbers: 

I (i) {a h) c = Cl (6 4“ c), (ii) X &) X c= ayi (6 X c), 

II (i) ax{b + c)=axb+axc, (ii) (a+b) xc=axc+bx c, 

111 (i) a-{-b—b +a, (ii) axb==bx a. 

The first pair render the use of brackets unnecessary for con¬ 
tinued sums a-{-b~\- c, and products abc. The fourth law runs 
as follows: 

IV. If Q.X b = 0, then either a = 0 or b = 0. 

As Holder^ has shown, any algebraic identity concerned with 
real or complex numbers can be deduced from the above laws 
I, II, III. Eor instance, 

is true, but could not be proved merely by the use of the first 
five: it also requires the law xy = yx. On the other hand 

^ GotiiTiger Nachrichten, 2 (1889), p. 34. 
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(j; ^ y^(a -L. h) — xa ya ~r xb -j- yb does not need the com¬ 
mutative law. Now this sixth law is by far the most interesting 
of them all. There can be little doubt that whoever first discovered 
it. was led thereto by the orderly arrangement of cl things in 
each of b rows or of b things in each of a rows. 


Again, these first six laws are not entirely independent, for II (ii) 
can be deduced from the others with the help of III (ii), as the 
reader can quickly prove. But curiously enough the reverse is 
not the case. The exclusion of the law a X h = h 'K a actually 
renders the two distributive laws independent. 

These laws hold of other classes of things besides numbers 
a, 6 , c and other operations besides addition (-}-) and multipli¬ 
cation (X). Also some but not all of the laws hold of still more 
things and operations. For example, similar laws operate in an 
English sentence. The preceding sentence can be regarded as 
the sum of nine w'ords, or of forty-seven letters, addition having 
its ordinary meaning. But if we define multiplication to mean 
the building of a sentence by putting words into their proper 
order, then such multiplication does not obey the commutative 
law. The sentences Brutus stabbed Caesar, and Caesar stabbed 
Brutus mean entirely different things. On the other hand the 
Latin translation of one of these sentences would obey the 
commutative law. 

About ninety years ago two great pioneers in higher algebra, 
Hamilton ^ and Grassmann initiated schemes of algebra in 
which the symbols ct, 6, c did not obey the commutative law of 
multiplication, although they satisfied the other five I, II, III (i). 
The accumulated experience of intervening years has amply justi¬ 
fied these daring departures ficom the traditional rule, for it 
shows conclusively that between the first five laws and the other 
two there is a profound cleavage. In other words, many algebraic 
theorems can be proved without recourse to the commutative 
law of multiphcation, thereby opening for algebra entirely new 

1 Thiblin Transact., 17 (1837), 393. Lectures on Quaternions (1853). 

^ AusdehnungsleJiret Collected Papers, VoL I (2). 
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fields, including matrices, vectors, and those latest adumbrations 
in physics, ^-numbers, for the more obvious annexations. 

In terms of the first three laws I—III let us speak of 
Linear Associative Algebra, 

subdivided into 

A. Gommutativ^e. E. Non-commutative. 


Ordinary (scalar) algebra is of type A: that of Hamilton, Grass- 
mann, and the algebra of matrices is of type B. In type B, law 
III (ii) breaks down. Were it not to break down there would 
be no raison d^itre of a matrix theory; for every theorem of 
ordinary algebra would automatically hold for matrices, vectors 
and the like. 

Nevertheless it is a singular fact that the matrix whose very 
pattern forces on the eye the propriety of the commutative law 
should be among the first triumphantly to break it! 

2. The Law of Multiplication of Matrices. 

This law, which Cayley invented and his successors have 
approved, takes its rise in the theory of linear transformations. 
Let us consider a simple case with two variables, before and after 
transformation. If 

% = yx=^+ 

= da + i>2 2/2= 2/2 = % + iz ^ 2 = 

we have what is called a system of two linear equations trans¬ 
forming x^, X2 to 2/1, ^2 ^^< 3 . again two equations transforming 
to %, We write 

x=r^1, r=piT B=\^^ 

La'aJ Lda 62J U/zJ L?i L22J 

A and B are called the matrices of the respective transformations; 
X, F, Z are the matrices of the variables. The two transformations 
are sometimes written as 

X — Y, y — z. 

But by eliminating we have at once 

Xi = + (a, Pa + 

= iflzVx + ^’2«'l)% + {azVz + ^2?2)22= 
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which is manifestly a linear transformation from direct t ;0 

%5 If C denote its coefficient matrix, then 


G = 




ct'iP2 + 1 

d" ^2^2 _ 


Here we have the suggestion of a product of matrices. In fact C 
defined to he the product of A and B, namely 


r% P2I. + 

L ^2 J L q^J L CtoPx + > <^2^^2 + ^2^72 J ’ 


In short A y, B— AB == G. 

Thus the product of matrices is based on that of linear trans¬ 
formations, and we might, for example, indicate this by 

{X~^Y){Y ~^Z)^{X-^Z\ 


meaning, the transformation from A to T followed by that from 
Y to Z produces the direct transformation from X to Z. And 
there is no harm even in speaking of the transformation A, mean¬ 
ing that from X to Y whose coefficient matrix is A. 

Now it is at once apparent from the definition that the pro¬ 
duct BA in general means something difierent from AB. Thus 

^^ 2 ! r% ^ll _ V(h.Px + «2^^2? WPl ~f ^2^52~j _ 

\-q\ 9'2J &2j \j^1 9^2 J q\ H~ ^2 9^2J 

which is only equal to AB if all four corresponding elements 
in I) equal those in Ci e.g. 

Obviously this is not true in general since the eight elements 
% . . . ^2 arbitrary numbers. 

Next, we extend this definition to include other than square 
matrices, by analogy from the case 

pi & 1 I pi o] r%yi + &i2/2, 01 

L ®2 ^ 2 J L2/2 Oj l -«2 2/1 “l~ ^22/2 > OJ 

We define 

= pi ^il pi1 = pi2/i + ^>12^21 = r®i"I = y 

Lffa 6 J \_y„} Loa?/! + &22/2J L^zJ 

Hence the formula X = literaUy represents the linear trans- 



IV.] UNIT AND NULL MATRIX 6i 

formation of a column of variables to tbat of Simi¬ 

larly 

Y==BZ, X=CZ, X=(AB)Z, X==A{BZ). 

Tbis last suggests tbat for any conformable square matrices tbe 
associative law bolds, wbicb is in fact tbe case; namely 

P{QR)^{PQ)R, 
wbicb will be proved in §4, p. 63. 

EXAMPLES 

1 . Tf7=j^J o]’ ^ arbitrary square 

matrices of four elements each, prove 

(i) IA^AI=A, 

(ii) OA = AO= O, 

(iii) A{B^ C) = AB-{- AQ, 

(iv) {A + B) G=AB+BG, 

2 . If a:, 2/ are scalar numbers, A {xl) — xAI = xA. Also A {xB) — {xA)Bf 
xAyB = yxAB. 

3. Product of Square Matrices of Order n, 

Tbe general case is now straightforward. Let At, ^ be two 
such matrices of order n. 


% 

. . . 

. . . m^L 

> 


1 

V2. ■ 

^2 

. . . Pn" 

■ • - (la 


. . . m,,_ 



- h 

^2 

. . . _ 


Let tbe ^'tb row of A be denoted by r^, rg, . . . , and tbe ^tb 
colu mn of B by Cg, - - . , c„. We form a new matrix <7 by 



weaving this ftb row" of At into tbe Jtb column, of B by tbe follow- 
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mg rule wliicli defines what is called the inner product (r | c) of 
these two sets of n elements 

(r j c) = r^c^ + + ... + 

This stun is taken for the {i, y)th element of O; and by choosing 
all values 1, 2, . . . ^ n for i and for j we completely determine 
the n^ elements of O. Evidently this rule includes the case 
already cited when n= 2. Also the notation (r | c) is entirely in 
agreement with that of §13 (48), p. 52, as will be apparent later 
in Chap, V, p. 81. 

This notation (r|c), sometimes written r^, for the inner pro¬ 
duct is admirable for exhibiting the product of two matrices. 
For instance. 


^1 ^2 ^3 


Pi <ll n" 


{a\p) {a\q) {a\r) 

6i 62 63 

X 

P 2 ^2 ^2 

= 

(6b) (6b) (6b) 

-^1 ^2 


i 

s." 


Jc\p) {c\q) (cb)J 


Product of Rectangular Matrices- 

The definition may easily be extended to the product of 
rectangular matrices- It is only necessary for the fore and after 
factors to have an eq^ual length of row and column respectively. 
Thus for a length of three terms 


VcL^ 0-2 


^1 

r(®b) 

(ab)"] 

IK h 63J ^ 

1 P 2 
-Pz 

^2 

\-{b\p) 

(6b)J’ 


and the extreme instance is the single row with the single column 
1^1 ^2 X r^Cj^ +- -J- — {r\ c). 

L J 


exajvipi.es 


r ^ 

2 3 


ri 0 2 -} 


1 3 

X 

0 1 J 

L— 1 

0 2 

J 

L2 0 ij 


SL Reverse tlie order in the above. 
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— I ] — 1 1 

_ 3 2 _ 1 

3. Form the square and the cube of the matrix A = _ 2 2 

-1 . i -J 

Ans. A® is the unit matrix (§8). 

4. Prove that if [m, r} denote an m X r matrix, [w, r] X {r, = (w, 72-}. 

5. If X denote a column of tz. variables .rg, . . ., and if Y» Z have 
similar meanings for 2 //, generalize the results of linear transformation 
already given when n= 2, Namely, JC = AY, Y = BZ, X. — CZ — ABZ. 

6. The single column c premultiplying the single row r, each of n ele¬ 
ments, gives the n y. n matrix which is of unit rank, 

4. Double SufiSix Notation of Multiplication. 

It is here that the double sudSix notation also is very useful. 
Let 

^--=[«y], -8= [6,.^.], 

be two square matrices of order n, so that aij is the element in 
the ith row and ^th column. Then the inner product of the 
ith row of A and ^th column of B is Cij^ if 

^Ik “f“ • • • H” ^171 ^n 7 c 

= S aij hjjc 

= («i I i>k)- 

Thus if (7 = AB, then 

^ik ^ ^ij ^jk I • • • • (!•) 

The notation lends itself to continued products. So we should 
have 

^ ^ ^ij ^jk ^ki 

3 k 

in the case when 

X=ABG .(2) 

It will be seen that the suffixes on the right are linked in 
pairs, with unpaired end suffixes i, I answering to those of x.^ 
on the left. The double series has terms; and since we obtain 
exactly the same result whether we sum for h first and for j next, 
or vice versa, we are justified in dropping the brackets in A(BO) 
and {AB)C. They mean the same thing. 
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5 . The Division Law. 

The law IV (p. 57), that if xy ^ 0 then either x ox y must 
be zero does not hold for matrices. For example, let 

._r« 61 r. r 6 bi 


^[o o]. -=[_: 

&“] r ^ bi ^ p 01 

oj \_—a —a] Lo oj 


Yet neither factor A nor B is the zero or null matrix. Consequently 
this law fails for A and B, ^ 

At the same time the law holds for certain matrices; for 
mstance, if the determinant | B | were non-zero it could be nroved 
that AB = 0 only if ^ == 0. ^ 

The reason why this is called the division law rests on the fact 
that it defines a umque process converse to multiplication. For 
suppose AB ~ C and AD = C are two instances of multipli¬ 
cation in linear associative algebra which give the same product 

n It 0=0; so tkat if 

^ 4= 0 the law shows that B— D = 0 or B ^ D. Hence 

there is only one possible factor following a given ^ in a product 
AB which can produce a given C. 

In this case A is called the left or fore factor and £ the right 
or after factor of O. Looking at the same relation conversely we 
consider £ to be the quotient when O is divided by A- more 
precisely, £ is the quotient of left or fore division of C by A 

law Zt = Cr it foUows from the same 

Ia,w that ^ _ E Hence there is only one factor A preceding a 
given £ma product A£ which can produce a given G. So con- 
ver^ly A is the quotient of right or after division of O by £. 

io sim up, there are in the case where A£, £A are not 
^^sanly equal two sorts of multipUcation—fore and after 
midtiphcation, and two analogous sorts of division. But these 
Jst reqmxe the division law to hold. Algebra for which this law 
IS time IS called damston algdyraA 

Dickson, Linmr consult 

due to Probenius, 84TlSsf V partic^arly the theorem of p. 10, 

A^hrmtics (Chicago, 1923) and the rm^ed 

thre ZaMefitheorie (Zurich, 1927). Gferman edition, Algehren und 
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EXAMP r.ES 

1. A matrix product with the zero matrix for factor is zero. 

[Note that two proofs are necessary, for left and right facfcor.l 

2. 11 ad ^ hcy xt =# yZf then the product cannot he zero. 

S. The first five laws aUvays hold and the sixth sometimes holds for 
matrices. 

Consider A = ^ AB == BA = — 21. 

We consider this sixth law further in §§8 and 9 below. 


6. Products of Determinants. 


The product of two determinants each of order n is itself a deter¬ 
minant of the same order. 

Consider, for example, tKe product of {abc) {apy). It can be 
written as a six-rowed determinant: 


% 



— 1 

- 

. 


6, 

^2 

. 

— 1 

. 

<^3 


^3 

- 

- 

— 1 

- 


• 

tti 

ag 

ag 

- 

• 

. 

iSi 

ft 

ft 

- 

. 

. 

n 

y2 

ys 


since tbe 
term 


Laplace development 


contains only tbe one 


{abc) {apy). 


Replace in A rows four, five, and six by tlie following equivalents: 


row4 -j- cL^ rowj^ + a2 rowg -j- a3 rowg, 
rowg + P-^ rowi -f- ^2 ^^^^2 Ps ^owg, 
rowg + yi rowi -j- y^ rowa +• y^ rowg. 

Hence A = 



&i 

Cl — 1 . 


&2 

Cg ■ -- 1 

O'z 


C 3 — 1 


6iai + &oa2-f tgas 

Ciai + Caag-hCgag 

+ Ps 

bi -f-to P2“f"2>3 Ps 

CiPi + CaPa + CaPs 


&lYl + &2T2 4-&3y3 

C 1 T 1 + C 2 T 2 + C 3 Y 3 
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Again expand by the 


^^ development 


and we obtain 


Cl: 


(Xj CXt^ Otg 


—1 . . 

{a 1 a) (61 a) (c 1 a) 

a.2 bo Co 

X 

Pi P2 Ps 

=(-)" 

. —1 . 

(a\^)(b\p){o\P) 

^3 ^3 Cg 


yi 72 73 


. —1 

(a\y)(b\y)(o\y) 


The final determinant is called the product by columns and rows. 
It is often written with replacing the notation {a | a) for 
which gives the following product by roivs and columns: 


{aPy) (abc) = 



(3) 


Corollary.—The product rule of matrices agrees with thj3i,t 
of determinants. Thus if 


AJB = O, then \ A\ | | = | O [. 

The converse is not true; for owing to the great variety of patterns 
of the same determinant 


A = S ccih .. . 

made by interchanging rows and columns without disturbing 
the actual contents of a row or column, there are many equivalexit 
product determinants. This is by no means true of matrices. 
Herein is the manifest difiterence between matrices and deter¬ 
minants, as interchange of rows and columns gives a different 
multiplication rule valid for determinants but not for matrices. 
But -undoubtedly the rule as given in (3), of weaving columns 
into rows, thus forming all possible inner products of a row of 
the first factor and a column of the second factor, is the best to 
store in the memory. But occasionally it is useful to multiply 
rows by rows, or columns by columns. 


7. Reciprocal and Adjugate Determinants. 

Let us now use capital letters to denote co-factors of elements 
in a determinant 

A == I % ^2 ^3 • • ■ I > 

so that 

A = <2;^ -f ^2 -p ... == a^^ 

in the notation for an inner product just explained. 
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Since \h^h^CQ . , . | Eas two equal columns, it vanishes. 

Thus 

0 = 61 + ^2^2 + - • * 4 " ^ n ^ n > 

which may be written ^ 0 ^ 

In general Pq= 0, A, 

for exactly the same reasons. Correlatively we have 
A = -4]^ -j— ... 4— 


which we typify by Ij, and 

0 = (Z 2 -^ 1 4“ ^2 -^ 1 4~ • • • 4~ ^2 


which we typify by 2^^ So in general 

% = 0 i ^ j 

A ^ = 1, 2, . . 

Definition .—The determinant 




Cl 

... 

A= 


c. 



Bn 

On 

... Mn 


is called the adjugate of A. Its elements are the co-factors of the 
corresponding elements of A. 

Since by multiplication 



b. ■ 

. . 

AA= 

bs ■■ 

. . 711 j, 


bu 

. . m,, 


A 

0 

0 

. . . 

0 

A 

0 

. . . 

0 

0 

A 

. .. 

0 

0 

0 

. . . L 


it follows that provided A 4 = 0, 

A = A«-i 


a very beautiful property, due to Cauchy.^ 

Definition.—The determinant whose elements are those of the 
adjugate each divided by A is the reciprocal of A. 

^ Journal de VJ^cole Polytechnique, T7 (1815), 82. The same property was 
proved in Ex. 10, p, 56, without assuming A to be nonzero. 
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It can be written as A ^ or since 


-B, 



A' A “* 


... 

dg B^ 

= A“’" 

-^2 -^2 

A’ A 




We bave multiplied eacb row of the determinant by A, at 
tbe same time dividing tbe result by A^^ This is an example 
where tbe matrix theory would differ. Thus by matrix definition 

A ’ A ^ V 

A . "^2 -®2 

A ^ 

_ - -I 

where A“^ is now the factor instead of A”'’^ 

8. The Index Law and the Reversal Law of a Matrix. 

There is no ambiguity in writing for the product of a 
square matrix A with itself. It follows by the associative law 
that if r is a positive integer, A^ is a useful abbreviation for the 
continued product of r equal matrices A. Further, as in ordin¬ 
ary algebra, the index law^ 

A^A^=^A^-^^ 

will hold for all positive integral values of r and s. And, if 
I ^ I =[= 0, we may allow r, s to be any integers, zero and 
negative included, by adding the following two definitions, for 
the unit matrix and the reciprocal matrix. 

Definition of Unit Matrix .—The square matrix whose leading 
diagonal elements are each unity, all other elements being zero, is 
called the unit matrix. 

Definition of Reciprocal. Matrix .—The square matrix [a^j] 
whose (i, \)th element is the co-factor of ajj in the determinant | ajj |, 
diinded by the determinant itself, is colled the reciprocal of the 
matrix [ajJ. 
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The reasons for these definitions are simple, for they are 
analogous to those of elementary algebra. Tbus, if I is the unit 
matrix and ilf is a square matrix of the same order n, then, 
taking = 3, 





t-s-i 


(4) 


whence by actual multiplication 


so that the unit matrix as a factor leaves another matrix un¬ 
changed. Indeed the unit matrix is seen to he commutative with 
another matrix. 

Also if W is the reciprocal of M, then by definition 




Ag 

A 

A 

A 


Sa 

■S 3 

A 

A 

A 

Cl 

C 2 

^8 

A 

A 

A_ 


where is co-factor of % in A, the determinant of M. Thus by 
actual multiplication 

1 . 

NM= 1 =1. ( 6 ) 

1 


Similarly MN ~ I. Thus a matrix is commutative with its 
reciprocal, and if we define M~^ to mean the reciprocal of M 
we have the result 


MM-^ = I = M~m. (7) 

This allows us to use the notation M~^ to mean indifferently the 
rth power of the reciprocal of M or the reciprocal of the rfch power 
of M, provided [ Ji" | = 4 = 0 . Also we have = I, 

As examples of this index law the reader should prove the 
following results, noticing the curious feature which emerges— 
one of great importance in all non-commutative algebra—that 
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the inverse or reci'procal of a product of factors reverses the order 
of the factors. 

(ABC .. . K)-^ = K-K . . C~^B-^A-^ [ . (8) 
{A~^B-^)-^=BA. J 

FurtLer, the same reversal is true of the operation of transposing a 
matrix, wMcli is denoted by an accent. 

{ABy = B'Af &c.(9) 

Lastly, the operations of inversion and transposition are com¬ 
mutative-: 

(A'r^=(A-^y .(10) 

Singular Matrices. 

When I A | vanisbes, the matrix A is said to be singular. 
It has no reciprocal, although there still exists the matrix of 
elements where a^j is the co-factor of a^j in | A^, which has 
eertam properties analogous to those of a reciprocal matrix. 
This is called the adjugate matrix. 

It is easy to adapt the result (6). Thus the product of A 
and its adjugate gives 

, Ml . . 

Mi] =1 . Ml . \ = \ A \ 1= \ A (11) 

. \A\ 

This is also true for n rows and columns. In particular the pro- 

duct of a singular matrix and its adjugate is the zero matrix. 

Here is an example where the division law fails: neither 
factor need necessarily be zero. 

9. Summary of Laws of Matrices. 

We conclude this chapter by summarizing our results, for 
we now hold all the fundamental laws of matrix algebra. First 
there are three fundamental operations. 

Addition, 

Multiplication, 

Transposition, 

this last being new, for it does not occur in ordinary algebra. 
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Denoting transposition by an accent, tie laws wbiob govern 

matrices are 

B) + G= A+(B+G) (Ax B)x G-== A x{BxG) 
Ax (B+G)=AB+AC (A + B) x G= AG+ BG 
A B = B -j- A 

(A + By =:A' + B', (A'Y = A, (AB)' = B'A', 
(A-^)-^=A, (AB)-i = B-^A-\ 
(A-^y=(A'r\ 

The commutative law of multiplication fails in general, but 
holds at any rate in certain cases, namely 

AX and XA are equal when X is zero, the unit matrix, a power 
of A, or a scalar matrix. 

The scalar matrix p . . • - 

^ = pl> 


VJ 

is a device for expressing an ordinary number 2 ? as a matrix. 
In this way, ordinary algebra can be thought of as a particular 
case of matrix algebra—when all matrices involved are unit 
matrices all of the same order. Thus, for instance, 

= (j) — q) in matrix algebra would be — Q 2 — 

(P -b Q) (P — Q) where P = pi, Q = ql- Also pA = pi A = 
A{pl) = Ap, a result which incorporates and extends scalar 
multiplication as defined on p- 34. 

In the following examples capital letters mean matrices of 
order small letters mean ordinary numbers. 

exajmpt.es 

1 . Wliy is A^~ ^ (A-h B) {A — B) ixi general? 

2. Prove A^ — P = {A I) {A — I) = {A — I) {A + I), 

3. A.2 — (X -f -f Xp J = (A — XI) (A — p J). 

4. If A, i5 are two-rowed matrices, and B commutes with A then 

/?= XA -f- P-T. 

5. If / (A) = PqA^ -1- JP 1 A 5 —^ + piAQ^^ 4- ... 4- PjiI, where 

Po, . . •tPii are scalar and g is a positive integer, prove / (A) is a matrix of 
order n which commutes with A. 
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6 . If p(J) is another such pol 3 Tioniial, prove that is another 

such matrix which commutes with A, provided the determinant I ofA) I 
does nut vanish. ' ^ ‘ 

^ 7. Prove/(A) X (g(A))-’- = (g(A))-^ X f(A). Wiy is the notation 

— ambiguous, but not so? 

8 . If I R I 4= 0 , and AB = BA, prove that AB~^ = B-^A. 


9. If A = 



/I A 

prove -J ^ 
/— A 


r cosa —sinal 
Lsina cosa J * 


10. Any two rational functions 9 (A), 6 (A) of a single matrix A com- 
mute with one another, and hence they only differ in behaviour from 
scalar numbers m failing to obey the division law. 

1.1. Prove (/ ~ AB)A (7 + J5A) = (/ + AR) A (7 - BA). 

12. Prove the product T ^ c 0 " a 1 Li ?' 1 is .ero. 

L h — tx 0 J L ac be c2 J 


13. If AB == 0 it does not follow that BA = 0. 

*] [-J :]■ 


If sx denote this sum, prove 

»AB ~ ^ ^Ji> s^iBo — S S S aij hjk Cki, 

^ i J k 

each summation iTinning 1 , 2 , . , . n. 

15, Prove s^jic = Sj^qa = Sc.in* 

matec T.!' ww“ “ ‘''"Sonal ie the same for all 

X=ABO ...H, Y=:BO ...RA . 

obtained by cyclic sjnnmetry. 

17. Prove Sx= Sx'. 

I -2^ 1 

18. Prove that, H n = 2 ^^21 ow i, 

’ where. «/= 


riKl: 

LsxjiJ 


= rX** t when '< 



CHAPTER V 


Linear Equations. The Theorem op Corresponding 
Matrices. Further Theorems 

L Matrices and Linear Equations. Rank. 

We now replace the definition of rank given in § 5 , p. 10 , 
by a more practical statement. 

Definition of Rank. — A matrix of m rows and n columns has 
rank r, when not all its minor determinants of order r vanish^ while 
all of order r -j- 1 do so. 

It follows at once by a Laplace development that not all 
minors of order less than r vanish, whereas all of order greater 
than r do so. Also r ^n,r^ m. 

Again, since non-zero determinants exist for all values of n, 
the unit determinant | | being such an one, a matrix can have 

rank equal to the smaller of n or m. 

When r= n = m the matrix is non-singular, and for the 
subsequent theory of invariants this is by far the most important 
case. When r < ^ or r < m the matrix is singular. 

It can now be shown that the new definition implies the earlier 
property, that a matrix of rank r has r linearly independent rows 
and also r such columns, but not r + 1 such rows or r + 1 such 
columns. 

Proof. —At least one set of r columns exists between which a 
relation 

/^1 + • • • + Col^ =0 . . (1) 

is impossible. For let the r columns a,h,,. .,g belong to any one 
r-rowed minor A,. = | afij ... ^^ | which does not vanish. Then 
the assumed relation (1) requires among others, the r equations 

[ZiOi -f- + ... + [lygi == 0 




(2) 
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Multiplying tliese respectively by the co-factors of in 

Ayj and adding, we obtain 

-f ^ 2 ! \ = 0, i.e. = 0, (3) 


whence = 0 , since A,. 4 = 0. Similarly each fju vanishes and no 
relation (1) exists. The corresponding case of rows can be treated 
in the same way. 

Now let gj-, be r -j- 1 arbitrary non-zero numbers, 

and [a^bj... be any minor matrix of order r + 1 of a given 
matrix 31, formed by attaching row ^ and column p to those 
represented in A,.. Then, from the fundamental identity (IV) 
(cf. §12, Ex. 3, 4, p. 51) we deduce the further identity 

((/b. .. ^ 4“ («g . .. pp)zf. _ fcS*- + ... 4- (ab .. . ^ _ ^p^. 

= ... (4) 

Since 31 has rank r, this minor determinant (ab . . . p)^^ . of order 

r + 1 vanishes. Hence the left-hand sum also is identically zero. 
Thereby the r + 1 elements a^, 6 ,-. .. p. of row z in Af are linearly 
related: namely 


4- Agbi4” *.. -f \+iP£ = 0, 


(5) 


where (g 6 .. . p)^ &c. Here A^.^^ at least cannot vanish 

iplTf-fn of S'*- Similarly tlie same 

relat on iolds for roTvs 3 ,...,k. Further it holds for any other 
row I, smce 


AiUj + + . .. + (6) 

as expansion by row I of this determinant shows, the term in¬ 
volving qi being zero. But this determinant vanishes on expan¬ 
sion by Its column q, smce each co-factor so formed is a deter- 
^ant of order r + 1 belonging to M. Combining these results, 
toe r -i- 1 columns are linearly related; namely 

Ai ool„ -j- \ colj + Ar+i eolj, = 0 . . . ( 7 ) 

oof"^ P in terms of r suitably chosen 

_ any r-f 1 rows to be linearly 

related. This proves the theorem. ^ 

CoroUary.-^ nuxtrix and its transposed ham the same rank. 
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2. Application to Linear Equations. 

A matrix M of rows and m columns is closety connected 
witii tjbe theory of n homogeneous equations linear in m variables, 
or m such equations in n variables. 

Thus if ^2 + • • • + abbreviations 

c^., ..., the matrix 

'’Oi ^2 ... (Z,," 

M’= ^2 K 

^2 

is that of the m linear equations 

= 0 , h^= 0 , k^ = 0 . 

To say A row^ + [x row^, + ... = 0 is in effect the same as to 
say 

Aa^ + 63. + ... = 0 {ii?}, 

namely that this is an identity for all values of x. Hence the 
rank r of M' determines exactly how many of the equations are 
effectively independent. So among ^ k^ exactly r inde¬ 

pendent forms can be chosen. Let them be the first r:— 
a^., hg., ... , g^. Also among the columns exactly r are indepen¬ 
dent. Let them be columns 1, 2, ..., r. As we are dealing 
with equations, there is no loss of generality in making these 
assumptions. 

If now r = n =< m, we have n equations = 0, 63 . = 0, . . . , 
hg.= 0 whose determinant A = (ab ... A) 4 = 0- Multiplying 
each equation by the co-factor in A of the coefficient of and 
adding, we get x^ A = 0 . Hence x^ vanishes for each value of i, 
and only the zero solution x^ = x^ = . . . = = 0 exists. 

Next r = n — 1, so that there must be 9 ^ — 1 independent 
rows, there is exactly one solution for the ratios : Tg : . . . : 
namely 

cc^'. X2_‘. x^ = K.-^ : Al 2 • - • • • 

where these are the n — 1 -rowed determinants in the n — 1 
by n matrix of these n — 1 equations. This follows in the same 
way by multipljdng the n — 1 equations respectively by the 
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co-factors of 5 ... in the determinant {ah . ^)i 23 . and 

adding. 

Further if r <,n — 1, we can solve the r equations for just 
- - . , terms of the remaining n — r homogeneous 

variables . . . , again by use of co-factors of elements 

in a colunm of the non-vanishing determinant 


EXAMPLES 

1. The raak of the system of equations 

X-j-y-f-iS-h ^ = 0 
2rc -f 2«/ -f- 32 — ^ = 0 
z — 3i=0 
So: -f 3^ -i- 52 — 3if = 0 

is two. We could express two of rc, 2 , t in terms of the others, but not 
any two. We must exclude the case, x, y. 

2. Given two equations 

a^x-^ -hhiX^-h c^Xq dj^x^^ = 0 
a^x^ -\-\x2 + C2X3 -h ^ 2 x^ — 0 

the most general linear equation derivable is 

(ap)xi + (^p)X 2 + (cp)Xs -f- (dp)x^ = 0 

where (ap) = a^ps — a^Px and p^ are arbitrary. We eliminate Xj^ or 
or or by putting p = a, h, c, d \ii succession, provided not ail of the 
determinants iab) vanish. 

8 . Given three equations 

a^x^ ~j-bjX2+ c^Xq -f- dj^x^ = 0 
a^Xi -f 523^2 + <^ 2^3 + <^23^4 = 0 

<^3^1 + ^3^2 + ^3^3 + = 0 

prove (appXj^ -f- (hpq)x 2 -f- (cpq)xs -f- {dpq)x^ ~ 0 where {apq) ~ S :£ a^p^q-^^ 
and the six elements pi, qj are arbitrary. By putting p, q equal to two of 
a, h, c, d we eli min ate two of the x‘s from the equations, provided not all 
determinants {ahc) vanish. 

4. Prove similarly that r — 1 unknowns Xi can be eliminated from r 
such equations whose matrix is of rank r. 

5. Prove the fundamental identity 

{aUq)p^~- {abcp)q:c=- {bcpq)aa,+ {capq)bo,+ {ahpq)Cc^, 

where = p^ x^ + PqX^- j- p^x^ + p^x^. If the matrix [«6cfZ] has rank two, 
prove {ahcp) = 0, {ahcq) = 0. 

This fundamental identity now expHcitly indicates the linear relation 
e ween thr^ equations Oa: = 0 , 63 ; = Ca: ~ 0 , whose rank is two. 
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3. Tlie Upper Suffix Notation. 

Let us denote the elements of the reciprocal determinant A“^ 
by a^, , mP', in defiance of previous practice which 

reserves this notation for powers of a. The context will make 
it clear what is meant. So at present we shall understand the 
indices 1, 2, 3, . . . , ^ to be distinguishing marks like the accents 
which are probably more familiar 

O/j CL y Ct j • 

By this means we can exhibit a wonderful parallelism running 
through the whole theory of determinants, starting with the 
obvious pair of conditions 

A ±< 23^62 *•* 

A~^ = S 

Since ^ A is by definition and since 
we have 

1 = ^ 

If Ay is the co-factor of oiy in A""^ we find X A — This 
is soon proved. For, multiplying rows by rows, A^ x A 


1 

. 


. 




Cl 



62 

C2 

... 




C2 

C?2 


63 

C 3 

... 




C3 

dg 


64 

C 4 

d 4 ... 


a.4 


C4 

d. 

% 

«2 

ag 

... 

1 




. 

1 

. 

. . . 





. 

. 

1 

. . . , 

—- 





• 

- 

• 

1 ... 






and similarly for 

This leads to a general theorem, due to Jacobi: ^ 

Each minor of A is proportional to the corresponding comple¬ 
mentary co-factor of the ratio being A. 

The full significance of this remarkable theorem is best 
1 Cf. Crelle, 12 (1834), 9. 
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seen by taking a particular case, when A = \ and 

A~^ = j a? j, 

, ^ |%^ 2| __ I ^1^2 [ __ 

\h-c^d^\ \c^a^d^ \a^c^b^\ \c^d^\ “•^* 

_ L%&2<53 I _ I ctxhc^d^ I _ 1 

d^ ■■ 1 \a^h‘^c^^\' 

There are altogether 70 difEerent equal ratios involved here, 
while each ratio involves all the letters and all the digits 1, 2, 3, A. 
In general we have 

I - • -/<-1 _ \ai\...mj _ 1 

k'-'-w"! 1 ' \a?-b^...m‘'\’ 

where, to fix the sign, both letter and suffix rows are algebraic 
complements 

ab .../, gh . ,. m, 
ij. . .k, 1. 


and the partition is taken in every possible way. 

The proof is immediate for any particular case, by the multi- 
phcation theorem. Thus K 6^ | : | ( = | a^b.,c\d^ | : 1 since 


[c^d^l \a^b^csd^\= ■ 

^4 

h h h W 

. . 1 
. . . 1 




% 

a.. 

a., 

«4 

♦ 





&4 

c® 

d^ 



^3 

C 4 


d^ 

di 

d^ 

dg 

^4 









_ 1 


1- 



the^fonTl^ difficulty in this proof is to decide how to make 
the mmor look like an n-rowed determinant. An easy way to 

rf“ri5ttet!;S:^::r complementary blocks 

il . ... 



are utilized in the course of the work. 
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To prove \ (9-\ \ a^h^c^d^ \ =\h^(l^ \ where the order c, a, h, d 
of the letters has been disturbed, write | | as | c^a^h^d^ | 

and proceed as before. 

It is important to recognize this theorem in the form of the 
adjiigate deterrrmiant arid its minors. Thus if capital letters denote 
co-factors of small letters in A, the following would be typical 
when A === | C 3 d/^ 1 1 

= \GM 

<^ 2 ^^ = I ^3I 

and so on. 

4. The Theorem of Corresponding Matrices (the Binet Cauchy 
Theorem). 

Next consider two arbitrary square matrices A and X of 
order n, 


A = 


... ■ 

X== 

1 - 

• 

1 _ 



. . . m,J 


••• 


together with their transposed matrices A' and X'. It is assumed 
that the determinant | A\ = 4 = 0. 

By the same device of interchanging corresponding rect¬ 
angular subsections of these we obtain another important 
theorem, which is illustrated well enough again by taking 
n — 4. 

First replace the top rovr of A' by that of X', raise the suffixes 
of other rows and multiply the determinant so found by | ^ j. 
Then 


x^ a;4 


Gj d/-^ 


51 52 53 ^,4 


CZ '2 bg C2 d^ 


^2 ^3 ^4 


% ^3 ^3 ^3 


d^ d^ 


3^4 ^4 C4 <i'4 



(S) 


which is obvious otherwise by expanding the first determinant 
by its top row and using the previous theorem. In fact 

(% I I "f ^^2 I I + &c.) I a^h^c^d^ | 

= d- 072^2 + i^3% + ^4 »4 



LINEAR EQUATIONS 


So 


[Chap 


Nest do the same for the two top rows of A' and X'. This gives 


Xj X2 a-g 


^1 

ifi y2 ys 


a.2 b^ Co dg 

^2 ^3 (A 


^3 ^3 ^3 ^3 

d^ d^ 


a^ &4 ^4 d^ 


b^. 

4 ( 9 ) 

1 


This last is so important a form that it has a special notation 
— = (ob I xy) .(10) 

Again expand the first determinant in (9), this time by its two 
top rows, and use the previous theorem. It gives 

(S (cdf^) {abed) 

= S (a^)i2 (a6)i2 


summed to six terms ( = 4 1/2 ! 2 1). Thus 

by —ayb^= (ab \xy) = ^ (xy)ij {db)^^ . (11) 


and as this proof equally well applies when A is of order n, and 
there are n — 2 rows below the top two, we may sum this last 
for 

2 — 1, 2, 3, . . . ,n,] 

3= 1, 2, 3, . . . , w,J 
Similarly for three top rows 


i 4= 3- 


X2 iCg £r 4 


% Cl 


yj ^2 S/3 2/4 


^2 ^2 dg 


% % ^3 ^4 


^3 ^3 Cg 


d^ 


^4 C 4 1 



4 

1 


= S ± by . 


{abc I xyz), say. 


( 12 ) 


Also on expanding the first determinant by its three top rows, 
it gives 

( {xyz)^ 2 B (abed) 

== (^yz)\23 

= S (ahc)ijy 


to four terms ( = 4 !/3 ! 1!). Thus 


'S.±a^byC^= {abc | xyz)=^13 (a6c)y* {xyz)^^^ . 
i,j, Jc= 1, 2, 3, , «.) 

*4=4 f 4= j=¥b- 


(13) 
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Lastly, if we remove all rows of we revert to the ordiaary 
product theorem of determinants: 


^2 ^3 ^4 


^ ^1 


Vi Vz 2/3 2/4 i 


Ug C2 ^>2 


^2 % ^4 I 


U3 C3 (^3 


^2 ^3 ^4 1 


64 C4 d ^ 





d. 


(14) 


= {abed I xyzl^ say. 

We collect these results, which will turn out to be very 
significant, and now have the following n identities involving 
elements of two square matrices of order 9^: 

«»=(«! a;) = %a3i + a2a:s+... + a„a:„, .... (16i) 

= {ah \xy) = 'Z {ah)ij {xy)ij, .(IS^) 


K 


“y “y I 

a* K 

a>y by 


= {aba I xyz) = S {ahe)i,j„ {xyz)i,jy , 


(IBs) 


O’xKocc--- 

CL O G 

y u y-'' y z=^ {ahe.. .m\ xyz.. A)= {ahc., .m) {xyz.. A), ( 15 ^) 

Ci . . . 

i, J, *.. = 1, 2, 3, ..., 


Here there are terms on the right of the rth identity, obtained 

by choosing the r sujfixes in all different combinations from among 
1, 2, 3, . . . , 


Determinants of this type on the left, but of higher order 
than vanish identically. For by §12, (V), p. 50, the elements of 
the {n + l)th column are each the same linear function of the 
first n columns. Hence the {n -{- l)th column is linearly related 
to these columns. 

At the outset we have assumed that | ^ | 4 = 0, but the above 
results hold for all values of the elements 6^-, . , . , ... 

concerned. For if in the rth identity the r columns a,h, . , ., h 
are linearly related, then 


46 ,.+ co^,.= 0 , 

C D 8S4 ) 


^ = 1 , 2 , . . . , -yi. 


4 
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Multiplying by and sunaming for i, we have 
Q a^-j- CO 7c^= 0, 

so tbat a^, b^, , . . , are also linearly related. Consequently 
both sides of relation 15,. vanish identically. 

But if a, by , k are not linearly related, at least one 
r-rowed determinant of the matrix [a, 6 , ..., k] does not vanish, 
I Ay I say. Let [Z . . . m] denote the (n — r)-columned matrix, 
formal dual to [a, h, y 7c] in A = [ab . . . m]. By choosing 
[Z. .. m] to be zero except for its diagonal elements comple¬ 
mentary to I A^ I which we take as units, we make 

I ^1 = I ^,1=^=0. 

Thus the original assumption is covered. 

These results may be put into a slightly di:fferent form, of 
great importance in the theory of matrices. 

If A is any matrix of n columns, and B is any matrix of n rows, 
any T-rowed determinant D of the product matrix AB is equal to a 
sum of terms each a product of an x-rowed determinant of A and an 
v-roived determinant c/ B. 

For this is a statement of formula (15^) when 

A = 62 ^ 


cTs ys ... 


- 

Here A and B need not be square matrices. 


5. Inner Product of Two Rectangular Matrices. Bideterminant. 

The determinants {a\x), {ab\ xy), {abc \ xyz), .. . elaborated in 
the last article have many useful properties. It will be seen 
by interchanging any pair among abc ... or among xyz . . . 
that the sign of the whole is changed; for this amounts to an 
interchange of rows in the second or first factor of the original 
product- Thus 

{abc I xy^ = — Qoac | xyz) = — {abc | yxz) = .... 


Such a property is summ ed up by saying that {abc | xyz) alternates 
in both abc and xyz. Further, it is symmetrical in these two 


groups; thus 


{abc I xyz) = {xyz | abc). 



COMPOUND INNER PRODUCTS 


Once more, it has exactly the same suffixes ijk for abc and for 
xyz in any particular term of its expansion 

S (abc)ijj, (xyz)ij^. 

For this reason it is an inner product of two sets of quanti¬ 
ties, namely the set of determinants of the three-line matrix 

Ct-^ CLs^ CX>^ • ^yx, 

\ ... K 

- ^ Cg C3 C4 ... 

and the corresponding set 


X 9 x^ Xa 


= I Vi Vz ^4 

_ % 2:2 % % 


Likewise for each of these functions {a\x), {ah \ xy), .... The 
typical one can he called rth compound inner product, or the 
iimer product of two r by matrices, r giving the number of 
diSerent symbols before or after the vertical line. Further, these 
matrices are subdivisions by rows of the transposed of A\ X' 
the square arrays from which we started. Let such inner pro¬ 
ducts be called hideterminants. 


6. Laplace Developments of the Inner Products. 

First we may write any such bideterminant as 
{abc I xyz) = S ± 

and in the notation of p. 27 this can be written 
{abc 1 xyz) == a^hyC^ == a'^byCl, 

where either a, b, 0 are deranged, or xyz. By a (2} 1) Laplace 
development this is also 

(ab I yz) + {ab | zx) c* + (ab [ xy) c„ 

and this principle may be extended to any order involving r 
pairs of letters a, x; 5, y; &c., if r < n. 
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7. Rank of the Product of Matrices. 

The rank of the product of two matrices cannot exceed the rank 
of either factor. 

For in the result of §4, p. 81, if aU r-rowed determinants of 
A (or of B) are zero, the same is true of all r-rowed determinants 
of their product AB. Again 

The rank of a matrix K of m rows and n columns is unaltered 
hy muUi'plying A fore or aft hy a conformable non-singular square 
matrix. 

For if r is the rank of A^ and is a square non-singular matrix 
of order the rank p of AB has just been proved to be not 
greater than r. Likewise the rank of (AB)B~^ cannot exceed p, 
that of its first factor. Hence p = r. Similarly for a product 
with A as after- factor. 

8. The Simplex. 

We now consider a theorem analogous to Jacobi’s theorem, 
which may first be illustrated by the case of four rows and 
columns. Suppose we have, as before, two double sets, say 

oq % 0^4 a?2 Xq x^ 

^2 ^3 ^4 ¥i .V 2 2/3 2/4 

so chosen that the matrix 



vanishes identically: thus a^~ ay —by — 0, or, in full, 

cci 4 - Ug 0:2 H- % % + a4 CC4 = 0, 

61 aji + 62 + 63 ajg + 643:4 = 0, 

and sim’larly for y. Eliminating x^ we obtain 

(a6)i2 a?2 + ^3 + (<^^)i4 % == 0. 

Similarly 

(a6)i2 2/2 Hh 2/3 “h (^^)i4 2/4 ~ 

Tnese are two equations for the three quantities {ab)^^, 
ab\^. Hence, by solving, 

(06)42: (“6)13: (c*)i 4 = i^y)si ■ {^y )42 ■■ (a^) 23 . 
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and for similar reasons, by eliminating or x^ or x^^ originally, 
we obtain 


(^ 5^)12 ^ 
(a:2/)s4 


(a6)i3 




{ab)s 


{xy)^ (a^)i4 (a:«/)i3 (a¥)i2 


These formulae, which, are fundamental in the study of line 
geometry in threefold space, are typical of a general set involving 
complementary rectangles P and tt, say, from two square matrices 
of order n. As an illustration let n = 5, and let the matrix 


Cly 

- 


vanish identically. Here five sets a, 6 , x, z are involved, and 
4 - <22 ^2, H- ^3 + ^4 ^4 + 


As before we obtain, by eliminating x^, from the three 

pairs of equations, 

(a6)i2 + (a6)i3 x ^ + (06)14 + (a&)i 5 % = 0, 

(06)12 ?/2 + (as6)i3 Vz + («^')i4 2/4 + (a&)i6 2/5 = 0. 

(06)12 *^2 + («^)l3 % + («^')l 4 »4 + («^)l 5 H = 0. 


which are just enough equations to determine the ratios 
(a 6 )i 2 : («&)i 3 j &c., in terms of x, y, z. Multiplying these equations 
respectively by (yz)^^, (^^) 45 > (^y) 4 . 5 ) adding, we deduce 

(06)12 245 + (a 6 )i 3 (a ^*)345 = 0, 

or 

( 06)12 : (“&)i3 = (“= 2 / 2)345 : (“= 2 / 2 ) 425 ; 


and by symmetry 

( 06)12 _ («^) 13 _ — i^)i3 

(“=2/2)s45 (“=2/2=)425 ' 

where ij, him are algebraic complements of 12345. 

In general let there be r sets a, h, . . . , ^ and n — r sets 
X, y, . . . , t such that the inner product of any two sets chosen 
from these difierent groups vanishes. Then the determinants of 
these two matrices are proportional, namely 

{ab...h)^p^ s _ (cib . .. h)^fp' ^ 

(“=2/-- •<)Af....pa (a=2/---f)x;a'...p'<. 
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wliere . . . S, Aft . - . po are algebraic complements of 123 , . n, 

and so are tiie accented suf fi xes. 

Lastly consider tbe double set arranged in two rows eacb of 
n letters, 

a h c . I 7n 

X y z ... s t 

where each letter denotes a vector', say 

a= [%, ... , aj, 

£Br= {cCi, CCg, . . . , 

and the inner product of any two vectors not in the same row 
or column vanishes. A\Tien none of the inner products a^, by, 
c,, . . . , 7nt; vanish, such a system of vectors is called a simplex 
of the 7ith. category: the vectors of one row, it matters not which, 
are called joints, and those of the other row 'primes. Further, 
let Psj • • • j Vn—i denote the sets of determinants 
{abc)ijj^ . . respectively, and TTg, 773 , . . . , the sets (xy)^j, 

(xyz)ijj^, ., Then the preceding results can be written in the 
form 




— h(bc. 

■■‘mhy.. 

Pa-1 

^2 


= h\c.. 


Pn—2 

TTg 


= ¥'{d. 


Pa-S 

'^n—1 




p^ = m 


where the siijGfixes are algebraic complements of 123 ... yz-, and 
the coefficients h are constant for all such suffixes. 


EXAJMPLES 

1. If A = (abc . . . m) and D = (xyz . . . t) denote the determinants of 
the above double set of vectors, prove DA a^by Cz. . . mt • 

2. Prove that each column of A is in fact a multiple of the corre¬ 
sponding column of co-factors of Z>, and vice versa. 

3. Exhibit the above relations when n = S, and interpret them when 
X, y, z are three vertices of a triangle whose sides are a, h, c. 

4. If n. — 4r, show that the simplex is a tetrahedron of four vertices 
^7 Vr z, t, four planes a, h, c, d, and six lines. 

Here h^ = Om the homogeneous equation of a plane in point co-ordinates 
{ or of a point in plane co-ordinates [b^, 63 , bj. The conditions 




THE CAUCHY-SYLVESTER THEOREM 


V.] 


87 


imply that points y, z, t but not a; are on plane a; and. so on cyclically. The 

'P = [ (®^)42> (^^)34l 

is proportional to the set 

” = {p^y)Az^ {^y)zz> i^y)i^> {^y)i3> {^y)i2l 

as in §6 above. The set p is called the set of axial co-ordinates of the 
line common to planes u, 5: the set tt; forms the set of line co-ordinates. 
These p and — sets are often taken to be identically equal since the intro¬ 
duction of a non-zero common factor to homogeneous co-ordinates does 
not alter the actual point, line or plane represented. 


9. Extended Form of Caueliy’s Theorem, commonly called 
Sylvester’s Theorem on Compound Determinants. 

The theorem that | | = \ a?-b^ . . . | = 

\ I is a special case of a remarkable general theorem 

virtually due to Cauchy.^ Let [ {ah).ij | denote the determinant 

of order (^9 j ? with the combinations like ah to typify columns 

and the '^3 rows. Let us call this the second 

compound of A, and denote it by Dg* Thus if n = 3 



(“&)l2 

(cic)i2 


-^2 — 1 1 — 

(«&)l3 

(ac)i3 



{ai>)2s 

(“< 3)23 

(^^)2 


To avoid ambiguity let the alphabetical and the ascending order 
of letters and suffixes be maintained. If = 4 there are six rows 
and columns. 

Similarly let | {ahG)ijj^ \ be the third compound of A, 

denoting the corresponding determinant of order V Thus if 
_ 4 leading diagonal is ^ ^ 

(a6c)i23 (^cd)234. 


And so on until finally A itself is reached. The Cauchy-Sylvester 
theorem is this: 

Each determinant D^.— | {ah . . j is a positive integral 
power of A, the power for the nth compound being ^ ^. 

This is proved by considering an adjoint determinant whose 
elements are co-factors, in the original determinant A, of the 
elements (ab . . . ... 

^ See Muir, History of Ddberminants^ 1 , 118. 
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Lefc (ab . . (gb . . . be such co-factors. We 

form the two determinants 

and multiply them together, column by column, not row 
by column. The resulting inner products which go to form 
elements of the product determinant are all determinants of 
order n, because the inner products are actual Laplace develop¬ 
ments of these determinants. The leading diagonal determinants 
are all equal to A, and the others vanish as in the original 
Cauchy theorem. 

To illustrate this let = 5, A — (abcde) and the co-factor 
determinants be | (a6)y |, | (cde)]^i,„ |. Then 

(^)l2 (^^)l2 * • • (*^^)345 (bde)^^^ 

(^)i3 (^^)i3 • * • N {gd>e)24^5 ibde)24^ 

(abcde) (abbde) 

(accde) (abcde) A == 


In general the result of multiplying these two determinants each 


of order 


(“) 


is A 


e) 


But A has no polynomial factors (§4, p. 33); hence A^'’^ also 
has none. Accordingly both determinants on the left are powers 
of A, to a numerical factor. Taking the special case when 
A is I j, the unit determ i nant, the numerical factor is seen to 
be unity: and further, since, in the left-hand factor determinant, 
the letter a enters into the columns, and therefore into each 

term in its expansion ~ ^ times, it follows that 

/n—1\ 

The other factor must be which is equal to 

For by the theory of indices, 

^(n-r-l) ^ ^(r)_ 

We may now summarize this Cauchy-Sylvester theorem for all 
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comxjound determinants Z)^, derived from a given, determinant of 
order n as follows: 


= A”- 


TEus for n = 5 tEis set gives A, A^, A®, A^, A. 


A 

<3 

II II 

A 

11 


Du- 


A. 

= A. 


EXAMPLES 

1 . Prove tlie analogous reciprocal results for upper sujffixes: 

I (ai})v 1 = I/P2 = Ai-n, I (abcyj^ I = I/D3, &c. 

2 . Extend the Jacobi ratio theorem to cover the case of minors of 
reciprocal ad jugate determinants, e.g. (ab)ij j and | 


10. The Generalized Ratio Theorem. 


Starting witE the Jacobi ratio theorem (§3, p. 78), which the 
quaternary case illustrates. 


1 ^ ^2 ^3 ^4 


% 

I 62 I 


^ 2 ! _ 


1 

Ya?-h^c^d^y 


we can adjoin further equal ratios as follows. Take any number 
of arbitrary sets 

cc2 ... 

- - - y"^}. 


and multiply single-letter numerators of sujBS.x i together with 
their denominators, by x\ double letter numerators | | 

together with their denominators by ] |; and so on. Then 

sum the numerators forming S a^x'', and sum their corresponding 
denominators S x^\ |. Also sum 'Ti \ ah\ \ xy\ and their 

denominators. The result is to obtain further ratios equal to 
the original, such as 

_(a=| «) 

I ■ 


(D 884) 


4 * 
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And if hy (xchd)' we understand this upper suffix determinant 
m contrast to (xbcd) which means | % 63 ^3 <^4 15 have 


a^b^Csd^l = {abed) 


(a=| a) _ I ^)_ 

{xbed)' {xcady 


{xy I ab) ^ 

{xyod)' 


1 

{abed) 


for all values ot x, ... . 

A correlative statement, involving arbitrary sets -w, J, 

[%5 ^ 2 » • • • j '^h]j * • • > with lower suffixes, follows in exactly the 
same way: 


{ahcd\ = 

{uvw I bedy (uvw I cady 


(uvab) 
(uv I cdy 


1 

(abedy' 


11. Tensor Constants of the Fundamental Identities (pp. 44—48). 

In the fundamental identities certain matrices R, L, M, N 
enter. The columns of some are deranged from term to term, 
those of others maintain their relative position. We shall call 
these latter matrices the constants of the identity concerned, 
while the others, resolved into their ultimate columns, will be 
called the variable vectors or simply the variables. 

Thus, for example, in §8 (30), p. 43, which leads to identity 


(31) namely to 

[flbed) iefgh) 

= {adef) (begh). 

(16) 

the constant is 


'ffi K' 



[5'^] = 

92 -^2 

92 ^3 

(17) 


L5^4 


Any identity arising from deranging a product of p such 
determinants, as in § 11 , (I), (II), (III), p. 48, evidently has p — 1 
constants M, N, . . . . They have respective cuiTencies 7c, ... . 

Now consider the above example, with each second factor 
developed hy a Laplace expansion as 

{efgh) = S {ghy, .(18) 

p, q,T,s^ 1 , 2, 3, 4. 

Since (16) is an identity for .all values of in particular, we 
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may put —li^~ 1 with all other six elements g and h zero. 
Hence 


{abed) = {defa) (hc)^^ . . . (19) 


where p, q are any two among 1, 2. 3, 4. 

Now let a set of six arbitrary quantities be chosen 


^ = [<^12. ^13. ^14. ^34. ^42, (^23] = J- • (20) 


Multiply (19) through by 6^,.^ and sum for the six sets of values 
of pq, rs as given by (IS), finally writing 


Then 


{efG) for E(e/)^^6^,,. 

{abed) {efG) = {defa) {bcG). (21) 


Here we have a slightly different form of the identity. It now 
involves a constant set G defined by six elements as in (20), but 
not necessarily by eight original elements as in (17). 

In exactly the same way the identities (I), (II), (III), §11, p. 48, 
may be treated. The constant matrix M of currency j may be 

replaced by an arbitrary set of (^ ) elements M 

...] = [M,,.,....,]. (22) 


Similarly for the other possible constants in the identity. 

And again, returning to identity (19), if we multiply each 
member by an arbitrary quantity taking 

H= IP^, . (23) 


and if {ef\ H) means E {ef)pqH^^^ we may write the identity as 

{abcd){ef\H)= {defa) {ibc\ H). . . . (24) 

Thus (16), (19), (21), (24) are essentially the same identity as 
far as the variables a, b, c, d, e,f are concerned. 

Definition of Tensor .—For a given category n, a set of 
quantities '^Tiere the s'affixes taJee all values 1, 2, ... , n 

is called a tensor of order j. A vector is a tensor of order 
unity. 
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12. Application of tiie Principle of Duality. 


Let us make formal duals (§13, p. 54) of the vectors a, 6, c, . . , : 
in other words we consider each vector to furnish a column of 
a perfectly arbitrary ^-rowed determinant, and take as formal 
dual of a the set of n co-factors of the column {%, < 3^2 ^ • • * ? • 

Then if this determinant is written = (a | a), the set 


is formal dual of 


[aS a2, . . . , 

{% j <^2 J • - • > 


Now let Greek letters a, ^8, y be formal duals of a, 6, c. Then 
there will be a compound n-rowed determinant 

(a^y . . . ^) = S zt cL^^^y^ • . . 


formally dual to 

{ahc ... m) = S ± 


Manifestly fundamental identities exist among such* deter¬ 
minants. Thus if 72- = 4 we have as dual of (16) 

(a^yS) {ei'q%)= (Be^a) i^y7]d). 

In particular as in (19) 

(afiyS)(yO^^=(BeU)0y)P^. 

Hence if we use the natural notation for and 

(e ^ I fr) for E (e £)^® we have the following correlative with 
(21) and (24), 

(a^yS) (etH) = (BeCa) (^yH), 

{aPyh) (cl;! G) = (Be^a) (jSyj G). 

The important thing to notice is that in every detail the original 
identity is matched by a dual identity. They only differ in two 
respects: 

(i) A lower suiB&x becomes an upper suffix, and vice versa. 

(u) Variables are replaced by formal duals, as shown by 
writing Greek for italic letters. 
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In exactly the same way any fundamental identity can be 
reciprocated into a dual, and there are in fact eight different 
modes (four direct and four dual) of writing such an identity. 
In all these modes the variable vectors are permuted in precisely 
the same way. 

The case when n = 5 illustrates this well enough: 


[ {abode) (fgliuv) — {ahefg) {cdhuv) 
{abode) {fg)^q = {ahefg) 

{abode) {fg P) = (abefg) (cd P) 

[ {abode) {fg\Q) = {ahefg) (cd | Q) 


where 
are sets of 


P - [-^1235 • • • 3 -^34533 6 • • • 3 

/5\ /5\ 

= \ = 10 arbitrary constants. 


[{afiySe) {ir)Q(f>ip) = {a'^e Cg) {y'b Q<f)ip) 
= {apelrj){yi)^^ 

- {a'pe^'g)(yhR) 
{afiySe) {It] \ S) = (a^€ ^77) (yS | >S) 


where R = , R^% S = . .., 

are sets of ten arbitrary constants. 

13. The Sylvester Identity. 

We conclude this investigation of the principle of duality 
by making a dual transformation of the Sylvester identity, 
§9, (II), p. 45, which was stated in the form 

(A.C;,) (P.P^) = (AO;,) (A,P,,) i+h = n. (25) 


( Jc 4- i\ 

^ ) terms, due to derangement of k columns 

and i columns Without loss of generality we can assume 
i Jc. 

Among these terms on the left is {A^C^) {D^Fj,), while in all 
the rest some columns of Z>£ appear in the same factor as Ai. 
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Let us rewrite this identity with this first term transferred to 
the other side as 

= (A,Fj,) (D,Gj,) - (A,C,) (D,F,), (26) 


where q denotes the number of colnnms of transferred. For 

76 

each value of q there are terms, because this is the number 

. 9 ./ \9 

of choices which can be made from and Cj^, The notation 
A^j^q denotes the matrix A combined with q of the columns of D, 
Similarly for the other suffixes. The double summation sign is 
used rather than the dot notation for reasons of convenience. 

Example .—If n — 4:, A = db, D — cd, C = wt^ F = uv, 
then such an identity is 


{ahuv) {cdwt) — {ahwt) {cduv) 
= {abet) {dwuv) — {ahew) {dtuv) 
— {ahdt) {cwwo) + {dbdw) {ctuv) 
+ {abed) {uvwt). 


. . (27) 


On the right, there are four terms answering to g = 1, due to 
derangements of c, d and of t, w independently. We write these 
as {abet) {dwuv), with dots and bars to distinguish the two deter- 
minantal permutations. So the identity now runs 

{abuv) {cdwt) — {ahwt) {cduv) = {abet) {dwuv) + {abed) {uvwt). (28) 

Since the eight colu mn s a, h, . . . , u of these determinants 
are quite arbitrary, let us take u^, Wi, respectively as the 
co-factors of i^i the non-vanishing determinant 

{^7] t<F). So from the table 

uvwt 
i nq I ct> 

we deduce % = (17 &o. Then by the 

Jacobi ratio theorem &o. Consequently 

(abuv) = (ab\ Iw) {irj ^<o), (abet) = — (abc | ^tj ^), &o. 
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If tliese are substituted in (28) and the common factor {^rj ^co)^ 
is removed we obtain, as in § 8 , p. 89, 

(ab I Joj) {cd I ir)) — (ab | irj) (cd | 

= — (abc I ir] 0 (<^ 16 tj) -f (abc | ir]cxj) {d\0 {abed) (f 77 ^oj) 

== — {abc I irj Z) (d I co) -f ■ (abed) (f 77 ^oj) .(29) 

Tliis is a form of the Sylvester identity in terms of matrix inner 
products. Since it is a polynomial identity which holds for all 
values of the elements concerned provided {^r] ^oj) does not vanish, 
this last restriction may be removed as in the case of §4, p. 82. 
The formula therefore holds without exception. 

14.^ Formal Proof of the Sylvester Identity. 

More generally, by the same methods, we may transform 
identity (25) to a relation between columns of four matrices 
A, P, Q ol the same currency. For if 

Ai = ...ai, 3^= bjb ^... 6^-, 

then 

S (—y {oi ... . . .bg \ .. . Xiy-i^. .. y^) 

9=1 

X (^5 + 1 • • • I Vq+l • • - yd I, (30) 

= (Cti... I ... 2 /,-) (&1 • • • I ai - • • a:*) 

— (% - • - I an • • • a^i) (&i • • - I . .. Vi). 

This can be written more shordy as 

’ " ={A,\P,){B,\Q^)-(A,\Ql){Bi\P,). . (31) 

2 i >> n, the upper summation limit is n. 

Proof .— 

The result follows from (26) by the Jacobi ratio theorem, 
exactly as in the quaternary case just considered, provided 

2 ^' 


This section may be omitted on a first reading. 
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We take 2i j — n, and work with two dual matrices of order n 

[xiJTa ... 

[Vr^U^ . . . ^^ 1^2 

where the lower is the adjugate of the upper. For instance, the 
adjugate of the minor determinant 

{Xi...Xcy^...yg)^ 

is 

where A, A' are algebraic complementary suhix rows. Similarly 
that of {y^^^ -is (— (^^ .. . , v^Wj^ . , . Wj)^.. 

Hence the series on the left of (30) is equal to 

S ( — (oi... 63 ... Wj) 

X .u^v^. . .VqW^. . , lOj), 

Since — 9 ^ is even, the sign simplifies to (—— (— y. This 
makes the series a Sylvester series as in §11 (26), p. 94 , so that 
it is equal to the two terms 

(—)''{(ui ^ , .u^w^. ., Wj) 

X ... 6^ ... V,. ... Wj) 

(«!... <2,. . Vi .. Wj) (b^, . ,biU^ ... u.^ . Wj) } 


which simplify to 


(—)*{(ai...) .. 



— (%••• ■Wl *Ol 

. . .) (^>1 • • • • -JOi ■ 

••)} 

or finally to 



..Xi) 


-(%•-• Wj 1 a:i. 

■ ■ •».) ih--- bi ! .. 

■Vi) 


the theorem, provided 2i ^ n. 

To prove it if %i > n, we merely take the theorem for original 
determinants of order 2i, where all the elements of the rows 
11 -+I, 9^^-2, + (2i — n) are zero. For this automati¬ 

cally turns the inner product S % cc^. summed io^ih— 1, 2, ..., 22 
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into one for Z; = 1, 2, ..., so that any compound inner pro¬ 
duct may be interpreted indifferently as of either category 2i 
or n. It further ensures that rth compound inner products when 
r>n should vanish identically. This is needed when % > i, 
in order to remove the terms of (31) for values of q between 
n — i and L 

Example .—If in (29), p. 95, == = 0, the 

quaternary identity leads to the ternary identity 

{ab I {cd I irj) - (ab \ irj) {cd l^w) = — {abc) Hril) (d | co). 

For the third compound {ahc\^y]^) now resolves into factors 
{ahG){lr^l). 

The reader will have no difficulty in finding the dual form of 
the other fundamental types (I), (III) of §9, p. 45, by making 
analogous transformations. 

EXAJ\IPLES 

1. n n > 3, prove 

{he i («I?) + (ca hO (M 5) + («& I UO (c I ?) = {ahe | 

and adapt the result to the binary and ternary cases, ?2 = 2, 3. 

2. If ?^ > 4, prove by dualizing &c., that 

{he 17)0 {ad I 5o)) + {ea | 7)0 {hd | ^co) + {ah [ tjO {cd [ ^co) 

= {ahe I $7)0 (d 1 co) — {ahe | 6)7)0 {d | 5)* 

3. Prove the same identity by expanding 

I a^ h^ C| d^ 

Or) Ori Cyf 

H h 

a<ji h(j} C(ji 

in two different ways and using the Binet Cauchy theorem, p. 81. 



CHAPTEE VI 

Special Types of Determinant 

L Properties of Matrices and Determinants connected with the 
Leading Diagonal. 

Associated with every square matrix A of order n is the 
matrix A1 — A obtained by subtracting A from each element of 
the leading diagonal, and changing all the signs. The equation 
in A obtained by equating to zero the corresponding determinant 
(AI — A) is called the characteristic equation of the matrix A, 
For example, if % — 3, and A = 


i A —Oil 

%2 

- ai3 


/(A) = |AJ-^|= 

A (222 

<^23 

= 0. 

^31 

CO 

1 

A %3 



This equation is a cubic in A, and in general the characteristic 
equation is of order n, as is apparent by writing down the leading 
term in the expansion of this determinant. So 

/(A) = (Xq 4"... + <2^ + ... + Oq = 1, 

where each is a polynomial function of the elements 
The n roots A^, Ag, , . . , A^^ of this equation/(A) = 0 are called the 
latent roots of the matrix. 

As it is useful to know how to perform the expansion of this 
characteristic determinant, a method is suggested by the follow¬ 
ing examples. 

EXAMPLES 

1. Prove 

cZi + a: 

X G2 

h CzA X 

64 4 “ 

— a::^ -f (cTj 4- 62 -f C3 + c? 4 )a :3 ^ j j _j_ | j ^ | \-\-\Kd^\ 

4" ( flCi &2 I 4- I o^d^ 1 ] + {I I + ! I + | 1 

4-laj&2C3l }xA\aihc^d^\, 

[Differentiate both, sides of the identity with regard to x four times. 
Put a: = 0 at each stage.] 

8. Generalize this result. 
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S, If p^, p2i • • • ,Pn are tiie leading diagonal elements of a determinant 
A, and P, Pt, Pij, Pijt, ■ - . denote the values (after putting Pi = P2 = ‘' - = 0 ) 
of A, the co-factor of pi, that of ptpj^ &c., show that A can be expressed in 
the form 

p npipi-i- y:Pijpipj-h -.. d- P1P2 •• - pn- 

4 , Prove 
Pi 

“2 Pa ^2 
^3 P^ 

-^\a^ ‘?|p=+U; ^,^\ps+PtP.Po- 


61 Cl 
. Co 

63 . 


4- I 


Pi 


2. The Cayley Hamilton Theorem. 

For a second order matrix the characteristic equation is a 
quadratic. Thus if ^4 = 

/(A)='^“'“ =X^—(a+d)\+ad — bc=0. 

— c A — a 

If we construct the corresponding function f{A) of the matrix 
A itseK by evaluating 

A^ — (a A- d)A 4 - (ad — be) 1 

as a second order matrix, we obtain the remarkable result that 
all the elements of this matrix are zero. This can readily be 
verified. It is an instance of an important theorem which runs 
as follows. 

The Cayley Hamilton Theorem. — Every square matrix 
satisfies its oum characteristic equation. 

Proof .— 

Let the matrix XI — A, constructed from a given matrix 
A of order have for its adjugate (§8, p. 70) B. Since the 
elements of XI — A are at most of the first degree in A, their 
co-factors in | XI — A\ are at most of degree n — 1 in A. Hence 
we may write the typical element of the adjugate as 

^0 “b • • • "T A”“^, 

where the n coefficients are polynomial functions of the 
elements of A. 

Thus the matrix B itself may be written as 

Bq 4“ + • • • + 

where Bj^ is a matrix whi^se-typical'^elein^t is 
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But since j A/— A\ ^/(A) is the determinant of AJ— 
it follows by direct multiplication (§8, (11), p. 70) that 

1 XI-~A\I==: f(X)L 

Hence 

XB-~AB=f(X)L 

or X^ - A^i^B^ A* (A) 1 

k—O k =0 

— (a-Q X^ + % A’^ ... + a^j) I. 

This is an identity for all values of A. Equating coefficients of 
A^, A”~^,..., A^, A° we obtain 

—1 = ^' 0 ^ 

^ n ~2 —1 

^n—k—\ AB^^__j^ = 


-AB^ 

By fore multiplication with A^^, . . . , A, 1 respectively and 

addition, we obtain 

0 = a-o+ ... + A + a,J, 
which proves the theorem. 

It is to be noted that the theorem holds for singular matrices. 

There are alternative ways of writing this result. Since we 
can factorize the expression/(A) in terms of its latent roots A. 
as 

/(A) = uo (A - Ai) (A - Aa)... (A - Aj, 
we can therefore also write 

f(A) = a„(A- Ai J) (A-X^I)...(A-X,J), 

wkere the order of factors is immaterial (cf. Ex. 10 , p 72) Here 
IS a case where, by the Cayley Hamilton theorem, the product of 
^ ~ cannot assume that any 





VIJ 


BORDERED DETERMINANTS 


lOI 


EXAMPLES 


1, If A is the diagonal matrix 


rX, - . -1 

. Xa . 

L . . X3 J 


prove that A also satisfies 


the characteristic equation /(X) = 0 of the matrix A. 

2- If jB is an arbitrary non-singular matrix, prove that BAB-^^ and 
B—^AB both satisfy /(X) == 0. 

3. Show that this is true for a square matrix of any order. 

4. Prove the latent roots of the reciprocal of the third order matrix A 
are Xi”h X^—h Xg—h 

5. If the latent roots of A are X, X, jjl, prove that /(X) == 0 is satisfied 

r X 1 . -I 


.= [: J :]. 


6 . Verify that A = 
lal. 


rx 1 . 

L: U 


satisfies /(X) == 0 if the three roots are 


7. Show that BAB~'^ and B—'^AB also satisfy/(X) = 0, in 6, 


3. Special Types of Determinant. 

Bordered determinants. Symmetric and shew symmetric deter¬ 
minants. 

If above and to tbe left of a square matrix of order n 
we add a row and column 


we obtain a bordered matrix of order w + 1. Its determinant is 
also said to be bordered and is written shortly as 

. Ui I 

I ‘ 


So if n = 3 an example is 




^3 


'^1 





^2 

n-2 

^2 

^2 


% 

«3 

63 

C3 
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We may border more deeply by adding a double row and column 
meeting in a set of four zeros. We should write 

• "^2 ^3 

. Wj' Mg' 

% V Oi W <h. 

'^2 '^2 ^2 *2 ^2 

“Wg “^3 ^3 

Such a process can be generalized, giving what may be called 
bordered determinants of the first, second, . . . rth orders derived 
from a nucleus A. Hence if 0,., each denote matrices of n rows 
and V columns, or briefly matrices of currency r, and if as usual 
the accent indicates transposition, then we can write the general 
bordered determinant derived from 

S,= 

Now consider values of r between 0 and n, of which the above 
case Sg is typical. Expand by the Laplace development. 

For Sg, (w = 3), the result is three terms 

{UU%^ {vv'a\^^ -I- (w'^>)l23 -f- ('?^' 2 ^')i 2 ('^^'^ 2)123 - 

Expand each factor {m'a) by the {ir\n — r) development and the 
result is linear in the set 

('VV')3i, 

We infer that S,, is bilinear in the two sets of determinants of 
the border matrices 0',., 

If r == n the same argument shows that the bordered deter¬ 
minant is merely the product 

{—T iuu' . . . ) (w' . . . ), 

better written 

i%i. 

If r = 0, So is A. If r > n, S.,. == 0. 

4. Reciprocation of Bordered Determiuants- 

Bordered determinants obey the principle of duality in a 
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manner which recalls the Jacobi ratio theorem. In fact the 
following results may be regarded as a corollary of this theorem. 
For consider three square matrices of order n 


pi &1 - 

.. 7n{ 

% yi • 

•• 41 

[■#1 

Vi • 

.. <ai 

1 «2 ^2 • 

. . ?;?o 

„ ^ 2 , Vz • 

• • ^2 'TT'_ 

5 1 — «( 



' ■ ^2 

.^n - ■ 

. . 

JP^.^ yn • • 

.. u 

Jn 

'n,^ - 



together with their reciprocals with raised suffixes. For brevity 
take 71—3, so that, as before, | | = | 62 C 3 |, <fec., while 

I X I a;! = I ^ 2^3 and \ ^ \ ^ \ &c. Then the 

following identities will hold: 


• 

- 

• 



a?3 



• 

• 

• 

yi 

Vi 

2/3 



^1 

'n-L 

Cl 

% 

Ui 

% 

&i 

% 

— p or 


C^2 

V 2 

C 2 

^2 

&2 

^2 

^3 

Vz 

C 3 

<23 

&3 

<^3 




■ • 2/1 Vz 

. . 2^1 22 ^3 

Cl \ % 
t?2 C2 ^2 ^2 ^2 

^3 C3 <*3 ^3 % 

. 2^1 2:2 23 

Cl % ^>1 C] 

C2 ^2 ^2 ^2 
C 3 ^Z ^3 ^3 

«1 61 Cl 

^2 ^2 
% ^3 <^3 

where p = — i ^i&aCs ] j | 


0 ^ 

^1 51 

^ W- c2 

^ 

x^ 

• • y^ y" 

p ^ ^ 

e &2 

^3 ^3 ^3 ^3 ^3 

CC^ x^ 

. . 2/1 

z^ z^ 

^ e -71 61 cl 

,j2 ^2 

I ifS ^3 ^3 qS 63 c* 

I ^1172^3 I- 





104 


SPECIAL TYPES OF DETERMINANT [Chap. 

The proof is immediate, by expanding the left-liand side 
determinants as bilinear functions of the border matrices, and 
then raising the suffixes by use of the Jacobi ratio theorem. 

For instance, in the third identity, a typical term involving 
;22 is 2:0 Cl 1 <^3 1 * ^7 theorem 

%=l%2/2«al \^y^\> tx=\Sx’n%i&\ \S^ni^\ 

I Cg I — ! ^ ^2 ^ i ^^9 

whence 

«2^j|«2C3| =/>| 

agreeing with the corresponding term on the right. 

In general for ^-rowed matrices A, X, H we have 

p={-r\A\ ix| IS], 

and the letters absent in the borders of determinants on one side 
of the identities are present on the other, their arrangement being 
determined by the algebraic complement rule as in Jacobi’s 
theorem. 

5. Bordered Ad jugate Determinant. 

As in the Jacobi theorem itself it is useful to recognize the 
earlier form of the theorems of the last paragraph. Namely, 
when all elements with upper suflSixes are replaced by capital 
letters denoting co-factors of elements with lower suffixes, the 
theorems hold if p is multiplied by suitable positive integral 
powers of I % 62 ^3 i * 

6. Symmetrical Matrices and Determinants. 

These are sym m etrical if transposition of rows into columns 
makes n«D difierence, so that 

For example, 

I a h 
\h h 


The condition that a matrix A shonld be symmetrical can be 
written A == A\ 




{v}- 


a h o 
h b / 

9 f 


a h g u 
Ji h J V 
9 f c w 
u V w d 
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EXAMPLES 

1 . If capital letters denote co-factors of corresponding small letters 
a h g 

in A: h h f ^ prove 

g f c 

= — {Au^ -f- Bv'^ 2Fvio + 20uyii + 2Huv), 

. . u V w 

. . liA 

u a h g ~ ax^ -f hy^ -j- cz^ A- 2fyz -f 2'gzx + 2hxij 

V Ji h f 

w 'uA g f c 

where x, y, z=\ \ I 

’ II 10 ^ I 

Expand as a quadratic in the same way 

. X y z 
X A H Q 
y H B F 
z Q F G 

Answer: —A (ora:® + 6?/® + &c0. 

2. If A is an arbitrary square or rectangular matrix, and is its trans¬ 
posed, then A A' is symmetrical, and so is A'A. 

[Use the fundamental relation of type {BG)' — G'B'.'\ 

7 . Skew Symmetric Determinants. 

A = 1 1 is skew symmetric if aij = — aji, so that on the 

leading diagonal every element is zero, since 

— %£= 0. 

In this case the matrix [%j] is said to alternate in its double 
suffixes: interchange of snffixes is accompanied by change of 
sign. So interchange of the set of rows and the set of columns 
is accompanied by n changes of sign, one for each row, n being 
the order of the determinant. Thus if A is the matrix, and A' 
its transposed, 

A = -A', bTit|.41 = (-r|4'|, 

wbence A = (—)’‘A. Accordingly we have the theorem; 

If n ^5 odd, A is identically zero. 


. U V w 

u a h g 
V h h f 
IV g f c 
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A skew synunetric matrix or determinant is completely 
specified by the — 1) elements in the triangle above its 

diagonal. Thus if n = 3, we might have 


c b 

I 

(>=A= — c a 

— b — a . 

c b~\ 

A— — c 

h — a . J 

If, however, n is even, A is 
elements. 

For let 


• 

a 

— a 

. 

— 6 

— d 

- c 

— e 


r. —c —6i 

A'^ . —a 

\_h a 

perfect square function of its 

bo... 

d e ... 

. / ... 

/ . ... 


Consider the co-factors of the leading four elements _ ^ 

Since the diagonal co-factors are manifestly skew symmetric of 
order n — 1, which is odd, they vanish. Also if A is co-factor of 
a, that of — a is the transposed of A with ev&ry sign changed. 
Hence it is (—== — A. The determinant of these four 
co-factors is therefore 

0 A I 
— A 0 


But by the Jacobi ratio theorem this can be written 


. / 

-/ . 




say, where A „_2 is also an even skew symmetric determinant. 
Thus if A ,^_2 is a perfect square, so is A^. But Ag obviously is 
so. Hence by induction so is A,^, or else it is zero. It is not 
zero in general, since in the special case when b= c= ... all 
vanish except a, / . . . , A = a^f^ . . . , where a, /, . . . are the 
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letters occurring alternately in the positions nearest tlie leading 
diagonal. 

8. Cliaracteristic Function of a Skew Matrix. (Weierstrass, 1879.) 

Let a determinant be expanded by its principal diagonal as 
in § 1. In particular if the determinant 

A c —b 
— c A a 
b — a A 

is so expanded, the result is 

(a2 + 62-i-c2)A-|-A3. 

Suppose is a skew symmetric matrix and [ AJ -j- >8 | is the 
corresponding determinant with A replacing each zero in the 
leading diagonal, as in the above example for the third order 
case. Expanding by its leading diagonal in an ascending series 
for A we have 

I A7+ /S'! = P-4- S P, A + 2 P,,. A2 + ... - 1 - 

where P,^ is the co-factor of the ^'th diagonal element in | /S |, 
and P^j that of the product of the ^th and yth diagonal elements 
in I 8^ I, and so on. But all such co-factors are skew symmetric; 
hence those of odd order vanish, and those of even order are 
perfect squares. Thus reversing the terms of the series, we have 

I Al-f /SI == A’^+ PA”-^ + ..., 

where Q, R, . . . are sums of squares and therefore are essentially 
positive if the elements a, b, c, , . . of S are real. 

Hence the matrix XI S cannot be singular if its elements 
are real, as long as A >> 0. In particular 7 ± /S gives two non¬ 
singular matrices. 

9. Summary of Theorems on Compound Determinants. 

In spite of the great intrinsic interest of the f?ubject, and the 
wonderful flexibility of determinants as practical working tools 
in many branches of pure and applied mathematics, there is 
still a considerable absence of systematic knowledge of even the 
main results in the theory. It may therefore be of help to the 
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reader to have a short statement of at any rate one main branch 
of what is indeed a very wide subject. 

We may sum up ^ the theory of compound determinants in 
eight related theorems. These appear in their relative positions 
most clearly if a numerical notation is adopted, where digits 
have the significance of letters in what has preceded, and in 
addition a group of less than n digits indicates a certain minor. 

I. ((234) (134) (124) (123)) == (1234)3. 

Cauchy’s theorem on the adjugate, 1812: The adjugate is the 
(n— l)th 'power of the original determinant (§7, p. 67). 

II. ((134) (124) (123))= (1234)2(1). 

Jacobi’s theorem on the adjugate, 1831: A minor of order r of 
the adjvgate is equal to the complementary minor in the original 
determinant A multiplied by the (r — l)th power of A. 

III. ((12) (13) (14) (23) (24) (34)) = (1234)3. 


Sylvester’s theorem on the mth compound, 1851: The Tsxth 

compound of a given determinant A is the ( ^^th power of A. 

(§9, p. 87). \m-l/ 

IV. ((14) (23) (24) (34)) = (1234) ((34) (24)). 

Franke’s theorem on the mth compound, 1862: A minor of 
order r of the mth compound is equal to the complementary minor in 

the adjugate (n— m)th compound multiplied by the (r — ^ 

power of the original determinant. ' \ ^ / / 

V. ((a23) (1&3) (12c)) = (123)2(a6c). 


Bazin’s theorem, 1851: If the determinants obtained by replacing 
a column of A in all possible ways by a column of B are dements 
qfa^^ hybrid ” compound determinant, the latter is equal to B 
(p. 56, Ex. 8). 

VI. ((1&34) (12c4) (123d)) = (1234)2 (16cd). 

Reiss’ theorem, 1867: A minor of order r in the JBazin hybrid 
compound of A and B is equal to the complementary minor in the 

1 I owe the following illuminating summary to Dr. A. C. Aitkeu. Cf. his 
Det^TninarUa and Matrices (Edinhurgh, 1939), pp. 101-103. 
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Tecijprocal hybrid {i.e, th/xt in which the roles of A and B are inter¬ 
changed) muUijpli^ by a jpower A'"^ of A, and a power of B. 

Vn. {{abM) (a2c4) {a2M) (Ibci) (md) (I2cd)) = (12M)^{abcd)^ 

Beiss’ theorem, 1867 (Picquet, 1878): The hybrid compound of 
A and B ivhose elements are the determinants obtained by replacing 
in all possible ways m columns of A by m columns of B is equal 

to 

Bazin’s theorem is the case m = 1. 

VIII. {{abM) (a2c4) {a22>d) {IbcA)) = (1234) {abed) {{a2(A) (a&34)). 

Reiss’ theorem, 1867 (Picquet, 1878): A minor of order r in the 
Reiss hybrid compound is equal to the complementary minor in the 
reciprocal Reiss hybrid, multiplied by 



Theorem VI is the case when m = 1. 

The above are the eight chief results in their actual order of 
discovery. Theorems I, II, III, V alone have been proved in the 
preceding pages, but the others can be dealt with by the same 
methods. 

Theorem II in the notation of p. 52 would follow from 
(134.124.123 . pqr) = (1234)2 (p^rl) 

by decomposing the first matrix 134. Jacobi’s theorem then 
follows by equating the various coefficients of {pqr)ijj^ on both 
sides of this identity. This in fact gives another proof for what 
has been called the Jacobi ratio theorem in §3, p. 78. 

We may very properly write 

I: II::III: IV 

to show the relation of the first four of these theorems. 
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1. The Polarizing Process. 

When the general ?^“rowed determinant 

A = I 1 =1 0162% • ■ • I 

is regarded as a function of its different elements, treated 

0 A 

as independent variables, it yields the result -— = where 

u 6.1 j 

■Sy is the co-factor of This is simply because A is a linear 
function in the single quantity 
Again, since 

A = • • • ~i" • • (^) 

and Ai= dA\dai, it follows that 


A aA , aA , , aA 

+“257-+• • •+ 


( 2 ) 


(3) 


0 ^ ^'2. 

which may be abbreviated to 

da 

the latter introducing the notation which separates the differential 
operator from its operand. In such a case it must clearly be 

0 

noted ttat a and — are not commutative. 

■■ da 


!!)=(» 


For instance, if n ■- 


whereas 


(a4“> 


= 2 , 

dA , dA 

: % A + A 

0 ^ ^2 


= A^ + a,^+A|^+«, 


0 (% 
=:3A. 


■ 


0 a^ 


( 4 ) 
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The identity (2) is a particular case of Euler’s theorem for a 
homogeneous function of degree s in its variables. Thus if 
/(%, __ xj is such a function 



0 X^ 


dx„ 


(5) 


The determinant may equally well be di:ffierentiated following 
any row or column. Accordingly in the double suffix notation 
we have results analogous to (2), such as 


A , 0A , , aA 

A — e^j ~— -}- e.2j :z — -j- . + 5— • 

■^de^j ^de^j de,,j 

A , aA , , aA 

A = 6^2 ^-H~ • + - 

de^l 


Again, since 
therefore 

0=6i|^+... + 6„|^= |-)a, 

0% oa^ oaJ 


0 = 6^ -{- ^2 ^2 + • • • + ^71 

aA . . . aA a 


( 6 ) 

(7) 

( 8 ) 


and likewise for any other such pairs of columns, other than 
the a and h column used here. 

More generally, if x^, . . * , denote the n elements 
of an arbitrary column x, not necessarily contained in A, the 
operator 



Jms the effect on Is. of suibstit'utiTig the column of x’a for that of a’a. 

Similar remarks apply to the rows. 

Hence the effect of altering a determinant by substituting 
a new column or a new row for an original column or row is 
attained by a differential operator: and this operator, as in (9), 
is of the inner product type. Such a process, which is very 
common both in algebraic geometry and in the theory of 
invariants, is called a 'polarizing process. 

Various notation has been used for this process, acting upon 
a function/of variables x^, , x^, such as 
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2. The Capelli Operators. 


The process may be repeated, with the use of several sets 
{yj, ... to replace columns of the 

determinant. Thus if A — (abc . . . m). 


(x I {xbc...m). 


. ( 11 ) 


and so on. 

Let us now suppose that all these sets x, 2/j • - • perfectly 
arbitrary but independent of a and h, when we regard all the 
elements %, hp ... as variables, so that the ordinary laws of 

0 

scalar numbers may apply to expressions involving yj, ~^ 
&c. It follows that in the above result 


A) is equivalent to («= (y -j, (12) 


for the X standing to the right of — is unafected by the differen- 

00 

tiation. This is a feature which is probably familiar to the reader 
through the study of linear difierential equations with constant 
coefficients. 

Next let the set x be interchanged with the set y, to give a 
new identity 


Here on the right we may write — {^yo . . . m) by inter¬ 
changing two columns of the determinant. On subtracting 
(13) from (11) 


(HI;)' (» a. 

(Ha-a)' (> la) 


A = 2(332/0... m) 


(14) 
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“3 


and by tlie tlieoreni of corresponding matrices (§4, p. 79) the 
left-hand side is natiinilly written 


X / 


da^dh,: 


A ^ ^ \ A 

si sl) 


The notation must therefore be used with caution, for in the 

operators the symbol ~ is not sliort for but for various 

^ dado da db 

determinantal expressions; and it alternates in a and h as it is 
a matrix inner product (§5, p. 82). 

Proceeding in tliis way until n auxiliary sets x, y, z, , . . ,t 
are involved, wo obtain the following identities, which for 
shortness are written out for the case when n= 4c, 

A = {abed) = I ^3 ^2 ^3 ^4 I 

xy 

(xyz I ^ A = 3! {xyzd), 

\ ^ \da dh deJ ^ ^ ^ 

{xyzL)(~ ^ ^ A== 4! 

\da db dc dd/ 

These operators are sometimes known as the Capelli operators, 
while the last of the series introduces us to the very important 
special case of such, involving the Cayley Q operator constructed 
from independent variables: 


0 

0 

0 

\dai 

da^ 

da,. 

d 

0 

0 


db^ 




0 

1 

COl 

11 

dm,. 


da db) 


A = 2! {xycd). 


(IG) 


, D 884 ) 
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3. Tlie Cayley Operator. 

Theorem. — The effect of the Cayley operator upon the eth 
poioer of its determinant A is s (s -|- 1) . . . (s + n_ 1) A®~^. 

It will be noted that if n ~ 1 this reverts to the well-known 
dafda = sa^~^. So the theorem gives a very interesting 
generalization of an elementary fact. 

For clearness we consider the proof when n = B, and 


d 

3 

0 




da^ 

da^ 

3 a^ 




3 

3 

3 


\ai 


^3 



003 

, A == 

^2 

h 

Cg 

3 

0 

0 

1 

«3 

h 

^3 


0C2 

0Co 





Since dAfdai= we have 

dAydat = cj), (i, j,h=l,2, 3): 



A" = sA'-i (xbc). (17) 


Differentiating the right side with regard to gives 

s(s — 1) A®-2 S) (xho) + (cx)j^, 

w^nce, after multiplying by an arbitrary and summing for 

t — 1 , 2 , 3 , 

I I s{s~l) A'-2 (oyc) (a:6c) + sA^-^ {xyo). (18) 


^2/6c) = (a6c) {^ 0 ) = A{,xyc) identically 
(p. 4^, (29)). Hence after rewriting (18) with x, y interchanged 
throughout and subtracting from (18), we have 

( I 0 0 . 

I ^ 05) ^~ 1) A {xyc) -f 2s A®~^ {xyc) 


— 5(5+1)A* '^{xyc) .( 19 ) 

^Cf. Grace and Young, The Algebra of Invariants (Cambridge, 1903 ), p. 259 . 




Interclianging x, y, z according to tlie sdieme xy, z wMcli is 
xy, z yz, X zx, y 

we obtain tbree such equations as (20): and the result of adding 
them up is (p. 42, (28)) 

j ^ ^ A*= s (s + 1) (s — 1) (o6c) {xyz) 

+ 3s (s 4- 1) A"-' (xyz) 

since tbe last term is tbe same for each, {xyz) == {yzx) — {zxy ). 
Thus 

{xyz) a A® = s (s -f 1) (5 — 1 + 3) A"-" {xyz) 
or 

nA^ = 5(5+l)(5 + 2)A^“h . . . (21) 


EXAMPLES 

1. Prove by this method that if A = {abef... m) is a determinant 
of order n, then 

(a: 1 ^)a® = (a:6c.. .m), “ 5(s-l-l) A^-i(a; 2 /c .. .m). 

2. For 1c < Tiy a X.. .y and a. ..e both denote h columns, prove 

(x.. .y\^... = s(s + 1)... (s + k - 1) AS-I (x...y 

[Use induction, and proceed as before.] 

3. If A; — n, deduce the theorem 

Q AS = 5 (^ + 1) _ . (5 + w — 1) AS“i. 

4. If r < 5, prove 

Or A.- _ (s -h ^ — 1)! (« + 2)! (s + n — r)l 

( 5 - 1 )! ( 5 - 2 )! {s—t)\ * 

5. If r = 5, this becomes 

asA« = n{ (!h±^’ 

1! 21 

6. if r > 5, prove O^A« = 0, 


(n+ a — 1)1 
(' 5 - 1)1 
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7. Prove j ^ .A ai &2 - • • m,, |s 

\cat coj cejc 

= s{s ^ 1) ... {s k — 1)A«-i \fi...mn\, 
where | mbj . .. ei- j and [ /i . . . | are complementary co-factors in A. 


4. Theorem of Corresponding Matrices adapted to the Capelli 
Operator, 

If Xa denote the operator (x | d/da), then the theorem of 
corresponding matrices yields 



This breaks down if the variables a, h are replaced by x, y or 
by functions of x and y, because the left-hand factor of each 
term of the expanded operator, on the right. 

Thus we find, if the determinant is expanded by columns, 



The second term on the right, — is due to 




in Xy acting 


directly on yi in y^. Also, if we expand by rows, writing the 
determinant as % yy — y^ Xy we obtain still another result. Let 
us therefore agree to expand hy columns in each case when 


this ambiguity may arise. 


Further, let the two letters of an element Xy be called the 
upper X and the lower y, so that the lower letter represents a 

set of differential operators . Then we notice that when a 


lower letter y in an earlier column is followed by the same y as 
upper letter in a later column, a new term, as already remarked, 
may arise. It is well to have names to distinguish these terms. 
In an operator such as the above, terms arising from direct 
difierentiation upon/are called extrinsic, but terms arising within 
the operator are intrinsic. In (23) above, — x^f is an intrinsic 
term, while the summation S gives a series of extrinsic terms. 



VII.] CAPELLI’S THEOREM 

By rearianging tlie terms of (23) we have the relation 


Vx 




xy 


d 

dx dy^ 


)/- m 


This ingenious device absorbs the intrinsic term into the operator 
by adding a new extrinsic term x^f through increase of the lower 
right element yy by unity. It was Capelli ^ who first discovered 
this law of adjustment in its generality, which can take the 
elegant form for r sets of variables x, y, . . , ^ z, t. 


Vx • • • 2;^ tx 

Vy 1 • • • 2 :^ ty 


Vz • • • 2^3+r~ 2 4 

Vt ••• + 1 



dx dy dz dtJ 


(25) 


Here the leading diagonal has 0, 1, 2, . . . , r — 1 added to its 
respective elements, which otherwise agree with the algebraic 
theorem of corresponding matrices. 

Proof, —If we expand A by a Laplace (2 \r — 2) development, 
every mi nor from the first two columns is of the required type, 
since those involving rowg obey the law shown in (24), and all 
others have no intrinsic terms. 

Accordingly we assume the theorem true for all minors of 
the first r — 1 columns, and proceed to prove it inductively for 
A itseK by the (r — 1 i 1) development. On performing this 
expansion of A, we have 

A = Tjl ty-\~ -.. -f- % -}- jT,, r — 1), (26) 


where is the co-factor of the last element in row^. 
hypothesis 


4; 


^ (xy ... 2 


dy dz dt) “ 


But by 


Here the only intrinsic terms are due to the presence of jf in t^. 
^Maih. Annal&n, 29 (1S87), 331—338 
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But ™ 4 = _ . Hence, by summing 2, ..., n, the intrinsic 

d ti d Xi 

terms of T-^ 4 combine into the single expression 


(—)’■' {^y • ■ • 2 


A A 

3 ?/ dz dx) 
= — {xy.. 


A A.. Aw 

dx dy" ' dz) 


a. r 


9 

on shifting — through r — 2 places. Similarly each of the co-factors 

... 5 furnish — as intrinsic term. So the sum of all 
intrinsic terms ia A cancels the T^{r— 1 ) in the last term of 
(26) which itself is free from intrinsic terms. Hence we can 
write 


where the accent denotes that the operation passes over 
4 } ••• 3 it Q'Ud acts only on what may follow. Collecting terms 
we now have 


A=( 


xy .,,zt 


dx dy dz du 


which proves the theorem. 


Corollary I.— If r > n, A vanishes identically. 

Corollary II. ^A is unchaTiged hy deranging x, y, . . . , z, t 
similarly m both rows and, columns. For this leaves H unchanged. 

CoroUary JH.—A is unchanged by transposition, followed by 
reversal of the integers <o i - 1, r — 2 , . . . , 3 , 2 , 1 , 0 m the 
Leading d%agonal. 

Th^ foUows by induction proceeding from the final colunm 
towards the left. 


EXAMPLES 


Xx 2 Xy 

1. Prove 2/a: yy+I 

I =^35 Zy 

2. Prove, if % > 3, and 73 is 

Xx 2 Xy 
r\x y\y 

Zy 


independent of x and y. 


it; 

Uz 

2=2 


IX7)Z 


^ _0\ 
5a; dy dz) * 
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f \ S 8 0 d 8 \ 

3. The general Capelli operator — involving 

\ I dx dy oz dt ou/ 

some upper and lower letters t alike, and others entirely independent, is 
equal to a determinant of type (25) with 0, 1, 0, 3 , 0 replacing 0, 1, 2, , 

in the leading diagonal terms. 

4. H p, q satisfy all the laws of §1, p. 57, except that of commutative 
multiplication which is replaced by 

— ^ = h 

prove that ~ pq{pq + 1), p^q^ = pq {pq 4-1) {pq 4- 2), 
gr 2 _p 2 =qp){qp— 1 ), q^p^ = qp{qp— 1) {qp — 2). 
d 

[Try first when p==—. Next try directly by substituting pq — 1 for 

nm -i-n ^ 


involving 


qp in p{qp)q'\. 

5. Prove 

6. Prove p^q - 


pr^ == pqipq + 1).. .(pq-hr—1) 

qrpr = qp(qp ~ 1) ... (qp — r -h 1). 


■ - 


• p'^'^q — qp'^ — np'^—'^. 


5. Connexion between Substitutional Analysis and Differentiation. 

The preceding investigations show that a 3lose analogy exists 
between the typical process of algebra, the permutation, and 
that of analysis, differentiation. Indeed many of the properties 
of matrices, determinants, and the like, are rendered the clearer 
by bringing into play this twofold aspect of what is really one 
fundamental operation. A very simple example will suffice to 

d 

lead up to the general idea.^ Consider the operation of ~ upon 

dx 

when n is a positive integer. If we write x^ as a product of 
n factors each equal to x, 

xxxx ..., 


it is clear that we can pick out an jc in different ways: we can 
then substituto unity for this factor in n different ways. If we 
do so, and add up the results we arrive at namely the 

d 

result of operating with — on x^. Thus 

^ = Ixxx — -j- xlxx _4-_+ ... 1 = nx^^~^. (27) 

dx 

Similarly 

y ^ x^ = yxxx ... + xyxx .. . 4- • • • + . . .y~ nyx^‘~^. (28) 


^ Of. Macmahon, Combincjtary Analysis, I (Cambridge, 1916), p- 224. 
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Here tiie left-hand operator is the simplest type of polar operator; 
and we see from the series to which it gives rise that it is essentially 
an operation involving permutations of substitutions. 

Now the determinantal permutation 

c = ah, c be, a ca, h 


which takes its rise in the Laplace development of a determinant, 

A = I ^2 ^3 I “ I % ^2 I ^3 ~ I % ^2 I ^3 “b I <^2 I ^3 H“ | ^2 | ^3? 


has the same general features, only complicated by the change 
of sign which accompanies an interchange of letters. And if the 
determinantal permutation operates on letters representing 
columns of determinants, it is found in all cases to be expressible 
by differential operators. For example, the process ah, c applied 
to a product of determinants of any, the same, order, say the 
fourth order, ... 

{ahde) {cfgh) 

may be equated to 

^ ^ (29) 


For this operator is equal to 

-\r-\{ca 

Also by (14), 

0 0 


A A 

dx dy 

A ^ 

! dx dy> 


dz^ 

0 ' 


;)(‘ £)■ 


I Si 8^) s) (**) ^ 


(30) 


Hence the eifect of the whole operation (a6c 




9 . 

dx dy dz) 


^ I vy o. 

2 {abde) {cfgh) + 2 {bode) {afgh) + 2 {cade) {bfgh) 


which gives the required result. 

In general, the permutation operations of §11, p. 47 which 
lead to the fundamental identities can be expressed as differential 

operators. For example, the series of (^ + 3'^ terms, given by 
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I2I 


can be generated from a single product of 
two -^-rowed determinants 

(Xt (2/12/2 • • • 2 / 


by the operator 


i\j\ 




_ 

dxi' "dxc dyi '"dy )’ 


where each x denotes a column of the determinant, denotes 
i columns cjgj • • * » 0 columns, while 




d 

dx^ ' 


•-V 

^yy 


= S(ai 





dyjj,; 


K being a row of i -\-j different suffixes chosen in 
ways from the integers 1, 2, . . . , n. 

9 

Just as Ai is short for the iy.n matrix % ag . . . % let —— 

be short for ^— . . . and — for -— . . . . Then we have 

9a^ 9cc^ oYj oy^ ayj 

the relation 


G 


. , .) different 






The proof follows the lines of the previous special case, 
as in (29), (30) 


{a,b, 

and by (16) 


I 'JXi dv) “ I dx) by)’ 

(A,j^)(X,Z) = ,:!(A,Z). 


For 


Similarly for B, Y. This at once yields the result. 

Incidentally this affords an alternative proof of Sylvester’s 
theorem (§9, (II), p. 45) when because the matrix 

product operator then factorizes as 




showing that (A^ Bj) is a factor of the series (Ai B) (B 31)» 

(dS84) 1 
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Once more, by the same reasoning, for several matrices 
4 ,., S,., Oi- . . ., if i + i + ii: + • • ■ < we may write 

(AL) {mi) {CN)... 

si ST 

where the currencies of 

A X L 
B Y M 
C Z N 

are 

i i n — ^ 

i j n—j 

h k n — k 


respectively. 


An important particular case of the above is the following 
tyj)e of identity, involving the Cayley operator and a product 
of factors by, . . . where + <^ 2^2 + * • • + 

If n=2, Q.a^by= (ab); "j 

if n=S, Q.a^byC^—(abc); I . (32) 

if n=4:, Q,a^byC^di= {abed), &oc. J 


Thus, if w=3, 0 = S±A ^ whence Cla^byO^ 

dx^ 0J/2 0% *' 

= S 62 ^3 = {obc ). And if there were more than three such 

factors, the result would contain several terms, with a deter¬ 
minant like {ahe) appearing in each. For instance, still with 
n — Z, 


O a^ by c, dy. 


0 0 0 

= ^ ~ a^b c^d^ 

0 % dy^ dz^ ^ 


= (abc) + {dhc) . . ( 33 ) 


Evidently the process mim ics the ordinary rule of differentiating 
a product (cf, (27) and (28) ). 
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EXAMPLES 

1. If = S zb/- A prove 

^Vi 

ClaxhyCzCb'x^'y — {dbc)a\h'y + {a'hc)axh'y {ah‘'c)a'xhy + {a'h'c)axhy. 

2. Qax^hy^Cz — 4(abc)axhy. 

3. Cl ax'^ hy'<^ = mnp {ahc) ax‘^~ ^ by '^^~i —i. 

i. a?-Ch>'‘'^bynczt‘= , ^(abcYax”^-rhy'>—rczP—-. 

{m~-r)\{n — r)l {p — r)l 

5. Give the corresponding identity for a determinant Cl of the ?^th order. 

6. If the elements of A = (ahc , . . m) are functions of a single vari¬ 
able t, and an accent denotes differentiation with regard to t of elements 
in the column indicated, prove 

= {a'bc . . .m) + {ab'c . . . m) + («&<?'... m) (ahc . . . m'). 

at 

7. E -S' = ao + A + ^ 2 A^ -b . . . + aptS.v -J- . . . and A = | x-^y 2 , • - ^ tn\ 
where the coefficients ai are constants and the series is convergent, prove 

€18= n\ + (re+l)« 2 A+fe±^i&l±- 2 iasA“ 

8. Prove (i) £2^= «! 

(ii) Cl log(l — A) == — (n— 1)! [(1 — A)-»^-1]/A. 




Xdxj^dyz dx^dyj — 

“• -15^) 

= “«( — «+ 1) (a^i 2/2 — 

11. Prove A == 0 for all orders of the determinant. 

A 

12. Prove the Cayley formula (§3, p. 114) true for negative values of s. 

13. The partial differential equation 

d^z d^z 

dx^dy^ dx^dy^ 

is satisfied by 

. A , A^ , A» , 1 

*“n^ + 2l + 2T3! + 3Tl! + ---/ 


where /S.= x^y^ — x^y^,. 


14. The partial differential equation in nine independent variables 


S zb A - o - = or briefly GF == F 
dx:i_dy^dy^ 
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is satisfied by . ^ 

F__c|l + 3j+^3i4j^3f4!5f^ 
For 71^ independent variables, 




A 2 


1 )! 

2 ! A® 


»!(»+!)!(»+ 2)! nl(n+l)l(n + 2)l(n + 3)! 


2! 3! A* 




15. Prove (a A) log A = (“* 1^ logA== 

V dxJ {xyz...t) \ idx dy/ {xyz..,t) 


(^hc 


dx dy dz. 


log A = 21 


{xyz . ..ty 


and finally 


log A == D2 log A = 0. 


16. The solution of n linear equations for t], . . ., 

^ 4- 2/i ^ H- . . . + ^ico = ai, i = 1, 2, . . ., 


is given by 


5 = (“ I A) ” = (“ I A) *“• 


6. Jacobians. 

The determinaiit \dui/dxj\ of n rows (i) and columns (j), 
whose elements are the first partial diEerential coefficients of 
n functions • • • ? '^n with regard to their n independent 

arguments x^, . . . , is called the Jacobian of the set u 

with regard to the set x. It can be denoted in various ways: 

dj^ __ d{Uj^, U 2 , . . . , u^) _d(u) 
dx,- d(o^, x^, , .,, x,^) d(x) 

Its properties are essentially algebraic, once the fundamental 
facts of partial diSerentiation are assumed, and in particular the 
theorems: if ^ is an explicit function of r arguments , w,., 

then 

d(ji d<f) 9%_j_ d<^ du2_^ _j_ d(f> 

dxi 0% dxi ^^^2 dxi ‘ du^ dx/ 

^^d if ^ 2 , . .. , 'it'!-) *^5 ^ 2 s • * • » ^?i) —' C), then 

du^ dXi dur dx dx 




JACOBIANS 
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The chief properties of the Jacobian are contained in the 
following six theorems. 

I. If the u ’5 are explicit functions of y^, . . ., which in 
turn are explicit functions of the x’a, then 

9(y) _ 

d{x) d(y) d{x) 


For by multiplication the y)th element in the product 
determinant is 

dy^ dxj dy,, dxj dxj 


II. If the n equations Uj = Uj (x^, . . . , x^) can he solved for 
the x’s in terms of the u’s, and the Jacohian | 0Xi/9uj j can he con¬ 
structed, then 

d(u) d(x) 

"h X' • 

For the (^, ^')th element in the product is —^ leading to 

the unit determinant (§2, p. 32). 


III, If FJ (u^j U 2 , . . - > Ujjj X 2 ,. »• > Xq) — O', i 1, 2,..,, n, 
then 

d(x) ^ ^ d{x)J d{uy 

For by actual multiplication 

0 (u) 3 (F) _ dFi 0% , _j_ dij dUn 

d{x) d(u) du-^ dxj * ' ^^ln dxj 

d^i 

dx d{x)* 

TV. Jacobi’s Lemma.^ —If Ag, . .. , A^ are the co-factors of 

in the Jacobian, then 

dxf 3x2 dx,, 

0-^1 J 0-^2 _ rv 

identically. 

1 Oelle, 27, (1844), 201-209. Collected Works, 4, 317. 
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For dAJdx-^ consists of a sum of n — 1 determinants, due to 
differentiating in turn tlie n — 1 columns of tlie co-factor A^, 
We can then arrange all the n{n — 1) terms arising from the 
n differential coefficients dA^jdx^ as a shew symmetric matrix 
of order n, with terms arising from arranged in the ^’th row. 
Since the matrix is skew, the sum of its terms vanishes. It is 
left as an exercise for the reader to develop this proof. 


7. Rank of Jacobian Matrix. 

The square matrix Idu^fdx^ of order n is the Jacobian matrix, 
and its rank r is the highest order of a minor determinant A^. 
which does not vanish identically. What fellows now is closely 
analogous to the theorem on p. 73. 


Y. If a functional relation <f> (%, Ug, .. . , Up) = 0 connects p of 
the u’5, then every minor ^(%, Ug, . . . , Up)/0(Xi, . . . , Xj) of order 
p involving these u’s vanishes identically. 


For since 0 = ^ 


dx,- 


d<j> duj^ 


dur^ dxi 


-h ... “|- 


du.„ , 

we have p 

du.^ 0x4 


linear equations from which • • • > may be eliminated, 

0 % ou^ 

so giving the desired result. Incidentally the rank r is neces¬ 
sarily less than n. 


VI. If Aj. = ? ^r) ^ Q where r is the ranh of the 

Jacohian matrix^ then the functions u^l, U 2 , . . . , Uj. are independent^ 
whtle each of the n — r remaining u’s is expressible in terms of 

%, U2, . . . , Uj.. 

By V we already know that are independent, 

otherwise A,, vanishes. So we take these r together with 

• • • j O'® new independent variables and express the 
remaining (r’s as 

X == , U^, ^r+ly • • • > j ~ 1, 2, . , , , r. 

Also let Ui=f.(xj^^ X 2 , ..., xj, 1, 2, . . . , n. 

Then by differentiation of u^, u^, (as functions of the new 

independent variables) with regard to (s ;> r). 
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0 = 

JA 

9'J^i , 

— - 

.+ 

9/x 

Hr 



dxi 

dXg 


dXy, 

dx, 

dx^ 

0 = 

Jfr 

dxi 

99^1 , 

9^e, ■" 

_L. 

1 

A 

dXr 

Hr 

dx. 

Afr 

dx; 

0% 

JA 

9ii , 

1 

dfk 

Hr 

,9/, 

dxg 

dx^ 

9a;,. ■ 

i- 

dX.y 

dx, 

+ 9 - 5 ,’ 

h = 

= r + 

1, r+% 


, n. 




Eliminating . . ., we obtain 

9/1 9/1 

dx^^ dx^ 


^Jr ^ _ ^ ^ ^Jr = 0 - 

dxi’ ' 9 iCy ’ dxg 

^Jk __ ^ 

0 ’ 0 a;/.’ 0 ojg 0 

Expanding by tbe last row, 

9(/l, •••,/» 9(/i, ...,fr) 

d(xi, ..., x„ Xs) dXs S(® 1 , ..., 05^) ’ 

But by bypotbesis tbe left-band member of tbis identity vanishes, 
whereas 0(/i, . . . , fr)l^{^> • • • ? not. Hence dujdxg 

vanisbes identically, so tbat % is independent of Xg. But 5 can 
be any of (r -j- 1Hence Uj, is expressible entirely as a 
function of tbe remaining variables U 2 , . . ., u/. and tbis 
proves tbe tbeorem. 

Corollary. —Provided its ranh is r the matrix [0Uj/0Xj] need 
not necessarily he square. 

In fact tbe above proof bolds when tbe number of u"s is wi, 
where m >r. 





CHAPTER VIII 
Binary Forms 


L Binary Invariants. 

We skall now consider, as a preliminary to more complicated 
structures, a particular type of expression called the binary 
form: and this wiU be dealt with broadly in the order suggested 
by the history of algebra since the time when Lagrange and 
Gauss hinted at properties of linear transformations, finally to 
be disclosed in an epoch-making publication by Boole in Novem¬ 
ber, 1841. 

Let us consider this partly from a geometrical point of view. 
Suppose that 

F{x, y) = ax^ + ^Ixy + hy^ + ^gx + 2fy + c, . (1) 

equated to zero, represents a conic referred to Cartesian co¬ 
ordinates {x, y), and that a change of axes is made, as indicated 
by the equations, 

T: + ... (2, 

y=l^x +m^y j 

for the old co-ordinates x, y in terms of the new, x', y\ The 
origin remains fixed, and the only condition imposed on m., 
I 2 , mg is the inequality 

\M\= “ Zgmi =# 0.(3) 

This is a Jicrmogeneous linear transformation from x, y to x\ y', 
Frobenius and other writers, with no geometrical purpose 
imm ediately in view, call it a substitution rather than a trans¬ 
formation. 

First we remark that any function of cc, y may be expressed 
as a function of x\y'. Let us write 

F{x,y)=^F'{x\y^) ( 4 ) 
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to denote the two aspects of this function. Next if we collect 
terms of F in groups U,, homogeneous in x, y, as indicated by 
the suj0S.x r, we have in this case 

... ( 5 ) 

and in particular 

U^^Uo'. 

Thus U 2 = cix^ + ‘21ixy -{- by"^ 

= a'cr'2 + 21 i'x'y' -f- b'y'^ = 
provided 

of = Oj Z-^ —?2 Hh ^ 

li' = al-^ d- + \ ^ 1 ) + • • (^) 

b' — am-^ + hm^. 

It is at this point that the far-reaching result disclosed by Boole 
may be seen. Boole remarked that the discriminant a'6' — bif^ 
of the quadratic TJ^ reproduced that of TJ^ together with a 
factor depending only on the coefficients of the transformation 
T. Namely, 

a' h' — {ah — h^) . . (7) 

as is quite easy to verify. Let this be written 

I{a') = \M\KI{a), .(8) 

where the contracted functional notation is adopted for brevity. 
The factor | Af | is called the modulus or determinant of the 
transformation T, 

Since this function ah — si,s> o. whole emerges unchanged 
in structure, but for a factor \M\^ independent of the three argu¬ 
ments a, h, b of the function, it is called an invariant of the trans¬ 
formation. More precisely this is called a relative, to distinguish 
it from an absolute, invariant, because cases occur in which I {a) 
and J(a') are absolutely equal without the help of an extraneous 
factor \ M\^. 

The significance of result (7) is better seen if the previous 
conditions (6) are studied. Each new coefficient a', h', h' is a 
complicated linear function of the old coefficients a, h, h\ and 
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only tMs particular expression a' U — or a product involv¬ 
ing this, turns out to have ab as 
^'j a factor—a property which shall be 

I proved later. 

/ / Boole also found other interesting 

I / results which may shortly be stated. 

If ay denote the angle between the axes 
I between Ox', Oy', 

then the transformation T may be 
regarded as a means of referring the 
same geometrical figure to two sets of axes Oxy, Ox' y' at the 
same origin. The assumption already made that M difiers from 

zero implies sina> + 0, sina>' =1= 0, 

i.e. CO =4= d modTT, co' modTr. 

The axes Ox, Oy are inclined to one another; and so are Ox'^ 
Oy'* Boole found the following relations: 

t T, -1 Sin CO ct b — Tb ^ cib /o\ 


a'-\-b' — 2^'cosco' a + 6—2Acosco 


Here again is an instance of invariants: this time the invariant 
functions involve a, h, Ji, co, which is a more complicated set of 
arguments than a, h, h alone. On the other hand the invariants 
are absolute, not merely relative. 

2. Orthogonal Transformation and Invariants. 

If we impose the conditions 

l-L + ^ 2 ^ + '^2 = 1 \ ^ 

ZiZg-f-mim2= 0 J‘ 


upon the coefficients of the binary linear transformation T we 
call it now an orthogonal transformation. Geometrically these 
conditions show that if the lines Ox, Oy are at right angles, so 
also are Ox', Oy': and conversely. 

It will be seen that the values of the angles co, oy' are now 

^=i:co'=dz~ (12) 



VIII.l 


ORTHOGONAL INVARIANTS 


for if we write l-^ = cos 0 , — sin 6 , == cos — sin (f> to 

satisfy the first condition, then 

0 = -f- = cos (9 — 

Hence 6 and (j> difier by an odd number of right angles. This is 
covered by two alternatives: 

Either l^~ “^2 = cos 6 , — Z^ = — sin 

or Zi = — == cos 6 , Zg = = sin 6 ) 

In the first case the axes Oxy are obtained from Ox'y' by a 
clockwise rotation through an angle 6 : in the second they 


require, besides, turning over, to bring Ox into coincidence with 
Ox' and simultaneously Oy with Oy'. 

This set of congruent right-angled triangles illustrates the 
point. The origins are separated for clearness. All such coplanar 
triangles fall into two classes according as whether, by a rigid 
displacement in their own plane, they can be superimposed or 
not. In the figure, I and II are in one class, III is in the other. 

Algebraically the classes are included in one statement, easily 
verified, that 

IMI^= , =1; (14) 


and they are distinguished by extracting the square root. Thus 
^ I M I = 1, Oxy, Ox'y' belong to the same class', 

if I M I = — 1, Oxy, Ox'y' belong to different classes. 

We observe that for both classes of orthogonal transformation 
there are two absolute invariants derived from the results (9) 
and (10), namely, 

a' 4- 6' = a -f 6, p,. 

a'b'^h'^=ab-hK ’ • ‘ ^ ^ 

The importance of the above simple and well-known division 



132 


BINARY FORMS 


[Chap. 


into classes lies in tlie fact that it typifies the general ease of 
orthogonal transformations for a set of n variables, not merely 
two. If we call the classes right and left handed, for distinction, 
a frame of right-handed axes can be brought to coincide with 
another right-handed frame by a rigid displacement in its own 
space; but an extra dimension of space is needed for a rigid 
displacement to bring it into coincidence with a left-handed 
frame. TV*e shall return to this in Chapter IX. 

It might be supposed that the absolute invariants are more 
important than the relative, but such is not the case, as the sequel 
will show. Speaking generally, the absolute invariant corresponds 
to a part of geometry which is merely a special case of something 
more general. The relative invariant is the important one. 

All these expressions have a geometrical significance. For 
instance, == 0 represents two straight lines through the origin. 
11 ab — Ji^ — 0 the lines coincide, and if this is so, no mere change 
of axes will separate them; consequently a'h' — h'^ — 0. But 
we can go a little further, supposing two real frames of axes, 
real co-ordinates, and real coefiicients, so that j Af > 0. Thus 
ab — a'h' — are both positive, or both zero, or both 
negative. This is illustrated by the conic given by F = 0, 
the cases of -ellipse, parabola, and hyperbola answering to this 
threefold classification. 

Also il ab vanishes and the axes are at right angles then 

— Q represents a pair of lines at right angles. A change to 
other rectangular axes at the same origin leaves the property 
unchanged. This explains why a + 6 is an orthogonal invariant. 

3. Development of the Invariant Theory. 

The discovery made by Boole in 1841 was soon reinforced 
by an almost accidental observation by Eisenstein of an invariant 
belonging to a binary quartic. At once this attracted the 
attention of Cayley, Sylvester, and Salmon. Four years later 
Cayley put the subject in a more important light by asking two 
significant questions: (i) whether these ideas could be extended 
to binary forms ZJg, U^, . , . , of all orders, and (ii) how far 
it was possible to discover all such invariantive functions? 

To these ends he invented a device which he called hyper- 
determinants^ not unlike the device of denoting chemical sub- 
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stances and reactions by symbols and equations. He exhibited 
the properties and behaviour of hyper determinants, making a 
practical working tool of them. Out of this calculus modern 
algebra may be said to have sprung.^ 

In answer to Cayley’s first question we have the systematic 
development of binary forms. The functions . . . , 

already introduced are called the binary quadratic, cubic, quartic 
(or biquadratic), . . . , n-ic. We shall find it useful to call the 
rational integral fimction of order n in its arguments, a 'polynomial, 
A homogeneous polynomial is b. form or quantic. 

The order n is the highest degree in which the arguments 
occur in a term of the polynomial. 

4. The Binary Form or Quantic. 

We write the binary n-io,, as 

O'n =«()!»"+ 2/+ (2) (16) 

which Cayley shortened to 

{aQ, a^, - yf, . . . (17) 

The binomial coefi&cients do not make this any less general than 
the corresponding form 

• ■ ( 18 ) 

which is sometimes used. They possess several clear advantages, 
especially when what are called polar forms are used, as we shall 
see later on. 

We assume the theorem that the equation — 0 has a root, 
and consequently, by repeating the argument, that 27^ itself 
has n linear factors. Namely 

—°-y)M ^y)- • ( 19 ) 


The set of n quantities 

a, P, X 

are the roots of the n-ic Z7 = 0. 


iSee an enthusiastic remark to the British Association (1869) by Sylvester, 
recorded in Collected Works, 2, p. 656. 
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On multiplying out and comparing coefficients in (18) and 
(19) we obtain the relations 

Sa = a+ ^+ ...4“A = — PxIVo > 
SajS=a^+ay+ . ..^PzlPo^ 

— ajSy + a^S + . - . — — P^IPoi (20) 


apy.,.X= {—TpJPii- 


Here Sa^ , . . k with, r factors has terms, foimd by all 

the combinations of r different letters chosen from a, y3, . . . , A. 
These are the elementary symmetric functions of the roots. 
They are called symmetric because any derangement of the 
letters a, jS, .. . , A makes no difference to the functions. 

Manifestly any product ^ therefore any 

polynomial in the n ratios p ^,: is a symmetrical polynomial 

in the n roots a, . . . , A, as direct substitution would show. 
It can be proved conversely that any symmetric polynomial in 
the roots is a polynomial in the n ratios p^ : p^. The emphasis 
here is on the word polynomial, so that the functions considered 
are rational and integral, although if n :> 1 each root a, yS, ... 
separately is a very complicated irrational function of the 
coefficients p^. 


5. Gradient. Degree and Weight. 

A polynomial function ^(a) which is symmetric and homo¬ 
geneous in the roots is a sum of such terms as 



where .A is a numerical coefficient. The factor PrIPo degree 

r in the roots a. Hence for homogeneity in the roots, the 


expression 


w=i-\-2j~^ . , .-^nl . . . . ( 22 ) 


is constant for each such term. This number w is called the 
weight of the term. It is given by counting the total of suffixes 
of the p’s in the term. Also it gives the degree of ^ (a) in the 
set a, . . ., A, as relations (20) at once indicate. 
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After multiplying tErougLout by we can write of sucb 
a form, 

^ (a, , A) = ifs{^Q, , Pn)> • - (23) 

where both <f> and ifj are homogeneous polynomials in their argu¬ 
ments. For Pq no longer occurs in the denominator of any term. 

Such a function ifj is isobaric, i.e. of the same weight w for 
each term. It is also homogeneous in the set p, since multiplying 
each oi Pq, p^, . . , , p,^ by the same quantity t leaves TJ^ — 0, 
and therefore the roots a, ... , unaltered. It is sometimes 
known as a gradient. 

6. The Induced Linear Transformation of the Binary n-ic, 

A binary form a^, J contains two 

seis, the set of coefficients 

a = (aQ, (%5 .. ., a^i) .(24) 

and the set of variables a?, g. It may seem a trivial remark, but 
it is one with far-reaching consequences, that a form is linear 
in its set of coefficients. 

The transformation T (2) from x, y to x\ y' is conveniently 
symbolized by an arrow. We write 

T : £c —> a;',.(25) 

where x and x' do duty for x, y and x\ y' respectively. For 
this reason it is preferable as a rule to use x^ rather than 
X, y for two homogeneous variables. 

By solving equations (2) we obtain the inverse transformation, 
written 

: jr' -> a;. ..... ( 26 ) 

Provided the determinant \ M \ ot the transformation is not zero, 
this can always be done, even in the case of more than two 
variables. 

The first important result of this theory is that a form of 
order n remains a form of order n after linear transformation of its 
variables x, y. 

Thus, substituting for a?, y in terms of x', y' we write 

U,,^Uix,y)^U'{x\f), .... (27) 

a^^x^ afx"^ + ... -f- afy'^K . (28) 


so that 
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TM 3 introduces a new coefficient set 

^o', , cvn, (29) 

siicli that each a/ is a linear homogeneous function of the original 
set of coefficients a slb in. the particular case already worked 
out for the (quadratic (6). The actual values of <Xq , cij^ , • . . , 
are best determined by Taylor’s theorem. Thus 

U{x, y) ^ U . (30) 

But TJ is homogeneous and of order n in x, y. So if y' = tx\ 
we have 

TJ{x,y) = x'^^TJ ^ 2 +^ 20 * • * (^ 1 ) 

Expanding this as a fimction of two variables Zj, Zg, by Taylor’s 
theorem, we get 

in which mg are treated as constants, and TJ denotes Z7(Zi, Zg). 
Again 

Z7'(a3', 2/') = + • • • + (J^a,T + -. • + a^y' 

= a;"‘{oo' 


Comparing coefficients of TJ in these two equivalent expansions 
we have the following result 


Qq — TJ (Zj, Z 2 ) — (c^Q, , .., 5 Zj, Z2)^*' 

, _ (n — r) 1 


where (m denotes m,^ 


■ ( 32 ) 
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As an illustration of this general set the reader is advised 
to write down the set of coefficients of a cubic 

after transformation T. It is important to appreciate that the 
relations giving ^ ... in terms of the old coefficients 

^ 0 , . . . are linear in these. We t 7 pif 7 this by writing 

: a' a, 

and conversely rp . / 

X \ O, —> Ob 

to denote the inverse transformation. This is a special case of 
the linear transformation of a set of 9^ + 1 quantities. Since 
the coefficients of the a’s are functions of and are 

thus completely determined by the coefficients of the original 
transformation 

T: X* 

we call or an induced linear transformation. 

Evidently there will be a close connexion between the deter¬ 
minant 1 of T and the determinant A of in fact it is 

A raised to the power ^n{n -f- 1). 


EXAMPLES 
For the quadratic, prove 

2m^m2 Wg* 

4 - 2ni^md>2 + 4^5 

Use coljL — i C 0 I 3 4 ^ C 0 I 3 — ^ C 0 I 4 , C 0 I 2 — 2 ^ C 0 I 3 43 ^ 
3. Generalize the result. 


= (Zima — 4 ^ 1 )*. 


&c. 


7. Polar Forms. 

In this last set (32) we have an example of the very important 
process known as 'polarization. It will be seen that the first 
coefficient af is the binary 9t-ic 

'(J{l\y I2) = (®0> J ^ ^ 2 ) » 
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witli Zi, I 2 substituted for x, y. The other coefficients . • . 

are the first, second, . . . , ntla. polars respectively of a^' witli 
respect to m-^, m.y. These equations serve to define such polars. 
In particular the last is the n-ic in mg, 

(Uq, oq, 

All intermediate coefficients a/ (0 < r < n) are examples of 
double binary forms', they possess double orders. Thus af is of 
orders — r, r) in the sets Zg and mg respectively. 

EXAIVIPLES 

1 . Write down the first and second polars of the quadratic "h ^ctiX^pc^ 
-f- <20^2® with regard to the set 

Ans. GoaJiyi -|- and + ^a^y^y^ 

2 . Form the first and second polars of the cubic a^x-^ -f- + 

Za^x^x.^ + with regard to the set y^, 2/2- 

8. Find the rth polar of the binomial n-ic ax-^'^ + hx^^'^ with regard 
to 2/1, y^. 

Ans. ax ^^- 4. })X^I - 

8. Formal Definition of Invariant* 

If a binary form f he changed by a linear transformation T into 
a n&iv form f', and a function I of the coefficients of f' be equal to 
the same function of the coefficients of f multiffiied by a factor 
depending solely on the transformation, then I is called an invariant 
of the binary form f. The form f is called the ground form. 

Let us write 

7=7(a) =/(a-o, Oi, a^, aj 

to denote an invariant of the binary n-io, whose coefficient set 
is 

a=(aQ, a^, ,.., aj. 

Further,, let T : x —> x' induce the transformation : a —> a', 
so that I {a') would mean the same function of the n-\- 1 argu - 
ments 

af, a' ..., af. 


Then if 


I {a') =^<f>(lx: h, m^I{a), 
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where ^ depends solely on the four quantities m^, and 

not on a or x, I (a) is an invariant. 

This definition follows from Boole’s discovery. 


Examples. —A == {a^^aQ — — 4 {aQa^ — is an invari' 

ant of the binary cubic {a^, a^, ag, y)^. 

For the qiiartic («(,, ^3, % y)% invariants are 

a^ a-i 0C21 

I = aQa^ — 4:a^a^ -}- J - % 

a^ ag a^ | 

9. Simultaneous Invariants. 

Let us reconsider our quadratic 

U == ax^ + 2hxy + hy\ 
to which we adjoin a second, 

V=Ax^-i-2£rxy+By^, 

These in turn lead to a singly infinite system of quadratics typified 

by 

?7 + AF = (a + XA) a^+2 (A + A7J) xy+(b + XB) 

Now consider the discriminant of Z7 -}- AF, 

a + XA h + XH 
7i+XH 6 + AR 

It can be expanded in powers of A and written 

{ah — h^) + X{aB-^hA — 2hH) + X^(AB - H^). 


But if a linear transformation T changes x to x\ a to a\ &c. 
we can write 


?7'4-AF'== U+XV. 


In particular 

a' + XA\ h' + A/J', 6' XB' 


are the new ooe36S.cients of the quadratic, 
identically 

a' + XA' h' + XH' 
h' + XH' h' + AR' 


Hence, by (7), we have 

a -f- XA , h -j- XH 
h~{-XH, h-i-XB 
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This is true for all values of a, h, h. A, H, B, A and therefore we 
can equate coefficients of A on each side. Thus 

a'b' — W), 

a'B' -f VA' — 2h'H' =\M\^{aB+hA — 2hH), 

A'B' ~H'^= \M \^ (AB - H^). 


The first and third statements here tell us nothing new, but 
the second gives important information: it satisfies the charac¬ 
teristic invariant condition although it involves double as many 
coefficients a, h, b, A, H, B as the original quadratic. It intro¬ 
duces us to the new idea of a simultaneous invariant. 

Definition of Simultaneous Invariant.— If (a), (b), . . . denote 
the sets of coefficients ap, a^L, - . . , b^, ... of different qumitics, 

then I (a, b, . . .) is a simidianeous invariant of these quantics, 
provided 

I {a', b ',...) = ^(^ 1 , l^, my, b, ...) 

identically for all values of the sets (a), (b), .... 


10. The Aronhold Operator. 

The above quadratic example leads to a general theorem due 
to Clebsch. Consider two _p-ics 

U={ao,a^, a^lx^yY, 

V={\,h^, ...,b,^x,yY. • 

and the pencil of _p-ics given by 

u + XV = {^ 0 , 0 + Xbo)a>^ -!r ... (a,. + Xb;)xP-’';f + . . . 

+ (ttp + Xbj,)tj” .(34) 

Here is an example of the addition theorem of linear sets. In 
the matrix notation we could write the coefficient set of 17 -|- A F 

C« + A6]= [a]-f-A[6].(35) 

Let T:x-^x' be a linear transformation changing U to 
U , V to V , and therefore giving a/ linearly in terms of set [a]. 
b/ linearly in terms of set [6], Hence 

[cj'+A6T=[a']+A[6']. 


( 36 ) 
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Now suppose I{a^^, . .. , written 1(a), to be an invariant 

of U, so tliat 

X {of) = cjy . I (a) l 
then, from the definition, 

7(a' + A60 = .jS . /(a + A5) 

identically for all values of A. Expand both sides by Taylor’s 
theorem and equate powers of A. The coefficient of A on each 
side gives 

^ + • • • + “1'’ • • • ’ 

• • • . V- (2'^) 

This is usually written in the contracted notation 

• (2S) 

Likewise the coefficient of A’’ gives 

. . . (S9) 

where the arguments Sq, 61 , ..., are independent of ..., 

and so must not be difierentiated in the course of the work. 
But these last results yield functions of both sets [a], [ 6 ] which 
satisfy the invariant condition. 

AVe conclude that the operator 



applied to an invariant involving . . . , ap produces an 

invariant. For this reason it is called an invariant process. 
In particular from a rational integral homogeneous invariant of 
degree q in the set , <X'p, it produces q — 1 simultaneous 

invariants involving both sets [a] and [&]. 

The name Aronhold operator is sometimes given to (h , 
after one of the founders of the theory. 

Definition of Invariant Process. —If the effect of a process R. 
applied to a function of the original coeffioients a is the same as 
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that of the process applied to the corresponding function of the new 
coefficients, save for the factor <f>, then R is called an invariant 
process. 

Formula (38) is an example of this; and it will appear that 
polarization in general is an invariant process. 


11. Multilinear Invariants. 


The invariant 


aB + hA — 2hH, 


which is a bilinear form in the sets a, h, h and A, H, B, could be 
written / 7) \ 


as an illustration of the Aronhold process. Suppose, however, 

we had a homogeneous invariant of degree qino, set a^, a^, . , , , a^. 

We write it t t/ x 

I=-I(a), 


and proceed to operate witli (b~). It produces an invariant 

\ oar 

homogeneous in both [a] and [6] of degrees q — 1 and 1 respec¬ 
tively. We could write it so that 

I^{a\ b') = <f> . I^,{a, h) 

identically for all values of [a], [6]. Now we choose a third quantic 

{cq. Cl,..., Cp 5 a;, yY 

and operate with on I, treating both [c] and [6] as indepen¬ 

dent of the set Oq, cq, . . . , The result as before is an invariant, 
this time linear in [&], linear in [c] and of degree q — 2 in [a]. 
Thus 

4 (a,6,c) = (c^) &)=(c^) 

Proceeding in this way to q operations involving q different 
quantics all of order p, we finally deduce a multilinear invariant 

^q(,bi Cj . . . , ]c) 

involving q sets of coefficients [6], . * • , [Z:] of q different ^o-ics. 
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Again, since tiie coef&cients 6^, . . . , 7 j_^ have been taken quite 
generally as independent oi a^, , ,. , a^, the Aronliold operators 
are commutative. In fact 


h ~) (c p] f(a) = S S ftiC, 5-iA /(a) = (c ^ ')f(a). 

. dJ V dJ- ' i,j_o ^daida/^ ' \ daJ \ da^ 

It follows that is symmetrical in [&], [c] and therefore in all 


of 6, c, . . . , h. This means that 
6, c, . . . , k are equivalent, so that 
7^(6, c, .. k)-=^Ig{c, h, . 


the g'l arrangements of 


Further, by Euler’s theorem for homogeneous forms 




9/ 


2 a^- 
i=o 


= 27(a). 

Hence we infer that the result of putting [6] — [a] in ^6 I [a) 

\ da' 

is merely to multiply 1 (a) by g'. Thus we have a useful theorem: 


Every invariant of a binary p-ec f, homogeneous and of degree 
q in the coefficients of f, may he regarded as a s'pecial case of an 
invariant at once linear and symmetrical in the q sets of coefficients 
of q binary p-zcs. 

EXAMPLES 


1 . Form an invariant of two quartics c&t, a.^, y)^ and 

5 |, 62» ^4 ^ yY linear in each. 

Ans. ao&4 — 40163 -f — 40361 -f O460. 

2 . Form an invariant linear in a qnartic and of degree two in a 
quadratic. 

Hint .—Consider the square of the quadratic as a quartic. 


12. Co variants- 

Let us once more return to the binary quadratics 
TJ = ax^ + "^hxy + hy^ 

F = Ax^ + 2Hxy -pBy^’ 


. (41) 


and form their Jacobian (§6, p. 124) or functional determinant, 


^ dv 

dx dx 

W dV_ 

dy dy 


d(U, V) 
d(x, y) 


= 4(77, F) . 


(42) 
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introducing various useful notations. This is 

say, which is another quadratic. Similarly, wdth the accented 
notation for the effect of the transformation T : x x', we 
have 

4(a'a:'2+ + y'y'^) = 4 I ® 


= 4h 

'ir' + 

h 


dV 

07' 

d^’ 

dx' 

dU’ 

07' 

W’ 

dy' 

. 2/) = 

V'(x' 

7 ^ 

= lA 


and _=»Wi —+ «i2—. 

oy ox dy 

Similarly for 7. Substituting in (44) we find 
; dU dU dV. 

,, d (T 9 0 a? 


+ 


dU , 017 


aF , aF 

mj _ + jn^ _ 

da? 0^^ 


mi mA — 


I dTJ_ 07 
dx d X 

dU ^ 
dy I 


This introduces us to a covariant of the given forms IT, 7. 
namely a^ function of their coefficients, and their variables x, y, 
wliich maintains itself after linear transformation, but for a factor 
depending solely on the linear transformation. 

Definition of Covariant ;—Z72 the notation already adopted, a 
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function C of sets [a], [b]* ^ of coefficieyits of different quantics 
whose jariahles are Xg is a co-variant, if 

G{a', h', , . ., x') = l^, m-^, 7yif}C{a. b, . .., x) 

identically for all values of a^, a^, . . - , b^, . . . , Xj^, Xg. 

In the above example G is the Jacobian, which is a function 
of eight arguments a, h,h. A, H, B, x, y. But in detail it is bilinear 
in the sets a, li, h and A, H, B, while being quadratic in the set 
of variables x, y. 

In what follows our chief concern is with rational integral 
homogeneous invariants and covariants. 


13. Relation between Linear Forms and Covariants. 

The simplest quantic to deal with is the linear form 

E = e^x^ -}- CgCCg.(45) 

Presumably invariants exist involving this and other forms. 
For example, it is easy to verify that 

—2%6x6^2 4" .... (46) 

is an invariant of E and the quadratic 2 %£Cia 32 “i“ 

In fact if a', e' denote the linear transformations, we 

have, by (32), 

ef = e-^ -f- Z2 62 % I ^ 1 ~ ryi^,^ — ^2^2 

ef — ni^e^ + ^ 2^2 —^2 \M\ = rn^ef — l^ef 

But 

—|- 2 (^ 5 ^ x-^ -{— U 2 x^ = ^ ^ “h ^2 ^2 ^2 ^ 

identically for all values of x^^, x^. So, in particular, let 
xf = — ef, xf = + ef, 

then 

== ZiCCi' + = — Ij^ef + 9^1%' = — 

X 2 = l 2 xf 4 - m^ocf = — 4- — e^\M\ 

Substitute in (48): then 

^0 ^ “1” ^2^ ~ 1 I ^ (^0 6162 ~i~ J (^^) 

which exhibits the invariant property. 

This feature is true in general; indeed any poljmomial co- 

C B SS4 ) ^ 


(47) 

(48) 

(49) 
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variant can be looked upon as an invariant of the linear form 
^ 1 ^ 1 + ^ 2 ^ 2 * if ^ 2 ) denotes the covariant in question, 

Qi standing for the coefficients of the ground form (or forms), 
then by the characteristic property 

C(a/, x^') = (j) C{ai, x^). ... (51) 

Since % = == ty^ is a particular case of the linear trans¬ 

formation. then 

G{(^i\yi,y2l==^0{ai^,ty^,ty^), . . . (52) 

where (j> depends solely on t. This implies that G is homogeneous 
in the variables as the contrary assumption at once is seen 
to be impossible when applied to (52). 

Hence (51) is homogeneous in x-^, ajg say, of order 

tn. Using (49) this at once yields 

C(a/, ^ e^) = ^a(a,, ^e^\Mle^\M\) 

This shows that e^, enter the function 0 precisely as e^’, 
do, so that the function G(a,-, — Cg, e^) is an invariant of the 
original ground forms together with the linear form 
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CHAPTER IX 

The General Linear Transformation 

1. Cogredience and Contragredience. 

The binary forms have served to introduce certain ideas 
which can easily be generalized. We shall now be concerned with 
forms in n variables 

• • • 9 ^n}> 

which undergo a linear transformation 

a?! = -I- + . .. d- 


T^: (1) 


Xn - ^ “i~ Vn ^2 “I” • • • > 


or : X —> x\ Let M denote the square matrix of coefficients 
, ct>n> I M I its determinant, so that 

~ Vi * • • 

M= , |M| = (f77...co), (2) 

-in Vn ••• <"7^J 


which must not vanish. The variables and coefficients may be 
real or complex numbers. 

Let the co-factor of in | AI [ be and the reciprocal of 


I M I be 


^ ... 
w \" 


(3) 


SO that i* = Xi J \ M \, &c. 
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If we multiplv rows of by , i“ respectively and 

add, we have 

and similarly 


Xq = “37 r]-X2- 




+ CO^X 2 + . . . + Co'^^Xj^. 


(4) 


This set of equations, which, forms the inverse transformation 
of T’ can be written 


It exists provided | ilf | is non-zero. 

JSTow suppose we have a linear form 

(ulx) = Uj^Xi + U^x^, + ... + 


(5) 


( 6 ) 


let us consider the e:ffect of the linear transformation (1) upon 
(w j ir). Manifestly it gives a form linear in the new set [a?']; and 


if we denote the new coefficients by 


* > 


we have 


(u\ x) — (u^ il'-h '^ 2^2 ••• ~h '^n fn) ^1 + • • • 


+ -T- '1^2^2 -r . . . H- = {u' I x'), 


(7) 


where the new coefficients u' are linear fimctions of the old. 
Accordingly we write 


+ 1^2'^2 H ~ • • • + 

77—1 . '^2^ = “^1% + ^2^2 + • • * + V7i'^7i> 

li • 

Ur! = CO^U^-h CagWg + COn'f^n- 


( 8 ) 


Here we have another instance of an induced linear transforma¬ 
tion u' —> u, where, it will be noticed, the coefficient matrix is 
the transposed of matrix ikf in (1). We therefore write it M'. 
By solving this set (8) we obtain the direct transformation 
u > u which shall be denoted by so that its inverse 
denotes (8). Thus 

% = + 7]^U2' 4-... -f- oP-Un, 

T ' 

. .. 


, - (9) 
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In tliis way we arrive at four transformations 
as stated in (1), (4), (9), (8), whose matrices are M, 

M' respectively. When two such sets [cc] and [u] undergo such 
transformations, (1) and (9), they are called^ contragredient sets, 
and the same name is given to the corresponding transformations 
T^, Ty, Further if y^, y^, , y,^ is another set of variables which 

undergoes the same transformation SuS x-^, x^, . - . , x^, namely 

i=l, 2 , 

then the sets [a;] and {y\ are called cogredient. 

The simplest formal definition of cogrediency and contra- 
grediency is to take them as follows: 

Two sets of n variables [x] and [y] are cogredient if a linear 
transformation of matrix M for x x' induces the transformation 
Y —y' with the same matrix. Two sets [x] and [u] are contragredient 
if, when x —^ x' and n n', the inner g)roduct remains an 
ahsoluZe invariant, namely 

Ur^x^ -f ... -f- Uy,x.^^ufxf + ... 4- ufxf, . (11) 

or simply {u\ x) = {u' | a?'). 

Starting from this fundamental condition, which must hold 
identically, we can at once deduce equations (8) from equations 
(1) by substituting in (11); or conversely. 

2. Linear Transformations in Matrix Notation, 

Let U denote the single-row matrix 

[tq, u^, • • • 5 ..Si. (12) 

and X the single column matrix whose transposed is 

x^, .. ., Xj^. • • • « (13) 

Let X' = Ixf, xf, .. ., xfl . . . (14) 

Then tJie general linear transformation (1) is a direct example 
of the product of matrices, and can be written 

T^\ X=MX, .(15) 

1 Sylx^ester first developed tMs theory, and gave these names to the sets [u'], 
[x]- Cf. Cambridge and Dublin JHaihematical Journal, VI, VII, VITI, IX 
(1851-4). 
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as is immediately apparent wEen it is written in full. Next let 
cogredient sets be denoted by si^l^-column matrices X, Y, 
Z , If they transform to X, Y, Z, . , ., then by definition 
of cogredient sets 

X=lfX, Y=MY, Z^MZ, . • (16) 

ITe deduce by fore multiplication witb that 

lf-^Y=Y, M-^Z=Z. . (17) 


Again, by (11), tbe contragredient sets Z7, X satisfy the 
identical condition between two inner products, wbicb in matrix 
notation is 



ux=ux. . . . 

. . . (18) 

Hence by (15), 

Z7JfX= UX, 


identically, so that 

UM=U, . . . 

. . . (19) 


wMcE is the matrix equation for (8). Solving this we have 

UM-\ .( 20 ) 

wbicb is the set of equations (9). By (9), p. 70, we may 
transpose these last results to 

U' = M' U' U' == {M-y 


giving tbe same actual equations wben written in full. 

If F is a set cogredient witb 17, tben by (19) 

F= VM, 

whence VX = VMX = YX 

so that F is contragredient witb X. 

Thus we arrive at tbe conception of a number of matrices 
or vectors of tbe first kind X, T, Z, . . . , and a number of 
matrices or vectors of tbe second Mnd U, F, TF, . . such that 
vectors of tbe same kind are cogredient witb each other and 
vectors of difierent kinds are contragredient. AH such matrices 
have rank unity (or else zero), for they each consist of a single 
row or column. Sometimes they are called tensors of tbe first 
rank, or order (cf. p. 91). 
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The two chief applications of this co- and contra-gredience 
are first in geometry and secondly in analysis, as the following 
merely preliminary examples are designed to show. 


EXAMPLES 


1. If n == 3, X may represent a point whose homogeneous co-ordinates 
referred to a triangle in a plane are If u^, are homogeneous 

line co-ordinates the equation of a straight line is 

WiCCi + ^^2^2 4- = 0* 


If a new triangle of reference is chosen such that x-]^^ x/, x^ are the co¬ 
ordinates of the same point as before, and those of the same 

line as before, then the characteristic contragredient condition Ux == vf 
is satisfied. Hence in a plane, homogeneous line and point co-ordinates are 
contragredient sets. 

2. Sets of co-ordinates of coplanar points X, Y, Z . , . are cogredient. 

3. Sets of co-ordinates of coplanar lines U, F, W * . . are cogredient. 

4. Points and planes in threefold space are contragredient. [Here 

5. If <p is a function of 2 variables rr, y and x = r cos 9, y —r sin 6 , prove 

that the set \_dx, dy} is contragredient to ^ J relative to the linear 

transformation of differentials from [dx, dy'] to \dr, d9J. 

For let 9 (x, y) = c^'{r, 9) = 9 . 

Then = II 4 . |£ ^ ^0. 

Also dx — cos9 dr — r sin9 ( 

dy = sin9 dr r cos 6 < 


These last give a linear transformation, of modulus r, for the differentials 
dx, dy in terms of dr, d 6 . The proof is now immediate. 

6 . Write down the induced linear transformation of —, 

dx dy 

r= cos9 ^ + sui9 = — r sin0 ^ -f- r cos9 ^ .1 

L dr dx dy dQ dx dy J 


7. If a;= x(p, q), y=y(Ps q) prove that [dx, dy] and F^ 1 are still 

L.dx dyA 

contragredient, relative to the linear transformation [dx, dy] —^ [dp, dq], 

provided the Jacobian neither vanishes nor is 

hifinite. 

[This Jacobian is the determinant of the linear transformation.] 


8 . Generalize this for n variables, Xj^, 


x^, . . . , Xn, proving that 
are contragredient sets. 
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3. Orthogonal Transformations and Matrices. 

We gain a clearer idea of cogredience and contragredience of 
sets of variables bv considering a particular case in wMcb the 
distinction breaks down. It is called the orthogonal transfor¬ 
mation, an example of which has already been considered (§2, 
p. 130). But thegeneral orthogonal case ismost fruitfullydeveloped 
by starting with the characteristic property of contragredience of 
two sets {u) and {x) and seeking to make it hold of a single set 
(a*) with itself. 

Let X == y be the linear transformation with non-singnlar 
matrix A for a column set X — {cCi, iCg, . - • , in terms of 
another such set Y — [y-^, ^ y,^}. Then by transposition 


L—1 

II 

II 

1 - 1 

■ • • , 2/n] 

(21) 

and, for the inner products, 




X'X= 

• • + »/=(*! 

x) 

(22) 

Y'Y=^y^^+y^^+ . 

• • + = iy 1 

y)- 


Definition of Orthogonal Transformation. —The homogeneous 
linear transformation from x^, Xg, - . . , to y^, yg, . . . , y,^ is 
orthogonal if the co7idition 

+ ^ ^^2 ( 23 ) 

is identically satisfied hy performing this transformation. 

This condition can be written in either of the equivalent 

forms X’X==Y’Y, {x\x)={y\y). . . (24) 

To fix our ideas, let the typical case when ^^ == 3 be taken. 
Then we suppose that the following transformation is orthogonal.* 

ajg == ^2^1 + ^22/2 + ^2^3. (25) 

% = 4 - ^ 3 ^ 3 . 

also written 



or simply 



IX.] 


ORTHOGONAL MATRICES 


153 


Thus, if when w — 3 the substitutions (25) are made in (23), 
the result is a quadratic condition involving terms in 

^ 2 ^ 3 = 2 / 32 / 1 ) ^i 2 / 2 - Since this is true for all values of y^ 

the coefficients of these six quadratic terms must vanish identi¬ 
cally. This gives 

-h = 1, &1C1 + 62^2 -h = 0, 

+ ^ 2 ^ + ^ 3 “ == + G^a^ + Cg^ = 0, (27) 

-r g. 2 ^ + = 1, <2x61+ ^2^2+ ^3^3 = 0, 

which is completely specified by the matrix equation 


a^ a2 a^ 


% 6 x ^ 


I 

rH 

1_ 

6x ^2 ^3 


<^2 ^2 G 2 


. 1 . 

_ Cx C 2 C 3 „ 


L a^ 63 C 3 


- . . 1- 


or simply 

A'A = J, (29) 

which is also true for all values of n. 

This last result characterizes the orthogonal matrix, namely 
the product of an orthogonal matrix A and its transposed A' is the 
unit matrix. 

Further if A'A = I, then the product of the corresponding 
determinants gives 


\A'\ \A\ \A\^^1 (30) 

so that the determinant | ^ | is d:: 1. In either case the inverse 
A~^ exists, for the matrix is non-singular. 

Now 

A A'A = A (A'A) ===^AI= A, 

Hence by after-multiplication 

AA'AA~^= AA~^— I, 

so that A A' — I: hence an orthogonal matrix commutes tvith its 


transposed, and 

A'A=^AA'=-I. . . • . . (31) 

i D 8S4 ) c* 
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Conversely, if A'A = /, we deduce the original property (24) of 
the sets X, Y. For if 

X=:.4r, X'=Y'A', 

then X'X = ( Y'A') (A Y) = Y'A'A Y=:Y'IY=Y' F, 

which exhibits the required property (24). 

If we expand the result (31) to its full implication, when 
fi = 3 ^ vre obtain the six equations (27), together with a further 
six due to transposition. Thus we interchange the sets of suffixes 
and letters in (27) and obtain 

' " —p- Cj|^“ = 1 Cl^CLt^ —f” So^3 ^2^3 

<32^ -f- -f- cA == 1 -f- ^ 3^1 “f" <^ 3 <h ~ (32) 

-r V -r ^3^ == 1 -f- &1&2 + ^1^2 = C>. 

Similarly, for n rows and colu m ns the conditions (32) imply 
conditions (27), and conversely. Coimting the number of such 
e([uations (27) in general, the number of necessary and sufficient 
conditions for A to be orthogonal is 

, in\ n{n-Fl) 

»»+(o) = -2^- 

Since A has w® elements, there are therefore —O arbitrary 

constants involved in an orthogonal matrix. 

A simple way to remember the conditions (27) or (32) is this: 
(lie inner product of two different rows {or two different columns) 
of the orthogonal matrix is zero; that of a row or column with itself 
is unity. 

It will now be seen that the binary illustration of § 2 , p. 130, 
fits in with this general treatment of the orthogonal matrix. 
Further, since | X | = 1 the notion of right- and left- 

handedness can also be attached to a general orthogonal trans¬ 
formation. 

EXAMPLES 

1 . If A is an orthogonal matrix, so is A': and so also are A — 


g f COS0 — sii 20 “| 
LsinO COS0J 


is orthogonal. 
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3 - li x~ x' COS0 — y' sin 6, y = x' sin6 -j- y' cos6, the consequent ortho¬ 
gonal matrix characterizes the rotation of rectangular Cartesian axes 
through an angle 6. Its determinant is unity. 

4. Show that F sin 6 "1 characterizes a change of axes obtained 

L sm6 — cos 0 J ® 

by rotation through an angle 6 followed by reversal of the axis of y\ Its 
determinant is — 1. 

5 . The ternary (2^ = 3) orthogonal transformation, when \ A \ — 1, 
characterizes a change of rectangular Cartesian axes with fixed origin, 
obtained by suitable rotation. 

{The matrix A gives direction cosines of old axes referred to new, or 
vice versa.} 

6 . If I ^ I — — 1 the change of axes involves reflexion together with 
rotation. 

7 . An orthogon-al transformation^ when j A [ = 1 , also characterizes a 
movement of a rigid tody about a fixed pivot. 

For if P, Q, X, Y are column matrices, such that P = AX, Q = AY, 
then P'P = X'X, Q'Q — Y'Y, P'Q = X'Y. And if these are interpreted 
geometrically for rectangular Cartesian axes, P'P means the square of the 
distance of a point P from the origin, while P'Q gives OP . OQ 00sPOQ. 
Hence the matrix conditions show that triangles POQ, XOY are congruent, 

4. Cayley’s Determination of the Orthogonal Matrix all whose 
Latent Roots differ from Negative Unity. 

Let S be a general skew symmetric matrix and L be the sum 
of S and the unit matrix /, so that ii n = we write 

—b~\ r 1 c ~b~\ 

S = — c a L = —c 1 a (33) 

—a IJ 

and in general 

S = L = I-^S, L' ^ IS' =I— S. (34) 

Also let X, Y, Z be the column matrices of three sets of variables 

ITg, , , , 5 y^.'i • • • > yn\} • • • 9 

Then if X — LZ and Y = L'Z, the direct transformation from 
X to Y is orthogonal, and yields an orthogonal matrix, with no 
latent root equal to —1 ayid ivith the |-n(n — 1) elemeyits of a general 
shew symmetric matrix ^ for its arbitrary constants. 
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In effect tills is the theorem of Cayley^; nor is it difficult 
to prove. To fix oiu* ideas let the conditions be written in full, 
when n = 3; nameh’ A == LZ, Y — L'Z become 

= % ~F C.S 2 ~ 

aro = — -r 23 + 2^2 = 2:2 — az ^. (35) 

2 : 3 = hz^~ az^^-Y 23 ^ 3 = 62 ;! + ^ 2 : 2 + ^3 

According to this theorem the efect of solving for the set z in 
terms of x and substituting in the set of equations for y, will 
give us an orthogonal transformation from y to x. In fact 
since X — LZ, therefore X' = Z'L\ so that X'X = Z'LZ. 

Similarly T = Z'LL'Z, 

But i:Z'= (I 4 - S) 

and — S) (/ + 5). 


Hence X'X = Y' Y, which proves the orthogonal property. 

Further, we have Y^L'Z, so Z= L''~'^Yi provided L' is 
non-singular. Hence 

X ^LZ = LL'-^Y .(36) 


Since L commutes with L\ it commutes with hence LL'‘~^ 

can be written without ambiguity as 


L 8 

L' I—S' 


(37) 


Thus the matrix A, which can be put into the form 

I+S 


where /S is an arbitrary skew symmetric matrix, is orthogonal. 

There is no difficulty in calculating A, since {I-YS) (I — 
is given by L and the inverse of L'. In the case when 

— b 

— 0 . a 

h — a 


^ Crelle, 32 (1846), 119-123; Collected Worhs, 1, 333-336, 




rx.] 

we find 
-1 


RODRIGUES’ EQUATIONS 


- li^ — 


2(«6 + c) 


2 (rtc — h) 


2 (a6 — c) 
2(ac+6), 


14- a-+ c2’ 1 -X- a24- 62 _|„ ^2 


l~-a2 + 62_c2 

2 (6c— a) 
14-a2+62 + c2’ 
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2(6c4- a) 
l-\~ 

l__a2_62-f c2 
l + aM^62 + c2j 


(38) 


and the orthogonal transformation is 


% " 


' Vi 

^2 

= A 

2/2 

- - 


- Vz - 


These formnlae written in full are known as Rodrigues’ equations.’ 
They were also known to Euler (1770). Their chief interest is 
that they give a rational solution of the problem, the simplest 
case, when n= 2, being familiar in the form of finding rational 
lengths for the sides of a right-angle triangle. 

To obtain, by any other means, a set of rational values of 
direction cosines of three mutually perpendicular lines in space 
referred to rectangular Cartesian axes is a difficult problem, as 
an attempt will readily show. 


EXAJVIPTES 
r 1—2 2-| 

1 . Verifv that ^ —2 1 2 gives an orthogonal transformation. 

L-2—2—iJ 

2 . Prove that if is the Cayley orthogonal matrix, then j ^ j == 1 - 

3* If jp rows or p columns of the Cayley matrix are multiplied by — 1, 
the result is an orthogonal matrix whose determinant is ± 1 according as 
p is even or odd. 

[Apply the detailed test as in ( 37 )]. 

4. If e/ denotes the unit matrix with p negative and n — p positive 
signs attached to diagonal elements, then J{I S)l{I — 8 ) is the general 
orthogonal matrix, whose determinant is dh 1 according as ^ is even or odd 
(cf. p. 348 ). 

^Rodrigues, Jonrn. de Liouville de Math., 5, 404-405; cf. Euler, Comment. 
Petropol, 15 (1770), p. 101- 
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5. Linear Transformation with Absolute Quadric. 

An important- corollary follows, wliich concerns the general 
qnarlratic relation 

.... (39) 

analogous to the simpler case already taken. Can a linear trans¬ 
formation of variables 

A = [3^9 ^^ 2 , • . • 9 ^ Es/u l/ 2 > • • • ? yti\ (‘^^) 


from X to Y be found, such that the above quadratic relation 
is identically satisfied? The answer is given by use of a sym¬ 
metrical matrix Q == [a^J] = [ujJ; for the quadratic itself may be 
denoted by the matrix product 

X'Q^ .(41) 


For example, 

x^, x-si 


a 

h 

9~ 


h 

h 

f 


-9 

f 

c„ 



= -|- bx2^ -f- cxq^ -j- + ^gx^x-^ -j- 27ix-^ 


(42) 


Our condition is now X'QX == Y'QY^ and this is secured by 
taking as our linear transformation 




(43) 


8 being an arbitrary skew symmetric matrix. For by transposition 


X'-- 


r,I-QS 

' I+QS’ 


(44) 


since Q' — Q, S' — — 8. Hence X'QX = Y'QY provided 


I-QS ^I+SQ 
I+QS-^ I-SQ 


(46) 


As in (37) the fractional notation is unambiguous. Multiplying 
fore and aft by I -f- Q8 and 1 — 8Q respectively we have 

(Z — Q (Z + SQ) = (Z 4- QS) Q{1— SQ), (46) 

which is true on expansion without the commutative law of 
multiplication. 
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This 


matrix 


I-hSQ 

I— SQ 


is a function of a single argument SQ. 


Another matrix which has the same property, but which is 
not a function of one argument, for the order of its factors 
is non-comroutative, is given by the following theorem. 


Hermite’s Theorem. —TJie matrix (Q -j- 8)“^ (Q — S) gives 
rise to a linear transformation which leaves the quadric X'QX 
uncha7iged. 

Proof .— 

Let R= (Q + {Q — S), so that, by the reversal law, its 
transposed is 

R'={Q^S){Q-Sr^ .(47) 

Hence 

R'{Q + S)R ={Q + S)iQ~ Sr^iQ -hS)(Q + Sr^Q - S), 

= Q + S .(48) 


after cancelling the third and fourth factors and then the second 


and fifth. Similarly 

R'{Q — S)R = Q~S .(49) 

Adding these results we have 

R'iQ^ S+ Q — S)R = 20 

or R'QR — Q .(50) 

By subtraction, R'SR~S .(51) 


Hence as in (45) the requisite condition is satisfied, so proving 
the theorem. 


Corollary I.— The same matrix leaves the shew symmetric 
bilinear form 

X'S F = B Sij yj {s^j = — s,.,) 
unchanged, as is indicated by (51). 

Corollary 11 . —The pencil of bilinear forms 

XU Xiaij -f ^B XiSijy 

whose matrix is AQ /xS, is also left unchanged. For by (50) 
and (51), if A a^id {jl are scalar, 

R' {XQ — puS^R = AQ —j— fj^S. 
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6. 0roup of the Orthogonal Matrix. 

Theorem. — T7ie product of two orthogonal n-roived matrices is 
orthogonal. In fact, if A and B are each orthogonal ?^-rowed 
matrices, then 

AA' = BB' = A'A = B'B = /. 

Hence 

ABB'A' = AIA' = AA' = 1, 

Thus if G = AB, then O' = B'A' and GG' = ABB'A' = Z, 
which proves the theorem. 

This result is obvious geometrically by interpreting each 
matrix as a suitable rotation of axes about a fixed origin. 

Such a result typifies a property of fundamental importanc'.e 
throughout mathematics, namely the group property. In its 
general form the group is defined as follows.^ 

Definition of a Group.— A system consisting of a class of 
elements A, B, C, , . . , and one rule of combination, which will he 
denoted by o, is called a group if the following conditions are satisfied: 

(1) If A. and B are members of the class, whether distinct or 
not, A o B is also a member of the class. 

(2) The associative law holds, namely 

(A o B) o G = A o (B o C). 

(B) The class contains a member I called the identical element, 
which is such that every member is iinchanged when combined with 
it: thus 

AoI=IoA — A. 

(4) Answering to each member A is a member A“^, called the 
inverse of A, such that 

A o (A-^) = oA = I. 

Simple examples of groups, which obey these conditions, will 
at once occur to the reader. Positive and negative integers with 
zero form a ^oup, if the rule of combination is addition. In 
this case the inverse of H is — A, while 1=0. So the class of 
integers is a group for the operation addition. But not so for 

^Cf. Bocher, Higher Algebra (New York, 1919), p. 82. 
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subtraction; nor even for multiplication, since condition (4) 
breaks down. 

Non-singular matrices of tbe same order form a group for 
multiplication, tbe identical element being 1. 

Tbe totality of all displacements of a rigid plane lamina in 
its own plane form a group, if we allow tbe null displacement—no 
displacement at all—^to act as tbe identical element of tbe group. 

Again, tbe totality of all linear transformations, from a set 
X oi n variables to a set Y, form a group, provided tbe matrix 
M of tbe transformation is non-singular. Thus if A = MY is a 
transformation A —> Y, and Y == NZ is another linear trans¬ 
formation, tben 

X=MY^ M{NZ) = {MN)Z, 

Hence {MN) tbe product of tbe matrices M, N determines tbe 
linear transformation from X direct to Z (§2, p. 59). We may 
evidently speak of tbe transformation M (or N, or MN), meaning 
tbat for wbicb M is its coefficient matrix, as in §1. So if 
I M I, I -A I are non-zero, tbe inverse transformations exist, and 
group condition (4) is satisfied. If in particular N — M~^, tben 

X=xMM-"Z==IZ, 

wbicb gives tbe identical transformation of tbe group, namely 

iCl = , a ?2 ^2» * • * s • 

7. Dimensions of tbe Transformation Group, 

Consider tbe two matrices M and N, eacb witb elements, 
not entirely alike, so tbat M =4= Tben MY =k tbat 

we may properly speak of tbe transformations 

A=-MY, X = NY 

as distinct. For tbey give different values of tbe set X answering 
to one value of tbe set Y. Tbus tbe transformation M is said 
to bave dimensions, for it is not specified unless all its 
elements are given, whereas tbese elements determine it 
uniquely. 

Definition of Subgroup. —A subgroup of a group is an 
aggregate of members which themselves form a group, with the 
same rule of combination. 
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For oiu* purpose the following examples are important. 

The Projective Subgroup. 

MI matrices pJi, crJI, tM . . . where p, cr, r ... are non¬ 
zero scalar factors are members of a group. ICach is obtained 
from another by scalar multiplication, and all the group conditions 
are satisfied. Applied to a linear transformation A Y such 
matrices differ merely by multiplying the co-ordinates ? yn 

by a constant factor. Now this difference is immaterial for 
homogeneous co-ordinates in geometry: accordingly these trans¬ 
formations are indistinguishable. So if the — 1 ratios 
: ^2 • * • • • ■fch® elements of M are given, one such 

transformation is determined. The totality of these transform¬ 
ations forms the projective groups of — l)-fold space, and 
therefore its group dimensions are — 1. 

The AfBne Group. 

The matrix 

ii • * * ^->1 

= , CO,, =4= 0, A 

5n—l 4>n—1 
0 0 co„ 

with n — 1 zeros in the wth row defines a group of transform¬ 
ations. For the product of two such still has the requisite 
zeros; and each group property, mcludmg the existence of an 
identical member, is secured. Here then is a subgroup of the 
general transformation group. Since has — n-j- 1 arbitrary 
elements, this number gives the dimensions of the affine group 
for {n — l)-fold space. 

The Aflane Group with a Fixed Point. 

This is defined by 

0 

0 ... 0 

Witt (n — 1)2 4 - 1 group dimensions. Here there are — 1 


... 

.= 1=0 
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zeros in both, tbe last row and column. Again the group pro¬ 
perties bold. 

The Orthogonal Affine Group with a Fixed Point. 

The matrix of type il/g wlieyi the minor 

is orthogonal defines a group, as is easily verifiled. The \n{;n — 1 ) 
conditions needed to make this minor orthogonal cut down the 
group dimensions to 

1)2 1 _ xn{n — 1 ) = __ 3 ,^ ^ 4 )^ 

EXAIVIPLES 

1. The affine group leaves the equation of a certain prime (linear form) 
absolute; namely, Xn — 0 becomes x,/ = 0 when x —> x'. 

If = 3, this is illustrated by taking xjx^^ ^ 2 /^’s Cartesian oblique 
c<^-ordinates and regarding the transformation as a change of axes. 

2. Keeping the same axes and regarding the transformation as a change 
of figure, the point x moving to x', prove that the affine group (ri—Z) 
clianges point to point, line to line, and parallel lines to parallel lines. 

3. The group can be regarded as a change of axes without shifting 
the origin. 

8. Induced Compound Transformations. 

In § 8 , p. 86 , certain compound co-ordinate sets TTg, ttj, . . . , 
Pn—n * • • "^ere introduced as a direct application of the 

determinant theory. We now proceed to develop their properties 
in relation to the Sylvester theory of cogredience. 

Let X, y, z, . . . , s, the any number h of cogredient variables, 
r of which we choose to form a matrix of t rows and n columns, 
say 

iPrl = ... y^\- 

This has (”) determinants of order r, making a set which we call 
pj., provided r C n. 

Definition. —The v-roived determinants of the set are called 
vth compound point co-ordinates. 


Cl 

... r—j 
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Accordingly the sets 770. 773 . . . are particular second, tLird, 
. . . compouiici point co-ordinates. If we abbreviate the set 
77^== (xij)a3 as xij, and 773 as xyz, and so on, we consider all the 

various sets _ _ _ 

xy, xz, . . . , xt, yz, . . • , st 

as second compounds: and similar remarks apply to Hh com¬ 
pounds. Thus from k given points x, y, . . . , t we derive rth 
compounds. 

In particular, \i r~ 71 — 1 the rth compound is a prime 

(§8, p. 86). This is true of any {n — l)th compound. Also if 
r = 1 we revert to the original point type x or y ... or t. And 
once more, if r = n, the matrix [pj is square and has a single 
determinant [ p,i |. This gives a set of n points which form a simplex 
provided | | =!= 0: otherwise the points are linearly related. 

We now come to an important theorem. 

Theorem .—A Imear transforynation T of cogredient variables 
X, y, . . . to x', y', . . . 7 'espectively, induces a linear transformation 
upon all their coynpounds xy, xyz, . . . , such that all rth compounds 
are cogredient. 

Proof.— 

This follows immediately from the theorem of corresponding 
matrices (§ 4 , p. 79 ). For by ( 4 ), p. 148 , which we write shortly 
as ocf = xf = 77^., &c., we have for cogredient variables 

Vy ^ , yn ^z'> • * • 

Hence 

(^V)x2= ={^r,\xy) = i:{irXKxy),j, 

which shows that the new compound co-ordinate {x'y')-^^ is a 
linear function of all the old {xy)ij. Similarly, if 6 , cf> belong to 
the ath and ^th rows of (4), 

(^'y')a^ = I xy) = ' 2 i{eci>y\xy)ij. 

Hence the second compound x'y' is transformed linearly to ^ 
by a matrix whose elements are the second compounds of the 
elements of M~'^ which transforms x' to x and y' to y. The same 
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matrix arises whatever pair among x, y, z, , . , ^ t is first selected. 
So all second compounds are cogredient. 

Likewise for third compounds 

(a:'2/'z')i23 = (iriC 1 xyz) = {xyz)ijj, 

leading to a similar result; and so on until the (re— l)th compound 
is reached, in which case the typical equation is 

{x'y'z' ... s'). 2 s...» = S( 7 j$. . .coy^-^{xyz. . 

The coefficients in this series are proportional to 

^1? ^2? • • • J ^7iJ 

which leads hack to the result that the transformation of (n — l)th 
compounds is cogredient with that of u and contragredient to x. 

This puts the Sylvester-Cauchy theorem (§9, p. 87) on com¬ 
pound determinants in a new light. Tor we have now arrived at 
a system of compound matrices, say M, M^, M^, . . . , 
whose determinants | ilf |, | • are what have been called 

compound determinants. Since each determinant, according to 
this theorem, is a power of \ M\, it follows that none of these 
compound linear transformations are singular unless that of x 
itself is. 

Corollary I. —The correlative com'pounds p^ undergo linear 
transformation, such that p^. and rtj. are contragredient. 

This follows at once from § 8 , p. 86 . 

Corollary II.— If the transformation T : x —> x' is orthogonal, 
so also is each compound transformation. 

Tor if a, y . . . denote any of the rows f, 77 , . . . , co in the 
transformation matrix M, then 

(a I a) = 1 , (a I ^) = 0 a 4= 

when M is orthogonal: whence, by the theorem of corresponding 
matrices with r letters both before and after the vertical line, 

(aj 8 . . . I yS . . . ) = 1 or 0 

according as a = y, ^ = S, . . . or at least one of y, S, ... differs 
from a, . These conditions at once imply that the rth 

compoimd is orthogonal. 
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9. Connexion between Matrices and Quaternions. 


Tlie theory of four-rowed orthogonal matrices is intimately 
connected T^dtii that of quaternions. If we introduce into non- 
commutatiTe algebra three elements i, j, k called complex unit-s, 
defined solely by the equations 


jl = i == — Jg, hi — ji' = — ik, ij = k -- 


' J 2-9 


(52) 


then a quaternion is a linear function of i\ j\ Ic 
q = ix +jy + kz -f 


where x, y. 'y. t are scalar. 

If Xj y, z, t belong to the field of real numbers, q is called a real 
quaternion; if to the field of complex numbers (a 4- V - i jC), 
is a complex quaternion. 

The quaternion 

= — ix—jy—kz t 


is called the conjugate oi q; it satisfies the scalar condition 

analogous to the property of conjugate complex numbers 
a -j- 'v/ — 1 jS and a — x/ — 1 This quadratic expression 
X- y‘^ t- called the norm of q. 


EXAJMPLES 


1. Prove that the two-row matrices 

'-C ;]■ 5 ]. 




Bat^ the above properties and verify that % j, h as defined by (52) also 
satisfy- the associative laws. 

2. A quaternion O' is expressible as a two-rowed matrix 

Q = r ^ -h y + ssl 
___ ^ L—2/+ £2=9 t — 

where s deno-tes V — 1. 

3. Prove that the matrix product qg' is scalar, "where q' is the con¬ 
jugate of g. 
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4. If 2 , z are conjugate complex numbers, and also w, 5?, tben 

[ z, w~[ , 

— - IS a quaternion. 

—ii\ z J 

Prove the reversal law for the conjugate of a product of quaternions 
p, q, namely 

{pqY= q'p'. 


6. The norm of a product is the product of the norms. This generalizes 
the well-known theorem for the product of moduli of complex numbers. 
Justify the steps in the foUo’wing proof: 

Jir=pq, then / = qfy. So 

rr' = pqqY = p(qq')p' = {pp') iqq'). 

6 . Taking p= icc-\- + h{ + q—ix + jyhz-\-f express r=s pq 
in full as a quaternion. Hence by 5, prove the identity 

(a2 + §2) (^-2 ^ 2^2 ^ ^2 q. ^2) ^ X2 _j. y2 ^ ^2 ^ 

where X= yy -f fjz -f cf.t 

y = — cx,z + 

Z = — ^x+ ixy + ^z + yt 
T ~ (IX— — yz+U. 


7. If a;2 + = 1 = prove that 


A = 


8 — Y p a‘ 
Y 8 —a p 
— p a 8 Y 
L—oc “S —‘Y 


and B = 


' t z ~y 
—z t X 
y -os t 
.—x —y —z 


x' 

y 

z 

I 


are orthogonal matrices. 


pZi Xo X4-1 

Y Y Y 

8. If i ^ 2 4 denotes the product AB, prove that the 

Zi 

LTj t\ T 3 T 4 J 

sam of the squares of elements in each column is 

(a- + + y" + + 2 /^ + 3' i- 
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General Properties op Invariants 


1. Linear Transformation of the General Form of Order p. 

Certain theorems apply equally well to forms in n variables 
..., as to binary forms; so we shall now consider 

them. 

Let ..•.(!) 

be a form of order p, so that 

• • ‘-h = P • • • • (2) 

for each i.erm of /. We replace Ci by a multinomial coefficient 
together with an arbitrary coefficient such that 


Let N be the number of different terms in the general ji?~ic /, 
that is the number of different values of the matrix 

[aj, ySf, ..., vj], (4) 

Then N is also the number of different terms in the special 
form when = ccg = ... = ay = namely 

(^ + ^2 + • • • + .( 5 ) 

With this understanding we write 

/= (ffi, a^, ..., aj,\x^, .... x,y = f{x) (6) 

in the contracted functional notation. 

Now let T : a; “» x' be a linear transformation with n equations 
Xi = + . . . -f • • (7) 

1G8 
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where the square matrix M of the coefficients . . ., has 
a non-zero determinant | -3^^ [. Subject to this sole condition, 
the coefficients are arbitrary independent real or complex 
numbers. 

As in binary forms the efiect of this transformation upon the 
^-io f{x) is to produce a new Thus 

= (%, ®.v 5 2:1, a:2, ..., a:,,)*’ 

= (0^ ^ Oj ^ , • • • 9 ^ 2^19 9 . .. , )^9 , (8) 

defining a set of N new coefficients [u'] analogous to (3). In 
fact a{ is the coefficient of after removing 

the multinomial factor. But this is found on the left-hand side 
by picking out the required terms in the expansion of each 
separate term. For our present purpose it is sufficient to observe 
that each is a linear function of , aj^. We typify 

this by 

T \ x—^ x\ T^: a\ 

2. Projective Invariants. 

Definition of Invariant .—A polynomial function I (a, h, of 

the coefficients a, b, . . . of forms f(x )5 g(x), is a polynomial 
projective invariant if 

I(a\b\ ... (9) 

identically, where cf>(i) is a factor depending solely on the n^ 
coefficients . . . , of the transformation x x'. 

Such a function is a relative projective invariant, to give it its 
full accepted title, but briefly it is called an invariant. We 
prove a few theorems which hold of such functions Z. 

Theorem I .—The factor <f>{i) is a positive integral power of 
the modulus | M | 0 /“ the transformation x x'; namely 

co„) = lMl-= (1^.... . (10) 

Proof .— 

For if I (a) denote such an invariant of f(x) then 
I(a') = <f>{i)I{a). 

But suppose we start with f'{x'), then I{ci') is an invariant of 
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fix'). If we now transform /' back to / by the inverse trans¬ 
formation x' —> X (cf. (5), p. 69), 






|j/! 
I-III 




2 ^- 


\M 


■ OC2 -j- •••-{- 


\3I 


+-+ 


\3I\ 

In. 

I ill I 


and the condition analogous to (9) is 


Hence i£ 1(a) = 4 = 0, we obtain by multiplying these results 



( 11 ) 


Since I (a*) is rational and integral, so also must 



be. 


Hence we can clear the denominator of (11) on multiplying 
through by a suitable power | and, after expressing each 
co-factor X oi\M \ in terms of the elements , we obtain 


4>{i) = .( 12 ) 


where both <p and ift are polynomials in their arguments. But 
I M I is an arbitrary determinant and therefore has no factors 
rational and integral in its elements. Consequently both 
and are powers of | -M” |. Thus €f>(^) =: \M\^ = A*". 

This index w is called the weight of the invariant 1. 

Corollary.— If Ig are two invariants of weight Wj^, Wg 

respectively, then 


Hence the product I 1 I 2 is an invariant of weight Wj^ -f- Wg. The 
quotient I 1 /I 2 satisfies the condition of invariancy, and is called 
a rational invariant of weight w^ — Wg. 

An algebraic invariant is the root of an equation 

(7o, Ii,..., 7p 2 ;, 1)^ = 0, 

where each coefficient is a rational integral invariant. 
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The stun. o£ two invariants Jj, is only invariant if their 
weights are equal. For 

and if the left-hand side is invariant it has just been proved 
equal to -h Hence = ^ 2 - 

We sum this up by saying an invariant is isobaric. 

EXAMPLE 

Show that the present definition of weight w agrees in the binary 
case with the definition already introduced in §4, p. 134. 

3. Homogeneity of Invariants. 

Consider a number of given ground forms f{x), g{x), ... 
whose coefficient sets are [a], [6], .... Let / be a simultaneous 
invariant of weight w, so that 

I{a\ 6 ', ...) = A-7(a, 6 ,...). 

We shall prove that it may be sorted out uniquely into a number 
of terms homogeneous in each set [a], [6], . .. , each such term 
being an invariant. 

Theorem II, —Every simultaneous invariant can he ex'j>ressed 
in one and only one way as a sum 

i=r-\-r' + 

of invariants which are each of iveight w and homogeneous in 
each set of coefficients involved. 

Proof .— 

First let all terms be reduced as far as possible, terms with 
the same index set, §1 (4), being collected into one term. If 
I is not homogeneous in each set [a], [ 6 ], . . . let it be written 

y _ I^(a) 12,{a) Is (a), 

where each term in this sum is homogeneous in each set. 

Now by definition we have 

I(a') = ^ X {/i(a) + I ^ i ^) + •. • + 

Therefore 

“h -^2(^0 + . • • + Zjj (a') — ^ X { Zi (a) (a) } 
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identically. Also S is independent of 6, ... , while a' is linear 
in a; U in b: .... Hence the only part on the left-hand side 
which is of the same degree in a as /i(a) on the right is 

so that 

Thus Ii{a) is an invariant. 

For example 

Oo^2 — ~r 

is a simnltaneoTis invariant of the two binary quadratics 

(^ 0 , 5 and \ x^, 

but it is the sum of the two expressions 

<^ 0^2 — + ^ 2 ^ 0 > 

each of which is homogeneous in the two sets of coefficients. 
Calling these invariants and h, they both have weight two, 
but they diEer in degree. The degree of an invariant of a single 
form is its degree in the coefficients of the form. So has degree 
two and weight two. In keeping with this definition, Jg is said 
to have partial degrees (1,1) in the respective sets of coefficients, 
and again its weight is two. 

4. Ground Forms. 

It is natural to extend the definition of a ground form (p. 138) 
to include the case of several such forms as in the above example. 
The coefficients of terms in the forms are ground coefficients. 

It should now be clear that three essential things are involved 
in the invariant theory: the ground form, the transformation, 
and the invariant. In its general aspect the problem before us 
is to discover whether a function, say I{a), exists, and if so how 
many such functions exist. To these questions a general answer 
can be given, not unlike the corresponding answer to -^he question 
whether a given equation, algebraic or differential, has a solution. 
The results are crystallized in the great theorems which follow 
later, associated with the names of Clebsch, Gordan, and 
Hilbert. 
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5. Symbolic Notation. 

The reader is already familiar with diferential operators 
which combine very like ordinary numbers. Suppose, for 
example, that Xq are independent of x and y. Then we may 
write 




^ ^ ^dx^-'^dy ' ^ dyv 


identically, provided ^ is a positive integer and / a function 
capable of such successive differentiation. 

In particular let 

/= + pa^xf-'^y + ... + jfP, . . (14) 

then each ^th derivate of y'is a single term, and, in fact, 




*■=0,1,2_ p. . (16) 


Hence identity (13) now takes the form 




= p\{aoX^ + pci^x^ *ar2■^-••• + “?.*/)• 06) 


Let Tis now introduce the following notation: 

a.-,^~’'aJ= —— — p\ r== 0, 1 
' ^ dx^—'d^ ^ 


p\, r=0, 1, 2, (17) 


so that for extreme values of r. 


dy^ ^ 


Then owing to the convenient fact that the differential operators 

0 0 

_, _ combine as numbers and obey the index law, so also 

dx dy 

do ttj, ag* This becomes plainer if we take an actual example, 

_lZ_^ 5 !, 

dxdy dx^ dy 



174 GEXER.AL PROPERTIES OF INVARIANTS [Chap, 
which would occur ii p= 6. This would be written as 

o 

CL'^9 


Manifestly we should have such relations as 

a-^a.y(x~^a .2 = = a.;fci^ — &c.; 


for they are all ways of v'riting the same quantity 


dx^ dy^ 


5!. 


So we have introduced two symbols a^, ag which have the pro¬ 
perties of ordinary numbers with this proviso: they only occur 
in a product of degree p, involving p — r factors and r factors 
ag: otherwise they are undefined. 

ITow let us extend this definition. Let and ag occur in a 
product of degree 1, 2, 3, . ., , or and behave like ordinary 
numbers, but let a product of degree greater than p be undefined 
and therefore meaningless. There is clearly no contradiction 
involved in such a restriction. 

If we substitute from (17) in (15) we obtain the elegant result 

= Uq, ^ 0-2 = • • • , CLj^ 0.2 • • • > ^ 2 ^ ^p' 

The result w'hen put in (16) gives 

(a?iai + = Uq + pcti ajg + • • - + ^ 

Since X 2 are independent of x and y, they combine with the 
difierential operators and therefore with and ag as with ordinary 
numbers. So we may write 

+ ^ • ^‘d-cipX2^. (20) 

This is an identity for x^, X 2 , obviously agreeing with relations 
(18). 

These a^, og are the Clebsch-Aronhold symbols, founded on 
the hyperdeterminants of Cayley, which have proved to be of 
the utmost value in developing the general theorems of the 
invariant theurj'. Isow that they have been defined we can 
dispense with all that precedes (18) and (20) by making the 
following doctrine of these S 3 nnbols: 

The symbols Oj^, ag behave as ordinary numbers. They have 
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?io actual meaning as numhers except ivJien they occur in a product 
involving exactly p of them. 

Thus the symbols express the coefficients , cbp of 

the binary p-io, J explicitly and uniquely, and any linear function 
of the coefficients can be written unambiguously by means of 
the symbols. Indeed they express the binary p- 2 c itself as a 
perfect pth power of a symbolic linear form a^x^ + agXg- 

If in particular the binary p-ic happens to be a perfect pth 
power, the symbols represent actual numbers. This is called the 
scalar instance of the general symbolic form. 

6. Symbols for Forms in Three or More Variables. 

Exactly the same methods may be used to denote a homo¬ 
geneous form in three or more variables, aq, 2 ^ 3 ? •• • by means 
of symbols a^, ag, ag, .... 

From an identity analogous to (20), we should arrive at 
the result 

(a^ % -{- ccg iTg + 0,3 = S ^ II ^ • (21) 

Vi'here i-\-j-\-jk—p, the su m mation extending to all di:ffierent 
values of the index matrix [i, Td\. The only essential difference 
here is in choosing a suitable notation for the coefficient of the 
ternary j>io. f = + ...-r a,,,.-, 

which now takes the place of (14). Whatever principle of suffix 
or other notation is adopted on the right-hand side of (21), it is 
agreed that a product of p symbols 

„ 7" u 

multiplied by the trinomial coefficient pljiXjlM actually repre¬ 
sents the coefficient of xf xf xf in this ternary p-ic. 

If p = 2, the coefficients are best denoted by double suffixes 
in all cases involving many variables. Thus 

/= 

i 3 

i= 1, 2, ..., n, y= 1, 2, n aij=a 
is the quadratic form in n homogeneous variables. 
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For instance, in this notation the areal or homogeneous equa¬ 
tion of a conic is 

/ - aq- -f U22 Xo- -7- ^^33 ^3^ -r 2 U 23 ^2 ^3 "T ^(^31 ^3 + 2«i2 ^2 > 

which is symboKcally written 

{a^x^ + ttgXa + agXg)^. 


This leads to the very simple definition of symbols for a quadratic, 
namely 

= a^j. 

So also, in accordance with the defined behaviour of the symbols, 

CLjCLi dji * 

Similarly the quaternary quadratic is denoted by 
(^1^ ~i“ ^2^2 “i“ ^^3 <^4^4)“'} 

and the general quadratic by 

(ai% -f agaJjj 4- ... + a^X,,)% 

where as before 

aj-a,- = dij. 

Cubic Forms.—Next if p — S, a triple suffix notation is 
convenient, so that the general cubic is symbolized by 

(ai^i + agXa + . . . + 


where a^aja* gives the coefiicient of Xj %, apart from the multi¬ 
nomial coefficient, in this case 1, 3, or 6 according as i = j = Jc, 
or two only are equal, or all difier. 

The Greneral Form of Order p. —This is best denoted by 
attaching a group of p suffixes for a coefficient. Thus 

S . S ^ Xj^ Xj Xjf, ... x^ , 

i m 

the summation extending from 1 to n for each of the p suffixes 
i, j^Tc, , .., m. This will give aU possible products of 

degree p in the set . .., also each term obtained by 

deranging the suffixes of a given term will be of the same kind. 
We may therefore define all different permutations of suffixes 
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be equal. TMs allows, as a simple consequence, 
the symbolic form 

+ a 2 a :2 + . .. - f - <^71^71)^ 

to represent/; so tbat, by equating coefficients, 

a^aj ... ^ ..m = 

And lastly, if we carefully distinguish between single suffixes 
and multiple suffixes, we may with advantage use the letter a 
rather than a for the symbol, and write 

a^aj . . . ^ ^ 

for the typical coefficient of the ^j-ic /, now symbolized by 

(^1^ + <^2^2 "b • • • d~ ^ 7 i^ 7 i)^• 

BTere the actual coefficient is said to be resolved into its 

symbolic factors a^, a^ , . , , a^ : and conversely, a symbolic 
pi’oduct is only an actual coefficient if it contain exactly 'p factors 
. . . . In particular if = !» or if / itself is a perfect pth 
power, this distinction breaks down, and the form provides its 
own symbol. Such is called by Professor Bell the scalar instance 
of the symbolic expression. 

For binary forms, this notation is unsuitable, since single 
suffixes do duty for the actual coefficients. 


7. Polar Forms. 

First we contract the notation o-iCiq -f- agCCg of the binary case 
to so that the binary 7 ?-*ic is denoted by a/’. Thus 


(Cto, csi, .. . , oSj, 5 a^, 


^ 2:2 + • • • + ®/i 


Then an excellent example of the use of these s 3 mibols is in the 
polar process. 

Since a^, ag behave as ordinary numbers, we have 


C D SS 4 ) 
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Multiply by y.^. ij„ respectively; add and then divide by p. Hence 


CX ^ 


Vi 


ax. 


■ Vz g^) »/ = ^ “j/- (24) 


TMs is the first polar of aj" with regard to y. Similarly the second 
polar is 

- (y V = . . (25) 

p{p — 1)^ OX^ 


and so on. The rth polar is 

«/-*•<.(26) 

The process ends in p steps, for then all higher differentiation 
produces zero. 

Exactly the same notation denotes the nth ^olar of the 

p-ic i?i n homogeneous variables. 

This may at once be verified. 

Fmrfcher, we may have mixed polar forms involving anything 
up to p difierent sets [cc], [y], [ 2 ], .... 


EXAMPLES 

1. The quadratic ax^= ^ 0 ^ 1 ^ + a polar 

CCxOLy = Oro^l 2 /l + H- ^ 2 ^ 1 ) + « 2 ^ 22 / 2 * 

2. The cnbic ctx^ — {a^y, CTo, <23 has two intermediate polars 

<Xx^^y, oixOLy^, and one mixed polar* Ox^y^z- Find their expressions in full. 

3. The ternary cubic in canonical form is + x^ + ^7rLX-^X2,x^. 

What are its polars of type ccx^ccy, ocxcx-yocz? 

Ana. xPy-f^-i- x^^y^ + Xq^ij^ + 2ma;2a;3?/i + 2mxsX^y^ + 

-h + 7Yi{x^y^z^ + a?! 2 / 32:2 + 0 : 2 ^ 12:3 -h x^y^z^ 

fi- ^zVxH -h 

4. If oLx^ denote (cciX-j- oL^y ag)®, in order to syrmbolize the conic 
ax^ -f- ^tixy -f- t)y^ -f- 2gx -f 2fy -{- 0 = 0 , what does clxolx' — 0 symbolize? 

Ans- {ax + % + g)x' + (hxby + f)y' gx + fy + c = 0. 

5. Prove symbolically that if the polar of point P for a conic passes 
through Q, that of Q passes through P. 

6 . Prove symbolically that when the sets [a;], [y], . . . are all the same 
as the criginal [a:], each polar reverts to the original form. 

Ans. ocxCCyOCz . . . = ocxocxocx • - • =ocx^- 

7. If (aj^x cc^y -h ag)? = 0 symbolizes a plane curve of order p in 
Cartesian co-ordinates, and aa}P~~^(Xae'^' — 0 is defined as its rth polar for 
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the point (x', y'), prove that the rth polar is a curve of order p — r, which 
only passes tl^oiigh (a:', y') if {x\ j/) is on the original curve. 


8. Egiiivalent Symbols. 

One objection to these Clebsch-Axonhold sjnnbols will prob¬ 
ably occur to the reader. What are we to make of a form of 
degree two, or more, in the coefficients of a given ground form 
f expressed symbolically as For by definition we have a 

set of n symbols a^, ag, . - . , ot^i which can only be utilized to 
express an actual coefficient in products p at a time. Thus a 
polynomial of degree p in the symbols a is equivalent to a 
form linear in the actual coefficients of the ground form/. Tie 
simplest way of meeting this difficulty is first to consider 
simultaneous sets of coefficients, and functions which are linear 
in each of these sets. Suppose, for instance, we have two binary 
quadratics 

£/ = ao V 4- % a ?2 + «2 

V= boCCj^^-j-2bja^X2-hb2X2^J' 

written symbolically as and respectively, where 

and J3^, jSg are symbols referring 
exclusively to the coefficients b^, b^, 63 ; in particular 

^ 1^2 — b^, ^ 2 ^ “ ^ 2 ‘ (28) 


Then manifestly any expression bilinear in the a’s and 6 ’s can 
be expressed by a suitable combination of a’s and yS’s. Thus 
^062 = OT, again, 

— 2^161 == ( 01^2 —- a 2 jdi )2 = (ayS)2, say. (29) 


Conversely (ajS)^, being quadratic in both a^, ag and ^2 
be expressed unambiguously in terms of the coefficients , ag 

and , b-j ^, ^^ 2 * 

But suppose that the given quadratics 27, V are identical. 
Then 


while 


G q — 60 , Gi — bi , G2 — &2 > 


aob 2 + ^2^0 — 2^161 =■ 2(aoG&2 — a ^^). 


This last expression, say, which is the discriminant of the 
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quadratic 17, appears Iiere as a particular case of a bilinear 
invariant D 225 


This gives us a clue for the symbolic expression of : we express 
a^a, — aj^ symbolically hy using the Aronhold operator 


{b^) ^ 

V ca' 


= 6„ 




dao 


on Dji^ to reyider it linear in both sets [a] and [b], after which we 
are at liberty to use symbols a and There are now two a’s and 
two f’s in every term of the result and the letters a and 8 

are said to be equivalent symbols. 

We therefore write 

U = a,^ 

Oq — a.^ = 

— (Xj 0C.2 —^^2 > 
cto = = ^2^* 


Similarly fox the binary p-ic 
f^aLP=^pJ> 

== (®o> ••• 9 ^ 2 )^* 

Any product of degree two in the coejBacients, say is 

symbolized either as 

or as 

which mean exactly the same actual product Conversely 

any product of p as and p yS’s stands for a unique product of 
two coefficients aj. The value of this result will appear in 
the sequel, for at present it seems artificial and useless. 

In general, to express a product 

ao^af ...af 

of degree i in the coefficients of the ground form we introduce 
i equivalent symbols a, P, y : or, what is the same thing, 
we render it linear in i difierent coefficient sets [a], [6], [c] . . . 
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by use of Aronbold operators (b~\ (c~\ . . , , and tlien gub- 

\ oa'^ ^ ca) 

stitnte tbe symbols a, y . . . as befored 

Tor example, if y= (<Zq, \ ^^ 2 )® Is a binary cubic, 

== y-i y2 “2 


Conversely, a polynomial of degree tiiree in each set a, p, y 
symbolizes a polynomial of degree three in %, a^. Thus 

>.ai^a2^i^2^y2® + ^ 2 , 7 x 72 = + fjLa^a^, 


EXAJVIPLES 


1 . Prove that, if (a p) denote (oc^ po — Pi)> Jacobian of two quad¬ 
ratics o?a;^ is symbolized by 4(oc^) oc^ 


is the determinant whose rows are the coef&cients of 


Cl/Q iZe> I 

2. If bo hi bl 

Cq Cl C 2 

three quadratics symbolized by ocxK yx^, prove that this determinant 
is symbolized by — (|3y) (yaXa^). 


3. If a and ^ are equivalent symbols, prove that both (a (3) oca; and 
Oy)(T“)(“P) vanish identicaUy- 

4. The symbol (oc^)(Xa;^~^^x^~'^ denotes the Jacobian of a binary jp-ic, 
txxP, and a binary g-ic ^x^, neglecting a numerical factor pq. 

5. Show that for a cubic (ag, Oj, a^, symbolized by a^?® and 

the Hessian is given by (ap)®o^{3a:- 

[The Hessian is + ^- 2 1. xjse sjnnbol « for row,, 

and ^ for rowg]- 

6 . Show^ that any determinant of order ti whose rows (or columns) 
each involve the coefficients ai of a quantic linearly can be symbolized by 
the use of n equivalent symbols, one for each row (or column). 


^ Various extensions of the use of these symbols, sometimes called nmbral 
symbols, or umbrae, can be made, as, for example, in the next chapter- We 
pass over the question of geiteral forms, whose order p may not be an integer; 
cf. EncyTclopadie der Math. Wiss., HI, 3, 6 (1922), p. 7: and also that of the 
relation of symbols to a power series 

d" c^i^ + ctgi® agb® + ... 

whose coefficients are specific integers or combinations thereof. The reader 
will find a very interesting account of these by E. T. Bell, Algebraic Arithmetic 
(New York, 1927), 146-159. 



CHAPTER XI 


The First Fundamental Theorem 


1. Symbolic Factors. Inner and Outer Products. 

We are now in a position to consider a theorem of funda¬ 
mental importance in the invariant theory. It enables us to 
construct, with the help of the symbols, as many invariants 
and covariants of given ground forms as we like; and conversely 
the theorem proves that by adhering to a specified mode of 
construction, all invariants and covariants may be found. 

As a preliminary let us consider the Jacobian of three ternary 
quadratic forms U, V, W given by 

S a^j Xi Xp S bi^ Xi Xp S Cij x^ Xj 
i,j = I 5 2, 3, whose symbolic forms are, say, 

9 Hx 9 7x9 


where — a^x^-h a^x^, which may be regarded as an 

inner product of the set a^, ag, and the set x^, x^. The 
sy^mbolic form is in fact the square of a symbolic linear form 
or inner product. All such factors a^, are called symbolic 

factors of the first ty^e or symbolic inner products. 

Now the Jacobian of Z7, F, W is 


ap 9F w 

dx-^ dx^ dxi 

W 9F aw 

dx^ dx^ 9a?2 

w ^ aw 

dx^ dx^ dx^ 


2a^ai 2y^y^ 

2a^a2 ^xy2 

2a^a^ 2y^y^ 


182 
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since tMs determinant on expansion involves exactly two of eacli 
symbol a, y in each term, 

ai 71 

' ^ i ^2 ^2 y 2 

^3 ys 




which is the symbolic form of the Jacobian of three ternary 
quadratics. It involves a determinantal factor (a^y) which is 
an outer product of the symbolic linear sets a, 7 and sometimes 
is called a bracket factor or factor of the second type, to distinguish 
it from the numerical factor 8 and the symbolic inner product 
or linear factors a^., y^ which are of first type. 

Factors of these two kinds are characteristic of covariants 
(and invariants) expressed symbolically; indeed the fundamental 
theorem will demonstrate that every rational integral covariant 
of one or more ground forms involving variables x^, X2^, . . . , 
can be expressed symbolically entirely by means of these two 
kinds of S3mbolic factor. 

Since an invariant contains no x, it is symbolized entirely 
by means of a, y, and according to this theorem it cannot 
involve factors of type a^.. So it is composed entirely of the 
second type, the determinantal factor involving n s5rmbols. 


2. Effect of Linear Transformation on the Symbols. 

First we must consider what happens to a general p-\c in 
n variables, symbolized by 

{a^X^-r Ci2^2~f - 4 " ~ • - ( 1 ) 

when a linear transformation x—>x'is made. As in §6, p. 177, 
let the general term of this ^-ic have coefficient 

OfiOja^ . . . ^ijk • • • • • * • • {^) 

If the linear transformation is 

X^ = ^iX^ -j" rjiX^ d” ' • • “f" 9 ^ Is * s ^3 (^) 

the effect on is 

(Oiil + . . . + anin)^' + (^ 1 % + - • • + ^nln)^2 + - * * ( 4 ) 

-j- OyjXf + — + CLwXf. 


or 
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Hence, as in (11), p. 149 , the symbols a behave as a set contragredient 
to X, a result of fundamental importance. Also tlie ^-ic itself 
becomes 

= ... ( 6 ) 

say, where the general term of the p-io in , . . . , x,^' has oo- 

efficient 

a'ijj,..,==^a/a/af/ . . (6) 

. denoting tbe «*tb,^'tb, ^b ... of the set rj, ^ . 

For example, the cubic becomes and the coefficient 

of “"CCo IS a 2J.2'— ^2 • a^ayj» 

It will be seen that the new coefficients are obtained from the 
old by exhaustively polarming the ^-ic aj^ with regard to 
77, ^ ... in all possible ways, in agreement with the previous 
result for binary forms. Similarly for other symbols 6, c, . . ., 
belonging to general forms bj^^ cj, .... 

Next, the effect of the transformation on a symbolic deter¬ 
minant {ab . . . m) is to give 

a^ a^j oi>(a 

(a'6'...m')= ={Sr,...w){ab...m), ( 7 ) 

m-rj niu. 

another result of fundamental importance. Further, the effect 
on min ors of this symbolic determinant is given by the theorem 
of corresponding matrices. Thus 

^2 • S ^71 

(a'6')y= (ab \ 

(a'S'cOyj: = (abo | ^'17' SO. &c.(8) 

3. Converse Theorem. 

This at once gives us the converse of the First Fimdamental 
Theorem in the following form: 

Every symbolic product whose factors are solely of the two types 
or (ab . . . m) satisfies the invariant condition, 

For let P={ahc.. .) (a!e/.. .) . 
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be sueb a product, consisting of w bracket factors and tu 
£C-factors, involving symbols a, 6 , . . , , . . . of one or more 

given ground forms ( 1 ). 

Let P' == {a'b'c' . . . ) {d'e\f' ... be the corre¬ 

sponding function of the accented symbols and variables. 

Since and {a'b'c' — ) == {^t) f . . . ) {ahe - . . k>c., we 

bavc 

{cihc ..,){def = | M | - P 
which proves the theorem. 

As an example, consider the ternary symbolic product 
P = {ahe) {abd) c^d^, 

so that 

P' == {a'b'c') {a'h'd') cV d'^ — {^vQ^ {abd) c^d^. 

Let this be expanded in full, as a polynomial in all the arguments 
^ .... X2, x^. On the left, a typical 

term is 

a'h'^ c\ d'g c'l d'^ 

which is of degree two in each set a', 6 ', c', d', and x', Since 
each symbolic factor of either kind {a'b'c') or c'^^ is linear and 
homogeneous in its sets a', h', c', £c', it is at once apparent that 
the dimensions of the typical term are also given merely by 
counting how many of each symbol a' or variable x' occur in 
the unexpanded product P'i and this will be true in general. 

Thus P is a quadratic in x because it has two factors c^, 
and further, if P is not a mere symbolic covariant but an actual 
CO variant, wc infer that the symbols a,h, c, d refer to quadratic 
ground forms, because there are two of each symbol. 

Hence P is a covariant of weight two, the index of {^rjt)) 
and of degree four, in one quadratic, when 
r, 2_ K 2. -— fj 2 

“a; 

are equivalent symbolic forms : or again is of partial degrees 
( 1 , 3 ) in two quadratics and = c^ — dj‘ where symbols 
h, c, d but not a refer to the second quadratic: or again is of 
partial degrees ( 2 , 1 , 1 ) in three quadratics: and so on. 

CD SS4) 


7* 
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4 . Tiie Valency Condition pq = mo + n? for Single Ground Form. 

If we continue to illustrate with the ternary case of the 
^-ic 

/=«/=6/=c/=... 


where a, 6, c are equivalent symbols, we can see at once that 
a product such as 

P == {ahc) {bed) {eda) {dab) . . . 


involving w bracket factors but no ic-factors contains Sw symbols 
in all, each distinct symbol, such as a, occurring p times. 
Hence for a ternary invariant involving q different symbols of 
a ^-ic, the relation 

pqzz^ 2 >w 


is essential. In general the condition 

pq= nw 

connects the degree q and the weight of any invariant of a 
p-ic in n variables. For the subsequent proof of the fundamental 
theorem will show that any invariant can be expressed as a sum 
of symbolic products such as P. 

Again, a more general product, say 

Q — {ahe) {bed) {eda) b^ d^ 

involving tu cr-factors and w bracket factors, is a covariant of 
an w-ary ^-ic if 

piq = nw + tu, 

as is seen by counting all the symbols a, b^ c . . . which occur. 
Here to = 7 , ^ = 3 , n = ^, p = 4 z, == 4 . 

It is desirable to give a name to such relations between 
positive integers indicating degree, weight, or order of invariants 
and the like. Let them be called valency conditions. 

EXAMPLES 

1. A binary form of even order kas no covariant of odd order. 

2. A binary qnartic has at least Wo invariants, (a ({3 y)^ 

Express tkese non-symbolically when 

(ao, == = y**. 
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3. A binary n-^ic has an invariant of degree two only if oi is even. 
For let ^ x^y^ — Then 

(a^)w = — na^bn-i + ^2) «2&n-2— . . . -f- ( — V^aubo 

= 0 if w is odd. 

5. First Fundamental Theorem for a System oS Linear Forms. 

Let ns first prove the theorem for linear forms in 7 i homo¬ 
geneous variables. Starting with a set of variables ccg, . . . , XJ^ 
and any number 7 i) of linear forms, not necessarily all 

distinct, 

A=^a^= aiah + <^2^^2+ 

B — ba:~ b^Xx~{- + .. . + 

we enunciate the theorem as follows. 

Fundamental Theorem for Linear Forms. 

Every rational integral gn'ojective invariant of linear forms 
a^, bx, Cx,. - . , kx is expressible as an aggregate of terms consisting 
entirely of bracket factors of the type (ab . . . m) together with 
numerical coefficients. 

This type of factor (a6 . . . m) is indeed an ^-rowed deter¬ 
minant of the coefihcient matrix 

% 

0 = ... (10) 

[_ ^2 • • • ^ji J 

Proof .— 

Let the result of a linear transformation x —> x' on the 
variables change the linear forms A to aV? ^ "to &c. Then 
the new coefficient matrix is 


of 

(^2 • . * 

a^ 


W = 

. 

. 


llH' 

... 

hx J L k^ . . . 

ICuj J 

where 

at = 


(11) 
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and, as before, tbe coefficient matrix of tbe linear transform¬ 
ation is 

Vi Cl - • • 

M == ( 12 ) 

1— ^ti Cn • * * J 


Now if I {a, h, . . . , 7c) is an invariant rational and integral in 
the nq coefficients of these forms, then by hypothesis 

I{a\ b' __ h') == I M p'’ I{a, h, . (13) 


This is an identity in the elements ^ so that it still 

remains an identity after differentiation by — or more generally 
by the Cayley operator (§2, p. 113) 


a 

d 

8 



din 

d 

8 

8 


dcv2 

dco„ 


(14) 


Regarded as a function of .. ., the right member of (13) 
is a polynomial, homogeneous and of degree w in the set 
1 ^ 2 * • • - j fn as well as in each of the other sets 77 or ^ or <o. 
For such sets only enter by way of the determinant | M | which 
is linear in each set. To balance this the left member of (13) 
must also be homogeneous and of degree w in each set. But 
since I {a', U, ..., h') is explicitly a polynomial in . . . , Jc/, 
which are the same as . . . , Jcoj, it follows that every term on 
the left of (13) contams exactly w factors . . . involving 

w factors . . . involving 77 , and so on. 

We now operate on both sides of (13) with Q. Since ( ( 33 ), 

p. 122 ), 

. . . = S {ahc . . . m) , (15) 

where in S the letters a, h, . . . , m, r, . . . are suitably permuted, 
precise way being imm aterial, we obtain for every term cm 
the left an aggregate of terms each containing a bracket factor 
like (abc . . . m) but one fewer, one 77 fewer, &c. On the riglit 
we obtain (§3, p. 114) 

w{w-{-l) . . .{%v-\-n—l)\M b, (16) 
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Repeating this process until O operates iv times on the original 
identity, we exhaust all of ^,7}, . . . , a> on either side, gaining 
at every stage one new bracket factor in each term on the left, 
and thereby accounting for all the letters a, 6, c, . . . on the left. 
Thus 

SA {abc . . . m) {rs ...)... = /xl(a, 6, c, ...), . (17) 

where A, /z, are numerical constants, and ja 4 = 0 (Ex. 5, p. 115). 
Dividing by [jl we finally express I {a, b, c, , . .) in the desired 
form. 

Corollary I. — The number q of linear forms, including 
repetitions, in an invariant is a multiple of n. In fact q — nw. 

Corollary II. — The simplest invariant of li?iear forms 
Q-xs involving n different foi'ms; it is the 

determinant of the coefficient matricc of n such forms. 

For it is the simplest expression of the requisite type, and 
it would vanish if two of the sets <x, 6 in the determinant were 
identical. 

Corollary III. — No invariant exists of less than n linear 
forms. 

Corollary IV.— Bach term in the summation on the left of 
(17) is an invariant. This follows from §3, p. 184. 

The above proof contains the leading idea required in the 
general proof for invariants of any ground forms. It has the 
great merit of carrying with it the actual method for throwing 
a given invariant into this convenient symbolic form. And 
although the process would be tedious in complicated cases, the 
reader will find it very instructive to follow out the steps in 
detail for a few simple cases, in order to grasp the several prin¬ 
ciples of the proof. 

6. Invariants of One or More General Ground Forms. 

Next we prove the Fundamental Theorem for the case of 
invariants of forms of higher order than the linear. But for the 
initial step, the proof is exactly the same. Thus let there now 
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be q given ground forms of 
written symbolicalh’ as 

orders r. 

5 , . . . , t 

respectively, 

A=a/= (Ojaij + 

«2 ^2 “k • • 

. + \ 



60^2 “k • • 


|, . (18) 


^2 ^2 “k • • 

• + J 



where as before these q forms need not necessarily all be distinct. 
We utilize, in all, qyi different symbols . . . , a product 

of r a’s gives an actual coefficient of the first ground form A; 
a product of s S’s, one belonging to the next form B ; and so on. 

In this way we express the first ground form as a perfect rfch 
power of a symbolic linear form; and similarly for the rest. 

Then if the linear transformation be made as before, 
“i“ • * • + CL,i^n becomes cl^x^ + Accordingly 

tbe form A of order r becomes 

{a^x^' + + .. .)^ = + <^ 2 '^ 2 ' +...)’*= 

where a' is the corresponding symbol associated with the new 
variable x'. Similarly for the symbols h, , , . ^ h. 

Now if the invariant 7 (a, . . . , m) is a polynomial in the 

actual coefficients of forms A, B, . . . , K, it is also a polynomial 
in the qn symbols a^, , . ,, kn, when actual coefficients are resolved 
into symbols as in §5 ( 17 ). It can then be treated exactly as in 
the previous case; and the result of the operation upon the 
identity 

expresses the invariant entirely in terms of the bracket factors 

(ah . . . m). 

Since this bracket factor on expansion is linear in the set 
%, . . . , and therefore vanishes if a appears twice in the 
same factor, we infer that exactly r such factors each contain 
a symbol a; s factors contain 6; and so on. 

Further there are exactly w such factors, one for each step 
in the operation (cf. Ex. 1, 4 , p. 123 ). Hence the total 

number of symbols a, k in one such product of factors is 

nw, so that the following valency relation must hold: 

r + s -f- ^ 
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Corollary I. — The degree q aiid the weight w of an invariant 
of a single ground form of order p in n variables satisfy the 
condition pq = nw. 

For in tliis case r — s = t= . . . = and the q forms 
A, B, ... are all the same. Symbolically we denote such a form 
/ 

7. Examples of Invariants. Interchange of Equivalent Symbols. 

Various examples have already been given of the symbolic 
form of invariants. We must now consider more particularly a 
few cases where a single ground form is involved and q equivalent 
symbols are needed for expressing an invariant of degree q in its 
coefhcients. 

Let the ground form be 

/=Cl/=&/=C,^=, & 0 . 

Example 1.— 

If / is a binary quadratic, 

/■= = iXu xf' 4 - SoigOJiajg + <^22^2^^ 

then its discriminant is 2 )= — <^ 2 ^? which is symbolized 

as — 0 ^ 0-261 &25 equally well as which 

. is formed from the first expression by interchanging the rdles of 
a and h throughout. This process is called the interchange of 
equivalent symbols, and for two symbols introduces two alter¬ 
native forms of the expression, for three symbols, 3! alternatives, 
and for n symbols, nl alternatives, when interchanges are made 
in all possible ways. Taking the first symbolic form, we have 

D= a^boia^bo — ^ 2 ^ 1 ) = 

Interchanging equivalent symbols, we also have 
D = h^a2^(ba). 

But (fa) — — (ob). Hence by addition 

2Z)= a-^b^iab) — b^a^{ab) = 

D= ^{ab)^. 


So 



192 THE FIRST FUNDA.MENTAL THEOREM [Chap. 

Tiiis little device wliicli is of great use in tlirowing invariants 
into convenient form deserves close study. Let iis now adopt 
a pre\dous notation, in order to abbre^date such a process. So 
in this example we vHte 

(ah), 2 D = (ah) = (ah) (ah) = (ah)"^. 

Example 2 .— 

Tbe discriminant of a ternary quadratic f = == S a^j Xj 

is an invariant of degree three in the coefficients : 

%2 %3 

Z)— Ctgi ^22 ^23 

^31 ^32 ^33 

Here a^— aiaj= hihj— CiCj, and three equivalent symbols are 
needed to represent the expansion of the three-rowed deter¬ 
minant D. Since D is linear in its column elements we may 
write (Ex. 6, p. ISl) 



6162 

C1C3 



h 

<h. 

B— 


<^ 2^3 

= « 1 & 2 C 3 


h 

^2 

1 

^ 3^2 

^3 



h 

% 


after extracting common factors from columns. Accordingly 
D — Cg (obc ^. 

Now we interchange the equivalent symbols a, h, c in all six possible 
ways, and add the results. Since (dbc) — — (acb) — (bca), &c., 
this gives 

6Z) — (ctrfi^pB "h - ^2^1 ^3 ~l~ <^3^1 ^2 (oho) 

= (ahc) = (ahc)^. 

So H—^(<z 6 c) 2 ; 

and by the fundamental theorem this is an invariant. 

In general the discriminant of a quadratic form in n variables 
requires n equivalent symbols a, h, , m, and is 

B = \ai^\ = — (ahc . . . m)^. 
n\ 
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Example 3.— 

TLe ternary cubic /= — S has two invariants 

which can be symbolized by 

S = {abc) {abd) (acd) {bed) 

T — {abc) {abd) {ace) (bef) {def)^. 

Here a, c, d, e,/are equivalent symbols whose actual coefficient 
sets are all equal: 

= hbjbj, = ... i, j, Zj = 1, 2, 3. 

Merely counting the number of a’s. See., verifies the invariant 
property of S and T; counting bracket factors gives the weiglit 
w, and the number of difierent letters a, 6, &c.^ gives the degree q. 
Thus 

S:n = S, p — S, q= 4:, w = 4:, 

T : n = S, p== 3, q — Q, w — 6, 

which naturally satisfy the valency condition pq = nw. 

Symbolic invariants may vanish identically: thus the simpler 
looking invariant {ahe)^ is zero. For 

{ahe)^— ijbac)^ 

on interchanging equivalent symbols. But 

{hac)^ = [— (a6c)p = — {abc)^\ hence {abc)^ + {ahe)^ — 0. 

Example 4.— 

{abc . . . my* is the invariant of lowest weight and degree for 
the general form of order p, but it vanishes identically if p is 
odd. 

8.^ Double Convolution of Symbols referring to a Quadric Form. 

The following theorem follows up the process used in the 
above Example 2. It gives in general what was originally dis¬ 
covered by Gordan in his successful researches upon quadratics 
in ternary and quaternary forms. The technique has already 
been explained in §9, p. 44. 


^ TMs section 8 may be omitted on a jBbrst reading. 
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Theorem.— A symbolic product P of hrachet factors, wherein li 
equivalent symbols of a quadric are exjplicitly convolved once, is 
ecc-pressible as a sum of terms in which these symbols are explicitly 
convolved twice. 

Proof — 

For clearness we first consider a simple example, n == 5 , 
h ~ 3 - Let 

P = {ahc rs) (ab M) (cN) Q, 

wliere a, h, c are equivalent symbols, convolved once. Since 
tbey belong to a quadric, they bave duplicates, which occur 
elsewhere in factors of P, either convolved in one factor or not. 
In this example they occur in two factors, and the remaining 
symbols r, s, M, N, Q represent suitable arbitrary elements, 
involving neither a, nor h, nor c. This last condition is essential 
to the success of the proof. 

Interchanging a, b, c in all 3 ! ways we have 3 ! alternative 
expressions for P. We add them together and obtain 

31 P= (abcrs) (abM) (cN)Q-\- (bacrs) (baM) {cN)Q + .... 

But the first factor of each term is of type {ahc rs) . Hence 

3 ! P= {abcrs) {{abM) {cN)Q — {baM) {cN)Q-{- ■ •. } 

= % {abcrs) {{abM) (cW)Q+ {hcM) {aN)QA~{caM) {bN)Q] 
= 2 {ahc rs) {abM) {cN) Q 
= 2 {abc rs) {ahc m'm") lynN) Q, 

where M = mm'm", by a fundamental identity I, §9, p. 45. 
This proves the theorem for P. Here every step has been given 
because each is typical of the general case. Thus we take 

P = {A,B^K) {A,M) (BjN) Q, 

where Aj denotes i symbols a^, a^, , , . , a^, and Bj, b^, b^, , bj, 

all ^ + y of which are equivalent and refer to one quadric. Then 
by all possible interchanges 

{iA-j)\ P= {A,BjK) {B^N)Q} 

= i\ j\ {A,B,K) {A,M) {B,N)Q. 
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If now the n — i columns 31 are written 3 Ij 3 I%^_f_j, we have 
by a fundamental identity 

(i-i-j)l P=.i\j\ {M^N)Q. 

with Aj^B^ convolved twice. Similarly if the first factor of P has 
A^Bfiy .. . . aU referring to the one quadric, we obtain by the 
same process 

4_ ...)! P= yi . {A,B^C,,...) {A,B^C, Q. 

This proves the theorem. 

Corollary.— The quadric may he replaced by a form of order 
2p in which P contains equivalent sy?nbols convolved 2p — 1 times. 
The process produces a further convolution. 

Again, the new convolution may be assembled in any assigned 
bracket factor g except the first. The process deranges the 
other original symbols of the factor g, but leaves them 
implicitly convolved. 

For instance, in the first example 

gz=z {ahM) ~ iahmm'm^'), 

and after convolving ahc in the symbols Af, expressed in the 
currency of a as m, m', are implicitly convolved in a series 

of three terms mm\ m'h But the factor g selected might equally 
well have been (cA") or even a factor of Q, since the fundamental 
identities apply in each case. 

9. Solution of Symbolic Linear Eq.uations. 

Equations frequently arise which are linear in one set x of 
variables. Even when expressed symbolically they can be solved 
by the ordinary methods. Thus for a quaternary case consider 

a^ay = 0, = 0, c^c^ =0, . . (19) 

which arise from three quadrics polarized with regard to y, z, t 
respectively (§ 7 , p. 177 ). 

Writing each in full as far as x is concerned we have 
Oy = ay{a-^x^ + a^x^A- 0^3^3 -r ^^4^4)= so on. Then after 
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muliiplyiiig the tliiee by hxlho)^, Cta^iica).;,^, ay\{ab\_^ respect¬ 
ively aud adding vre obtain 

fflj b,c, ( {ahe\:^Xy -f (060)4233:4) = 0. . (20) 

Solving this and similar results we find 

3:4= a^ 6 ,Cj(a 6 c )234 :0^,6,(060)314■ 

: 0^6,0^(060)124:0^6,04(060)213. . . (21) 

Now if we introduce arbitrary values u^, W3, W4 such 
that % = I UiXi = 0 , then 

(o6c2<) 04,6,04=0.(22) 

It will be seen that the above equations can be solved exactly 
as linear equations a^ = 0 , b^= 0 , c^= 0 , provided that we 
maintain, throughout, the original common factors a^, 6,, Ct which 
give actuality to the equations. 

Further, if 0, 6, c are quimlent symbols we can follow the 
methods of p. 192 . Thus (21) and (22) become 

x^:x^:x^\x_^= {abc | yzt) (060)334: &c. . ( 23 ) 

and 

(060^)04,6,04 =|(o6cm) (060 1 i/2i). , . ( 24 ) 
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1. Multilinear Forms, 

We now set about proving tbe Fundamental Theorem in a 
more general form, so as to include covariants (§12, p. 144) as 
well as invariants within its scope. To do this we must examine 
more in detail other possible types of ground form than that 
which depends only on one set of variables ccg, . .., One 
remarkable feature of the symbolic method is that the more 
general cases are as easy to handle as the special cases, as we 
saw in considering the invariant, multilinear in q ground fono-s 
of order which is symbolically of the same structure as an 
invariant of degree q in one ground form. 

Let us consider theground form of order ^ixxn homogeneous 

variables x, from this point of view. We take 

f=: = 2 ' *5 (^) 


where each of % Ic... has values 1, 2, .,., n. If we polarize 
this with regard to p — 1 sets y, 2 ;, ... in succession we render 
it multilinear in p sets x, y, z.. •, For brevity of statement 
we consider the ternary cubic (n = p = 3). Thus 

— {ciiXi -f- (^2,^2 "f~ <^ 3 ^ 3 )^ “ ^ ^ijk (^) 

where aiajaj^ — (3) 


Operating with 




0 , 0 


followed by ; 

id 


^0£Cj ‘ ' ax^' 

where sets y and z are independent of x, we obtain 
l /- 0 \/ 0 \, ,/0 


3! 
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Sucli is called a trilinear ternary form: it is multilinear in 
tliree sets of variables. A simpler example of multilinearity is 
tbe bilinear form in two sets x, y, say 

Q>j. dy = E Xi yp {clI j CLj ^, 

arising as first polar of the quadratic a^. 

Owing to the symmetrical suffix: relations (3), such multilinear 
forms are not the most general; howbeit they serve as an intro¬ 
duction to the general form. 

Definition of General Multilinear Form in Sets of n Variables. 

—The form S ajjjj. Xj y^ Zj. . . . is the general multilinear form in 
p sets of n variables, if every derangement of the sufp^xes ijk . . . 0 / 
the typical coefficient alters its value. 

For instance^ the general ternary bilinear form is 

S aij x^y^ = j 4- + ^^ 23 ^ 2^3 

I + ^ 310 : 32/1 + + (^zz^zVsy 


where =f= aj^. Such a form cannot be derived by polarizing 
a quadratic S aijX^Xp since the coeffi.cients of a?i 2/2 differ. 


2. Symbolic Representation of Multilinear Forms. 

Following the lines suggested in the case of the binary form 
we readily find a suitable symbol for the general form in p sets 
x,y,z . . 

f = ^0'tjk...^iy3^h — 


Operating on/with -—-—-- 

dxflyjdz,,. . . 

Then if we write 


we obtain the single coefficient 


ay_ 

dXidy^dzj,... 


aibjCj, ..., 


{i,j, h. . . = 1,2,2>, ...,n). 


as in (17), p. 173, the p symbols a^, . . . commute with one 

another, because of the fundamental law of partial differentiation. 
Also they have an actual significance if they occur in a product 
involving exactly p of them—one a, one 6, and so on. 

Hence 

. .. = bjdiCj^ = &c.* 
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so that 

/= 'ZafijC,,. . . XiyjZ^.. . 

= + ■ ■ ■ -f- a,^x„) {b-^y^ + ... b^y^) x ... 

= a^byO^ • • ■ , 

which sjrmbolizes the general multilinear form. It involves p 
sets of variables (np variables in all) and sets of s 3 rmbols a,b,c .., 
(np symbols in all). In particular if the form is syrnmetrical in 
two sets of variables x and y, we may take the corresponding 
symbols as equal, now writing 

^ijk... * * • 5 f • • • » 

for in this case there is no reason to distinguish between 
and that is to say, between aibj and bia^. 

By making some of the sets x, y, z equal we include as a special 
case of the multilinear form the form of higher order in fewer 
sets of n variables. For instance 

a^aybj)t, a^Cyh^d^ 

are respectively (2, 2), (1, 1, 1, 1), (1, 1, 1, 1) forms. The (2, 2) 
form is a special case of the next form when x—y^z—t. This 
in turn is a special case of the third form, for it is S37mmetrical 
in X and y and in z and t. The last is the general quadrilinear 
form. 

3. Glassification of Multilinear Forms. 

From the point of view of the invariant theory, the natural 
way to analyse these forms is according to the behaviour of the 
sets of variables 2 c, y, . . . . To avoid constant repetition let us 
understand by the simple phrase: “the variables x, y, . . . 
the sets of variables {x^, x^, . . . , • • • 5 2/n)s Then 

supposing all variables to undergo linear transformations, say 
X —> 2 c', y —> y', . .., everything turns on whetlier these trans¬ 
formations are independent or not. For our j resent purpose 
we adopt the following classification in ascending order of 
complexity. 

I. Variables all cogredient. / ' ' 

II. Variables cogredient and contragredient. 

III. Variables independent. 
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If y, z . . . are cogreclient and ii, v, iv . . . are all contragredient 
to it', 2 , then I is really a special case of II, when one 

type of variable, say ii, v, tv, is entirely absent- The more general 
case III is at present dismissed, so that onr chief concern is 
with II. 

Remembering that a? is a single column matrix, we write in 
matrix notation ( (15), p. 149) 

X = Mx\ y == My', z = Mz', &;c., 

for the cogredieiit transformations of coefficient matrix M\ and 
u' = uM, v' — vM, tv' == wM, &c., 

for the induced transformations of the contragredient sets 
24 , V, w * t where each set is a single row matrix. 

4. Gogredient and Contragredient Symbols. 

The following convention will now prove to be useful when 
w'e are concerned with multiple forms involving several sets of 
variables x, y, . . u, v, . . . . We use the italics a, h, c as symbols 
associated with x, y, z, and Greeh letters a, p, y as symbols associated 
udth the contragredient variables u, v, w. Further, we write the 
symbolic inner product involving and a as 

ai^i -j- + . -. + — Ua- 

Thus the general multilinear form in these variables is sym¬ 
bolized by - ^ 

/= • • • UaV^Wy - 

Upper and Lower Indices. 

Non-symboHcally the general coefficient of / involving p sets 
of variables x, y, z . , . has already been written as with 

p lower su ffix es. But it has been found convenient to adopt 
upper indices, as in the theory of determinants, when the contra¬ 
gredient variables are involved, and to write 

for the typical coefficient of the multilinear form, involving p 
lower and q upper suffixes, answering to p sets of variables 
x,y,z... and q sets 

Definition of Tensor of Rank r.—The set of coefficients 
* P lower and q upper ‘suffixes, each taking all values 
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I, 2, n is called a tensor of orders (p, q). It is sometimes 

called a tensor of rank r{ — p q). 

This use of the word ratik must not be confused with its use 
in the theory of matrices. It has crept in through the work of 
physicists in the theory of relativity. For greater clearness let 
us call such a set a tensor of orders (p, q). 

Examples .— 

"T- 02032 + OgOjg = YiaiXi— Ox is the ternary linear form. It has 
orders (1, 0). 

+ W 3“3 — 'EtUicci ~ Ua is also a ternary linear form, but 

of orders (0, 1). 

Ha^xiUj = ax. Ua. is a bilinear form with contragredient variables a;, u. 
HaijXiyj — axhy is a bilinear form with cogredient variables, and so 
also is Yta^iuiVj = UaV^. 

^ aif^XiXjUjcUi = cix^Ua^ is a (2, 2) form quadratic in two sets of 
contragredient variables x and u. 

5. Equivalent Symbols. 

Any homogeneous polynomial in the coefficients of such forms 
can be expressed symbolically by introducing equivalent symbols, 
as at p. 179. So a second degree polynomial in the coetdcients 
of the (1, 1) form a^Ua would require two sets of symbols, say 

al = = a/a/, 

so that, for example, 

af aif — ■ • ctg ■■■■■ . . ^2^3* 

The general form a^hy .. . k^UaV^ . . ,w involving p sets a;, 2 ^, ... 
and q sets u, v , , . has symbol sets a, h, . . ., h and q symbol 
sets a, , /r. Equivalent symbols a', h', .. ., h', a', . . . , /c' 

whenever used are such that the substitution 

/a' 6' ... ¥ cl' ,,, k'\ 

\a b ... h CL ^ ... fc / 

leaves the actual form unchanged. 

6. Effect of Linear Transformation on the Symbols. 

We can now prove the following useful theorem. 

TJ^ider linear transformation^ M, M'“^, the symbols a, b, c ... 
associated with variables x are cogredient with u, and symbols ol, 
y . . . are cogredient with x. 
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For let a: x\ if iff denote the linear transformations. 


Then the general form in variables x, , u, v ... retains 

its same orders when expressed in terms oi x\ y\ ^ u\ xf . 
If we use accents for symbols after transformation, we have in 
the case of the (1, 1) form 

Ha = s a/ Xi Uj = S a'/ £c/ u/ = a' u' a'- - ( 4 ) 

This is directly and explicitly secured by taking 

u'a!=Ua .( 5 ) 


in all cases, and defining the new symbols a', a by these relations. 
But they are the characteristic conditions of contragredience. 
Hence the transformation a —> a' is contragredient to x —> x\ 
and a —> a! to u —> u'. But 'u, is contragredient to x. So a 
is cogredient with h, and a with x. Similarly for the general 
form. 

In greater detail, let 

= ^1%' + ^ 12 ^ 2 ' 4- 

^2 ~ ^2 “}“ T ?2 ^2^ 4 ” ^2 ^3 r? • . . ( 6 ) 

x^ = 4 V 4- Vz V 4- 


where for shortness ternary variables are considered. Then the 
contragredient transformation for u' > u is (p. 148, (8) ) 


V = ^1% 4 - 4^2 4 - ^ 3^3 = 
+ 772^^2 4- '>73'^3 = 
4- S2'^2 4“ Ss'^s = 


. . (7) 


Consequently, for the symbols a, which are cogredient with h, 
a{ = ag' = <^ 7 /» . . . (8) 

while the solution of (6) gives 

^ _ ^2 _ ^ 3 ^ _ 1 /qv 

{xy^D {£xl) i^rix) (irjO' • • 

so that the symbols a, cogredient with x, satisfy analogous 
equations 

_ <^ 2 ' _ 0 . 3 ^ _ 1 

(p-vO HclO (ivO 


(10) 
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Equations (8) hold for every S 3 nnbol a,h,c . , , ^ and (10) for every 
a, y ... . They also t 3 q)ify the general case when n columns 
T), . . . , CO occur in ( 6 ) and ?^-^owed determinants in the denomi¬ 
nators of ( 10 ). We can now prove the Fundamental Theorem, 

7. Fundamental Theorem for the Greneral Multilinear Form. 

Every rational integral invariant of multilinear gromid forms 
whose symbols are a, b, c . . ., a, ^8, y . . . is expressible as 
symbolic polynomials, the factors of tvhose terms are of three types 

aa, {abc . . . m), (a^Sy . . . /x), 
together with numerical coefficients. 

The proof follows the lines of previous simpler eases, but 
requires two more preliminary lemmas which for clearness will 
be explained for the ternary case. 

In the preceding formulae (7), ( 8 ), (10), the coefficients 
7), Z appear along with symbols a, y ... . Let us now 
consider a^, a^, a^ all to be of the same type as aa, and (aj 8 ^), 
(airj), {arjQ, &c., all to be of the same type as (aySy). So we 
provisionally use inclusive symbols, 6, (f>, ifs which may take the 
values 

V> CL, p ... . 

0 0 0 

Lemma I .—The effect of the Cayley operator D = , - -— —- 

I 0^1 ^V 2 ^ ts 

upon a product of factors of types a^, (abc), which includes 

among its symbols one one 77 , and one is another product of 
the same types, but excluding rj, and 

Such a product is typified by the following cases: 

(i) Q= iivON, 

(ii) Q= {i7]6) 

(iii) Q= {i7]9) a^N, 

(iv) Q^(idcf>){yd'<f>')aO"cf>")N, 

(v) Q= {7]9'ff)a^N, 

(vi) Q= {id(f>)a^b^N, 

(vii) a^byjC^N. 
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Here N denotes factors not containing rj, and variations 
depending merely on derangement of the order are excluded. 

Xow apply the six-termed determinantal permutation 77, ^ to 
each of these cases. Then by the fundamental identity II, 
p. 48 (cf. §8, p. 41 ), the result in each of the cases (i) to (vi) 
is a derangement of the symbols i, 77, 6 and possibly </>, yielding 

(^77 2 ) as factor. For example, in (vi) it gives 

(ivO {aeb^ — a^be)N, 

while in (vii) the result is {abc)N. Hence in all cases the 

process leaves the types unaffected and produces a factor 
But by § 5 , p. 119 this operation is equivalent to 

Hence dividing throughout by (^^77^ the lemma is proved. 

Leivima II. —The effect of the operator Q. on such a product 
involving several symbols 77, ^ ^5 a sum of such products of the 
same type buZ involving one ^ fewer, one 77 fewer, and one ^ fewer. 

0 0 0 

Since the operator Q. is linear in ——, it operates on 

d Cl 9 s 2 ^ s 3 

a function involving m factors, each linear in precisely as the 
ordinary rule for differentiating a product of m functions of one 
variable (cf. ( 33 ), p. 122) 

^^XY)^^Y + X~. 
dx dx dx 

In fact it gives m terms, in each of which only one factor involving 
i undergoes operation. Likewise for 77 and Thus each such term 
behaves as in Lemma I, so that the second lemma is proved. 

Proof of Fundamental Theorem .— 

Let I {A) denote a polynomial invariant in several sets of 
coefficients, typified by * ■. Then if accents denote the cor¬ 

responding new coefficients after transformation we have by 
hypothesis 
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AltL-oiigh two contragredient transformations x', uu' 

are now involved, they lead to one type of determinant | 31 1; 
and tlie argument already nsed in § 2 , p. 169, shows that 
• 5 con) can only be an integral power of | M |- This 
power may be zero or even negative. 

For instance, the ternary bilinear form a^Ua has an absolute 
invariant aa, since 

= S a/a/ = + + ^ 

ct 4 ) 

after using the fundamental identity. Here the index of Ht]^) 
in . . . ,a)J is zero. 

We therefore take in the ternary case I(A')= (i7)Q^I(A) 
where w is an integer, positive, zero, or negative. Let this be 
thrown into symbolic form, 

J(a/, ..., 6 /, ..., a/..., ...)== 6 ,-,..., a,..., ...). 


Then by ( 8 ) and (10) the left-hand polynomial can be written 


If 

\ 




^ 


which is a polynomial in its arguments a^, a^j, . . . , (ot' 37 ^), , . . 
together with a common denominator, say {^rjQp, since the original 
function I (A') is homogeneous originally in each set of coefficients 
and therefore finally in each set of symbols a' which it req^uires. 
Multiplying through by we have, as our identity, 

I{a^, a^, a , 6^, . . . , {ar)0, (|aC), . • -) 


The degree in ^ 1 , ^ 2 ^ is ^ 6 ? + p throughout; while i only enters 
the left member by way of factors of types 

a^, HclO, (ir^a) - 

Since at least one such factor arises if merely a single actual 
coefficient A occurs in 1(A), it follows that wp must be a 
positive integer. 
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We now operate tc 4- p times in succession with the Cayley 
operator d d d 

dij: 0772 

and obtain, by Lemma II, an aggregate of the desired type on the 
left, with a non-zero numerical multiple of I (A) on the right. 
For the process removes one 77 , and ^ at each stage, thereby 
freeing the left side entirely of 77 , 2 ? because it does so on the 
right, at the same time preserving the desired types of factors 
on the left. Since exactly the same methods hold for the 
general as for this ternary case, this proves the theorem. 


8. Covariants, Contravariants, and Mixed Concomitants. 

Historically the functions which satisfy the typical invariant 

. . . ( 11 ) 


property 


have been classified in the following manner: 

(i) Invariants, 

^ . (ii) Govariants, 

Concomitants 

(m) Contravariants, 

(iv) Mixed concomitants. 


Fxmctions (i) involve coefficients of ground forms only: (ii) 
involve variables . . . , x^^ besides; (hi) involve the contra- 
gredient variables %, . . . , instead of x\ (iv) involve any 
variables that may exist. Thus if 

/s=C^®, 

are three ternary quadratics, we have as instances of these four 
types of concomitant 

(i) (a6c)2 

(ii) {pbc)aj)^c^ 

(hi) {abu) {hcu) (cau) ( 12 ) 

(iv) {abu)aj)^ 

(iva) 

For by the general fundamental theorem, concomitants are com¬ 
posed of symbolic factors {abc), (a^y), while by ( 5 ), p. 202 , u 



XII.l CLASSIFICATION OF CONCOMITANTS 


207 


behaves like symbols a, h, c and x like ct, Hence (abu), 

(abc) are possible factors of a concomitant. Also exactly two 
a’s, two 6’Sj two c’s go to form expressions (12), so that they are 
actual concomitants of the quadratics. 

Here (ii) is the cubic covariant of three ternary quadratics 
which we have already seen to be their Jacobian (§1, p. 182): 
(iii) is a cubic contravariant, because on expansion it is a 
cubic in '“ 3 * (^'^) ^ mixed form of orders (1, 2), while 

(iva) is sometimes called the absolute concomitant of the field. 

This classification, however, does not go very deep, because 
all concomitants can be treated as invariants, merely by adjoining 
suitable ground forms. Since, when x', u', 

^ + '^2^2 “1“ “ • • U,' OJ,/, 


we may regard the variables ..«, as coefficients of a certain 
linear form where — %. Correlatively the variables x 
may be regarded as coefficients of a certain linear form Ua ., where 
Xi = a^. And, in fact, the ^problem of fielding covariants of a ground 
form f is indistinguishable from that of finding invariants of two 
ground forms —f and a linear form u^, treating u as the variable 
in the latter (cf. p. 145). 

If we treat u, v, w, . . . x, y, z, . . , as such coefficient sets, and 
use Z7, X for variables, we reduce all concomitants involving 
ground forms/ together with -w, u, -m;, . .. , a;, 2 , . . . to invariants 

of forms/together with linear forms TJy, 17^, .... 

Hence the fxmdamental theorem covers the case of all con¬ 
comitants of all four types (i), (ii), (iii), and (iv). 


Example.- 
The pt 

process (p. 140). For it is the latter applied to a linear form U^. 


The polar process Syi -— is a particular case of the Aronhold 

i OXi 


The same remark is true of any polar process 
polarization is an invariant process (p. 141). 



Hence 


9. Convolution and Resolution. 

The absolute concomitant (iva) can take various forms since 
by the methods of §8, p. 86, x can be resolved into n — 1 
components v, w, . . . , t or correlatively u can be resolved into 
n — 1 such as , 2 :- 
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For ternary forms if x, y, z are tiiree sucli points, and u = yz, 
i) = zx, ID — xy are three lines forming the sides of their triangle, 
then the expressions 

{x]jz) == {uvw) == (yz , zx . xy) = {xyz)^ 

are absolute concomitants. Similarly for higher fields. This 
process of replacing one by many variables is called resolution, 
the converse being composition or convolution. 

Exactly the same processes apply to the symbols; one a 
can be replaced by n — 1 such as a\ a'\ ... , and one a by 

n — 1 such as of, a", . . . , 

Example .— 

The ternary quadric could be symbolized by (a' a" 
where % — {a! a%Q, &c, 

10. The Fundamental Theorem for the General Case. 

In order to cover all cases contemplated in the classification 
of ( 12 ) above, we must consider a possible ground form with 
several sets of variables and perhaps distinct fields of linear 
transformation. The case of absolutely distinct fields will be 
dealt with later in §4, p. 240, but to round ofi the present in¬ 
vestigation we must contemplate the ground form which contains 
rt;h compound co-ordinate sets, r = 2, 3, . . . , n — 2, the case 
r ~ n — 1 having already been included. 

As an example, consider the multilinear form in three 
variables x, y, z 

Suppose that it is not the most general polynomial in y and z. 
but changes sign when y and z are interchanged: namely the 
coefiB-cients obey the law 

■^ijk -^ikj 

for all values of j and Jc. Then after interchange we write 

* y* a^h^Cy ^tAi^jf^XiZ^yjf., 

whence by subtraction 

2 /= a^(byO^—b^Cy) = — 

= aJbfi 1 yz) ='SLAi,j,Xi{yz)j„. 
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This is now a bilinear form in two sets, x and a second compound 
TTg — We note tbat f is symbolized by two symbolic linear 
factors, one for x as before, and tbe other, {he | yz), a type already 
familiar through the theorem of corresponding matrices. 
Furthermore, if 

jh, I m 

are algebraic complements among n suffixes jM . . . m deranged 
from 123 ... n, and if variables v . . , iv, contragredient to y, are 
introduced, we have by the principle of duality 

(bo\yz)=(boo...w). ( 13 ) 

But this last is an ordinary bracket factor of n symbols, which 
we can also write as 

{hoo . , . w)= .... ( 14 ) 

where Pn—2 is the 9?,-rowed matrix of currency {n — 2). 

More generally, by the same reasoning, a form 

g= hyC^dy^e^^ ... 

alternating in ?/, z, also in y', z', also in y'\ z'\ and so on for q 
pairs, is symbolized more explicitly by 

{he I yz) {de \y'z')... = {hc\ rrr^) {de | ... ={hc {de p'n^z) • • - 

and if these second compounds TTg, TTg' . . . happen to be equal, 
the form is 

{be I TTg) {de 1 TTa) . . . 

of degree q in 773. 

What has been said of these second compoimds would also 
apply to other values of r. In this way we are led to consider 
such a ground form as 

F = a^ay a ^'... (6c [ {Ve' 1 7T2') ... {def 1 773) {d'e'f 1 773') .. ., ( 15 ) 

with factors like q2, involving second, q^ third, . . . , and 
finally qn—i, compounds of type u. When x = y = z, 

77-^ = 77^', . . . , 77,. = 77/, . . . , this is called a mixed ground form 
of orders 

L 2 l. ? 2 > • ■ ■ . ?r> 0 , ... ( 16 ) 

( D S84 ) ® 
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in tlie variables x ,. . . , = %i. At a later stage it will be 

seen, as Clebsch was tbe first to prove, that this is the most 
general type of gi'ound form necessarily occurring in the invariant 
theory of one set of variables and all its compounds. At present 
we have merely found that such a form may arise. With this 
theorem of Clebsch ultimately in view to give significance to 
such a form, once more we adapt the Fundamental Theorem to 
include F as a possible ground form- 

11. Proof of the Fundamental Theorem. 

To efiect this, it is only necessary to show that the new type 
of factor in F, due to the rbh compound (r = 2, 3, . . . , n — 2) 
leads to the same general final result as before, namely an aggre¬ 
gate of types 

aa, (aho . .. m), . . . p). 

The typical new type of factor in JF is 

(^r j ■^r) = (« 1«2 . . . OSr I = (« 1«2 . . . a,. \ yZ . . . t), 

(r= 2, 3, ..., n — 2), 

where each is a symbol cogredient with a or and where 
y, Zi . . . , t are r variables cogredient with x. We denote the 
expanded form of this type of factor by 

where is the determinantal permutation of rl terms previously 

denoted by 

<hL^'2 - * • 

Let this be done for each such factor, where r = 2,3 ,...,»i—- 2, 
so that F is now expressed symbolically in terms of symbols and 
variables a, u, a, x as before, except that certain groups of 
S 3 nnbols a undergo determinantal permutation. 

For instance, if A denotes aa' and B, bb', the form 

F — {A \ yz) {B j xt) = iaa' | yz) {bb' | xt) 

is now written 
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It consists of four terms due to simultaneous derangement of 
aa' and of bb\ Clearly we can write it in many ways 

b^bf. ~ Q,j^Q.^ay ... = ^ 

and so on. 

Each operating symbol D now denotes a group implicitly 
convolved (§10, p. 46) in the operand, as shown by the suffix 
of O. 

If there are v such groups A, B, , .. , K hx the form F we 
denote the expanded form of F by 

F = ... Q.j^ajy ... 

where G denotes all other factors of F not so affected. 

Now any actual coefficient of F after linear trans¬ 

formation is obtained symbolically by substituting one or other 
of 77 , . . . , CO for each variable . occurring in F. Hence 
it only differs from the result in the previous case by having v 
groups of symbols implicitly convolved. 

Since these symbols , k^^ do not include ^, 77 , . . , , 

the Corollary IV, § 11 , p. 49, applies when we permute 7 ),.. . ,coy 
as is the case when the Cayley operator Q. acts upon a supposed 
invariant. Thus we can perform each step of the previous proof 
of the Fundamental Theorem, and obtain the same result as 
before, only modified in this respect, that 
In the final aggregate of types 

aa, {ohe — m), {gfy .. .fc) 

euefry group of sy^nbols a^, ag, . . . , a^ which were convolved in the 
original ground form, still preserve this property implicitly in the 
syrnbolic form of the invariant. 

With this proviso the theorem has now been completely 
established for mixed ground forms in any number of compound 
variables for the field of order n. 

Example .— 

In quaternary forms three types of variable are used 
uvw = X, uv— p= xy, u = xyz. 

F = '^kijPf.i = (aa'p) = (aa'uv) 


The form 
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is called a linear complex. If equivalent symbols are used, we 
{aa’iiv) — (66 Vr) = (cc'uv) = (dd'uv). 


Hence a possible invariant of weight two bas the term 
(aa'bc) (b'c'dd'), which gives rise to a four-term series due to 
the couple of alternatives 6, 6'; — 6', 6 and of c, c'; — c\ c. 
According to the Fundamental Theorem this series would be 

an mvanant, 7=0^ Oo(aa'6c) (b'c'dd'), 


where denotes the derangement of bb\ and of cc'. Such a 
notation is preferable to the dot notation when several indepen ^ 
dent derangements proceed simultaneously. 


EXAMPLES! 

1. If the above invariant is written as 

— I — CIsQlo {h'aa'c) {c'dd'h) ~ {BACD}, 
where A denotes aa\ and B, 56', and so on, prove that 

{BAQD} = {GDBA } = {BDOA } = { CABD} . 

2. Using identity I, p. 45, to convolve cc' explicitly in J, prove that 

{BACD} -h {BGAD\ = 2{AG) {DB), 
where {AG) = {aa'cc'). Hence prove that 

I = {AB) {GD) -p {AG) {BD) — {AD) {BG). 

This procedure renders each of the four convolutions A, B^ G, D explicit. 
Originally two were implicit, 

3. Let J = O.Q {ahh'c) {c'dd'd") == {aBGS), say. Then J is a simul¬ 
taneous invariant of a plane a, two linear complexes B and O, and a point 
S. Here a is cogredient with u, B and G each with p, and S with x. 
Prove the identity 

{aBG^) -h (aUSS) + {BG)a^ = 0. 

4. An invariant exists, linear in the coefficients of three linear com¬ 
plexes and two planes. 

Let K = Qcr {dbh'c) {cfdd'e) — {aBGDe), where R, (7, D refer to three 
complexes, and a, e to two planes. Prove that {aJBGDe) = — {eDGBa), 
and that 

{aBGDe) -{- {aGBDe) + {BG) {aDe) = 0. 

5. Prove that {uBGDu), which is a special case of the expression X, is 
an alternating fimction of R, U, D. Thus {uBGDu) — — {uGBDu) 
— {uGDBu) — &c. 

6. Discuss the corresponding dual invariant 

K' = fljB Qj) (a6) (Jb'cc'd) {d'e) 
of two points a, S and three complexes R, (7, R. 

! For references see §13, p. 330. 



CHAPTER XIII 


Symbolic Methods of Reduction 

L The Fundamental Identities. 

The First Fundamental Theorem has provided a uniform in 
which any concomitant can be dressed, together wdth a means 
of constructing as many as we like. The next stage in the theory 
is to learn how such symbolic forms behave, to simplify or reduce 
or transform them. Like ordinary numbers and like matrices, 
they have their fundamental properties or rules of combination. 
For binary forms these run as follows: 

(i) {ah) = — {ha), 

(ii) {be) a^, + (ca) + {ah) = 0, 

(iii) (6c) {ad) + {ca) (bd) + {ah) {cd) = 0, 

(iv) a^hy — ayb^ = {ah) {xy). 

(v) The interchange of equivalent symbols. 

All these properties have been established and illustrated. It 
is perhaps the last which presents the greatest novelties and 
apparent drawbacks of the symbolic methods, because it leads 
to alternative expressions for one and the same invariant, 
without suggesting which of them is to be taken as the simpler, 
Thus these three expressions 

{ab) {ac) c^, | {ab)^c^^, {ha) {he) 
are aU equal to {a^a^ — Or^) x / for the binary quadratic 

Again, as in the theory of determinants, very substantial functions 
such as (6c) {ca) {ah) can vanish identically—but for a new reason, 
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owing to tiie operation (v). For if a, h are equivalent, tL.eii on 
interchange ^ 

and by three applications of (i), this last is — (ca) (be) {ah) whence 
‘2{bc) {ca) {ab) = 0 or (jbe) {ca) {ah) — 0. Cf. §3, p. 18. 

For forms in n variables analogous properties bold, but owing 
to the two types of symbol a and a with contragredient behaviour, 
there are now the following laws: 

(i) {ah . ,. ?n) == — {ba .. . m) = .. ., 

(a^ . . .p.) = — (jSa . . .p.) , 

(ii) Hi = {ab . .. m) {?ia) 

— (nb ... m) {aa) + {nab ,. .) {ma) = 0, 

Hi' = {ap. .,fz) {va) 

— (i/^ ... /x) {aa) + . .. + (—)’^ {vaP .. . ) (^a) = 0, 
(hi) Ho = {ah .. .m) {uv.. .w) — {ub .. .m) {av .. .w) + • . • = 0, 

U^' = {aP . ,.ix){xy.z) ~~ {xp,fL) {ay .z). = 0, 
(iv) Ilg = {ah .. .m) {ap ... ft) — S (aa).. . {rnyu) = 0, 

(v) Interchange of equivalent symbols a with b or a with p. 

Here Hi and 11/ are dual identities, and so also are 112 and 112'. 
They follow from (IV), §9, p. 46, while Tig is a statement of the 
product theorem of two determinants. 

2. The Second Fundamental Theorem. 

The question now arises, granted that these identities teach 
us something of the properties of symbolic forms, do they leave 
any gaps, do any properties escape? The answer is given by a 
very remarkable theorem usually called the Second Fundamental 
Theorem, which was originally proved for binary forms by 
Gordan.^ Later a proof when -a = 3 was given by E. Study ^ 
and for the general case by E. Pascal,® and recently for com¬ 
pound co-ordinates and for restricted transformations by K. 
Weitzenbock.^ 

1 Cf. Gordan, Invariantentheorie, Bd. H, §117: Pascal, Battaglini, 26 (1888). 
Grace and Young, Algebra of Invariants (1904), p. 368. 

® Study, Meihoden — (Leipzig, 1889), p. 76 and p. 204. 

® Pascal, Mem, del E, Acc. dei Lincei, V, 4a (1888). 

* WieTier Merichte, X22 (1913). Cf. Invarianteniheorie, pp, 98—113, by the 
same author. 
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The theorem states: 

Every identity satisfied by invariants {concomitants) can ulti- 
mately be exjn’essed by the fundamental identities together with the 
'principle of the interchange of equivalent symbols and the laios 
of ordinary algebt'a for the combination of the three elementary 
types aa, (ahc . . . m), . . - ^t). 

In other words the symbolic theory is a complete and self- 
contained discipline; and from the logical point of view it is this 
which gives it a permanent importance. 

The theorem tells us that any such polynomial identity 11 
symbolizing such an actual identity in coefficients and variables 
of ground forms can be expressed as 

n = + ^^2^1 + a^U2 + ^4112' + 113 = 0, 

where, of course, these coefficients A^ need not vanish identically, 

3. Binary Quadratic Forms. Beducibility. 

As an illustration of the symbolic principles of reduction, 
we shall consider the problem of finding all possible diferent 
types of concomitants of a set of binary quadratics. 

Let /i = aji ^^ 2 + ^22 ^ 2 ^ = 

_p 2612 0^2 + ^22 ^2^ = 

f^ = f^ = dj‘, &c., so that for each letter a, b, c, d , . . we 
have relations 

<^ij == i, = 1, 2. . . (2) 

If we consider merely one variable x, together with these co¬ 
efficients, every concomitant is expressible, by the fundamental 
theorem, as an aggregate of factors {ab), where every letter 
a or h is duplicated in each term. For example, 

V=a^(ab)b^ W= c^(cd)d^ 
are covariants, and so also is 

(ab) (cd)a^b^c^d^, 

which is easily seen to be the same as VW, and is said to be 
reducible because it is expressible in terms of simpler covariants. 
But F itself is not reducible by such factorizing because no 
partition into factors a^, {ab), gives an actual covariant in non- 
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symbolic form. The covariants V and W are said to be of the 
same type because they merely difier by choice of symbols 
a, b, c, d of the ground forms: their structure is the same. 

Rejecting forms of the same type and obviously reducible 
forms, we can imnisdiately write down a list of possible single¬ 
term invariants. They would be 

(ah)2 = 

{ah) {be) {ca) = 

{ah) {he) {cd) {da) = 


with a similar list of covariants 

{^b>) 

{ah) (6c) == Ci2s> 

a,, {ah) {he) = O1234. 

For these are the only possible structures, involving two a’s, 
two 6 ’s . . . which follow the conditions laid down. Thus if C,-,? 

ZJ . • m P 

, refer to quadratics every concomitant must be 

a polynomial in Gij _ , . We may, however, reject all but 

the first two entries in each list as expressible in terms of these 
simpler concomitants. 

In fact by a fundamental identity since 

(60) + {ab) = (ac) b^, 

therefore, squaring both sides, 

( 6 c) 2 u/-j- {ah)^c^^ 2 a^{ab) ( 6 c)c^= {ae)^hj‘, 

2 < 7 i 23 = ^>13/2 -^12/3- -^23/1* 

On dividing by 2 this expresses O123 in terms of the simpler 
Dip fi. Likewise for 

Next by polarizing this identity with regard to y^, and 
remembering {y ayO^+ a^Cy, we have 

(ab) (6c)c^ + a^{ab) (6c)o„ = h^by — c^Oy — I)^ a^Oy 
identically true for all values of y. 
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In particular, ii = = d^d^, tEen 

ey={cd)d^-, 

wlieiice 

{ah) {he) {cd)d^ + d^{cid) {ah) {bc)c.^ = D^^b^{hd)d^ — &;c. 

But, by a fuudamental identity, 

a^(ab) (be) {cd)d^~- d^{ab) {be) {ad)c^ = d^{ab) {be) {ca)d^ 

— -^123/4* 

Adding these two results, 

{ah) ( 6 c) {cd) ^24 • * • “f" -^123 J^j 

whicli expresses O1234 polynoroially in terms of i>i23, Dip C^pfi. 
Similarly by putting ^2 = — d^{de)e^, &c., we reduce <712345; 
so on for all successive entries in the column of C’s. 

Further by squaring the identity 

(6c) {ad) -f- {ah) {cd) = {ac) (bd) 

we reduce -D1234J or what is the same thing by putting — dg, 
X2— — di in < 7 i 23 we eifect this reduction. Each further entry 
of the D column is reduced by similar substitution for x. Thus 
we have proved the theorem: 

All concomitayits of any number of binary quadratics are 
expressible in terms of four types-. 

a/, {ah)a^b^, {ah)\ {he) {ca) {ah). 

Corollary ,—Since (ab) a^. = — {^^) s-x s vanishes identi¬ 
cally when the two quadratics are the same^ by interchanging 
equivalent sy^nhols. Similarly for (be) (ca) (ab). Cf. §1, p. 214 . 

Hence < 7 ,-^= 0 , Ao-= 0 , leaving/-, C^p A;, Aj. Aj/. (where 
i, j, h are unequal) as the only possible irreducible concomitants 
of the quadratics. All these, except the last, have already been 
discussed in Chapter VIII. 

We now see that they are completely typical of all possible 
concomitants. By no possibility can any of them be expressed 
rationally and integrally in terms of the others, as the reader 
will see if an attempt is made to do so. Accordingly they are 
said to form a complete system, and every pol3momial con- 

(D&S4) H* 
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comitant is expressible as a polynomial function of members 
of the complete system 

The following table can now be made. 

Complete System of Binary Quadratics 


j 

; Number of 
Ground 

Invariants. 

(Jovariaiits. 

Forms. 

j Degree 2. 

1 Degree 3. 

1 Degree 1- 

Degree 2. 

1 

i 1 

0 

1 

0 

2 

3 

0 

2 

1 

1 

i 

7t{n -f- 1) 

n{n — 1) {n — 2) 

n 

n{n — 1) 

2 

6 

2 


4. Significance of the Complete System. 

In § 9 , p. 139 , we found the discriminant of the pencil of 
quadratics TJ -j- AF. Hence the discriminant for -{- A/g 
will be 

%2^) + A(%2^22 “b ®22^11- ^%2^12) 4" - ^12^)- 

Symbolically this is 

l{{aa')^-{- 2A(a6)2+ A2(66')^}, 

^ here = aj‘ = /a = Thus the discriminant 

of the pencil + A/g is 

i(Z>ii+2AA2+A2Daa). 


Hence is the discri m i n ant of the quadratic fi, and D^j 
is the simultaneous invariant, sometimes called the harmonic 
invariant of two quadraticsand^-. 

Next, the other type of invariant can be written as, 

^\22 = {cu) {ah) = — 

1 0^2 dCa 
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wMcE is easy to verify. Hence in terms of the actual coefficients 
it is 

%2 ^22 
^11 ^12 
%2 ^22 

This important invariant is called the determinant of the co¬ 
efficients of three quadratics. When it vanishes the quadratics 
are said to be in involution. But such a determinant vanishes 
when and only when the three quadratics are linearly dependent, 
§ 2 , p. 75 . In fact values Ai, A2, Ag exist such that 

-^1/1 + \/2 + A3/3 = 0 

identically for all values of a^, 

Since a binary quadratic has three coefficients, three quadraticis 
naturally lead to a square coefficient matrix. If the rank of this 
is less than three, the determinant vanishes. 

Hext, there is the covariant which is the 

Jacobian, already noticed in §12, p. 144 . For 

da^ dhj‘ 
dx^ dx^ 

b X2 b cCg 

5 . Canonical Form of Two Binary Quadratics. 

Suppose the Jacobian J — {ab)a^h^ has two distinct linear 
factors X, Y. Since these are linear in x^, x^ we can take them 
as new variables. Let the quadratics f-^, now be 

A^X^-h 2 A^XY+A 22 Y^ A-^B^^XY + B^^YK ( 3 ) 

Reference to ( 43 ), p. 144 , shows that J takes the required form 
AXY if, and only if, 

-^11-^12 - -^12-^11 ~ ^3 Ajo ^ B ^ A ^^ Bj ^, — (4:) 

For these vanishing expressions are the coefficients of X^ and Y^ 
in J. This requires either the original quadratics to differ by 
a mere constant multiplier so that 

■^11 • -^12 ■ ^22 ~ -^11 • -^12 - B^i 



( 5 ) 



zzo 


SY:MB0LIC methods of reduction [Chap. 


or else = ^12 == general the hrst alternative is not true; 

hence tvv'o distinct quadratics whose Jacobian has distinct linear 
factors can be expressed as the sums of squares 

. ( 6 ) 

Farther, if the quadratics have non-vanishing discriminants, none 
of ^225 -®22 vanish, otherwise/,^ fz becomes a perfect 

square. We can therefore take 

X^=s/A^^Y, ... ( 7 ) 

as a new linear transformation, finally obtaining 

+ + . ( 8 ) 

where A-^ = B^JA^i, A2 = B^^fA^^^ This is called the canonical 
form of two binary quadratics, to which any such ground forms 
can be reduced provided that they satisfy the conditions inci¬ 
dentally utilized above. 

If we write AI for the modulus of the transformation from the 
original variables %, to Z2 then the Jacobian and dis- ’ 
criminants of the canonical forms are (p. 144 ) multiples of the 
original Jacobian and discriminants, namely 

M/, 

Thus by direct calculation we find 

MJ={A2-A^)X^X2, + 

M^D 2 ^= 2 A^A 2 .( 9 ) 

Hence the concomitants satisfy an identical relation 

2 = 2 A2/1/2 - A1/2" - ^2/1^ . . (10)' 

as is readily verified from the canonical forms. This is the only 
relation which exists between these six forms, for in (8) and (9) 
the five quantities M, A^, A^, Z^, Zg are arbitrary and any further 
relation between the concomitants would reduce the number of 
these arbitrary parameters to four. 
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1. Find the discriminant of J, and its signifieance. 

2. Prove symbolically that the siraultaneous invariant of the Jacobian 
of two quadratics A, A and another quadratic /g, is 

6 . Extension to Forms of Higher Order. 

Before giving a geometrical interpretation of these results, 
it is worth noting how they may be extended. Since the symbols 
Oi, a^, ^2 . - . behave like ordinary numbers, any identity, 

or relation, established for quadratics necessarily gives inform¬ 
ation about cubics and higher forms. 

EXAMPLES 

1 . Just as (ab)axhx is the Jacobian of two quadratics, (ab)ax'^^'^^ 1 

is, to a constant numerical factor mn, the Jacobian of an m-ic ax'^ and 
an n-ic 

2. Since 2(ab)(ac)bxCx = (ab)^Cx^ -f- {ac)^bx^ — ibc)^ax^ (§3, p. 216), it 
follows that 

2 ijah) {ac) ax^^^ ~ ^ bx'‘^ ~ ^ Cx^ -1 = 

{ab)^ax'^^-^bx'’^-'^Cx'P+ {ac)^ax'‘^-^bx^^Cxp-^ -* {bc)^ax^^bx'‘^-^CxP-^» 
when m > 1, n > 1, p > 1, 

In such identities the significant parts of each term are the bracket 
factors, for, if these are known, the ar-factors ax^ bx> Cx follow automatically 
to make up the requisite number of symbols for each term. 

7 - Transvectants. 

Definition of Transvectant. —The covariant (ab)’^ 
of binary quantics f = a^^^, <j> — b^” is their Tth transvectant, and 
is often written 

{L 

If r exceeds the lesser of m and n, the transvectant is zero: 
if r = m = it is an invariant: and if r = 1 it is, to a constant 
factor, their Jacobian, written (/, f) with the index omitted. 

We may easily prove that all odd transvectants of a form 
/ with itself vanish identically, and all even transvectants give 
its CO variants of degree two. For if 

(/,/)- = {ahj a,— = {-Tihaf a,— 6/- 


then 
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which, leads to a zero result after interchanging equivalent 
svmbolsj if t is odd. Also by the fundamental theorem the only 
CO variants of degree two are polynomials in iph)^ h^'. hence 
they are transvectants. 

Another important case is the Hessian of a binary m-ic, namely. 






dy 

dxj^d X2 

dj 


= 7 n^(m — 1 )' 


— 771^ {7n — 1 ) 

2 % 




' 6163 




= Jrnym — 1)2 {abf 

= |w2(m— 1)2 (/, /)2= -|m2(m— 1)2H. 


Here we have started with the Jacobian of the two first polars 

3 ^ of a binary m-ic, and have thrown, it into symbolic 
€/ ^ ^^2 

form, thereby requiring two equivalent S3nnbols because the 
original determinant was of degree two in the coefficients of /. 
The result (/, /)2 shows that the Hessian is a covariant, a 
feature which can easily be generalized for the Hessian of n 
variables. 

exaivipi.es 

1. The Hessian does not exist for a linear form. 

3. The Hessian of a quadratic is its discriminant. 

3. The Hessian of a binary cubic is a quadratic. 

4- The Hessian of a binary qnartio is a quartio. 

6. The coefficient of the highest power of in the Hessian of 
(«o» a?!, is a(/i 2 — to a constant numerical factor. 

6. Write in full the Hessian , -- i— I of a ternary form 

1 dxidxj 1 

f = ax^ri = 

and show that neglecting a numerical factor its symboUc form is 

(a&C)® ax^—^ 6 a;”*—2 Ca>”* — 2, 

7. The bracket factors of the Hassian of an w-ary form a^p ~ baP 
s= &;c., are {abc . . . m)^. The Hessian Is of weight two and degree n. 
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8- ReduciMUty of Jaeobians. 

We can now prove two tlieorems concerning binary Jacobians. 

Theorem I.— The Jacobian of two quantics^ one of which is a 
Jacobian, is reducible. 

This is often quoted, as: the Jacohian of a Jacobian is reducible, 
and it is true of forms of general order nj 

Proof .— 

Let {f, <^) denote tbe Jacobian {ab)af^~'^bf~'^ of /== 
and <f> = bf^. Tben tbe J acobian of (/, cj>) and ijj = cj^ is 

dx^ 

~ d(f, 4 ,) dj^ 

dx^ dx^ 

1) (ab) ^ __ 1) -.1 

(m-1) (ab) aj^~^ bf-^ +{n-l) (ab) a,—^ 6." 6,, pcf^c^ 

Breaking this up by columns into two determinants it gives 

p{(m—l) (ab) (ac) b^c^ 

+ (n — 1) (ab) (bc)a^c^ } 

But 2 (ab) (ac) b^ c^ == (ah)^cf + (acfbf — (bc)^af‘ 

and 2 (ab) (5c) a^c^^ — (dbYcf — {bc)'^af‘ -4- (acy^bf‘. 

Therefore 2J“ (rn-\- n — 2)p 

= a,—(a&)2c/+ (ac)=6/- (6c)w| 
m-\- n — 2 J 

- m-n Wf, 

m-\- n — 2 

which proves the theorem. 

Theorem II. —The product of two binary Jacobians is reducible, 
for all cases excluding linear forms. 


^ Cf. Gilham, Proc. London Math. Soc.. 2, 20 (1921—2), 326—328. 
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Proof .— 

Bj use of the identity 

{cd)a^= {ad)c^-^ (ca)d^ 

together with the preceding identities, we have 

2 (ab) (cd)C:,d^= 2(ab) { (ad )+ (ca) 4}44 
= (ad)^b^^~~ {bd)^afcf 

- (ahfcf'd^^- (adfhfd,?-^ (haYaf‘df‘ 

giving four terms after cancelling two. Now we multiply through¬ 
out by 

(n^ > 1 ), 

and interpret the result with regard to four ground forms 

/l=«/h A-dfK 

Hence the Jacobian of and /g, multiplied by that of /g and 
is equal to 

■ J ^ {^14/2/3 “H -^23/1/4 ^13/2/4 -^24/1/3} 

•where ^iid this effects the reduction. 

In these two theorems we have expressed a more com¬ 
plicated covariant in terms of covariants of lower degree, 
thereby gaining results which have wide applications. The 
most useful case of the latter result is when =fz— f— 

and — (ah)'^af^~^bf^~^^ the Hessian of /. In this 

case the two Jacobians in question become 

(/l. A)=(/3. /4) = (/, H) 

the important covariant of degree three, usually denoted by the 
letter t. The theorem then tells us that the square of this 
covariant is reducible. On this result, or syzygy as it is called, 
the whole theory of solving binary cubics and quartics depends, 
and also the remarkable theory of finite groups of rotations 
whereby the five regular Platonic solids may be brought into 
coincidence with themselves, a subject very beautifully discussed 
by F. Klein.^ 

^ LectwreB on the- Icosahedron, translated by G. G. Morrice (London, 1913). 
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9. Remarks on the Proof of the Second Fundamental Theorem. 

The existing proofs for the general case of this theorem are long and 
difficult, but can be much simplified ^dth the help of a recent discovery ^ 
by R. Weitzenbock concerning all possible relations between tlie com¬ 
pound co-ordinates m- == [xy ... where 2 2. For a given 

value of r < every pol 3 niomial relation B{'Kr) which vanishes identi¬ 
cally "when TZr is resolved into elements can be expressed as a 

finite series where each 11,/ denotes a quadratic relation in r,,-. Now 

all such p-relations as they are called fall under the type II 2 already quoted, 
a well-known instance of which is 

between line co-ordinates {xy)ij — when w- = 4. 

The proof is very Like that of the First Fundamental Theorem, re¬ 
quiring also Bazin’s theorem (Ex. 9, p. 56) and the conception of implicit 
convolution (herausgegrifienen Reihen) for its completion. 

These p-relations have hitherto been known to be sufficient to express 
all relations between each set of compound co-ordinates, because they 
furnish a particular case of the Second Fundamental Theorem. But this 
direct proof, recently found, provides a more direct approach to this 
theorem. 

Another useful method is developed by B. L. van der Waerden, 
Math. Annalen, 95, (1926), 706-736. 


Weitzenbock, Math, AnnaUn, 97, (1927), 788-795; 99 (1928), 493-496. 



CHAPTER XIV 

Semixvaeiaxts. Algebraically Complete Systems 

1. Seminvariants and Leading Term of a Concomitant. 

Symbolic methods lead quickly to the important result that 
a binary covariant is completely specified if its leading term is 
known, by which is meant the term with the highest power of 
5 ?^. By the fundamental theorem the symbolic product 

0 — {ahy {acY ... a/ hj, 

is a CO variant, provided it contains the requisite number of 
symbols a, h, &>c., imposed by the ground forms. If this is of 
order w in. we may adopt a new symbol and write it as 

a.J^. Thus 

aj^ = [aby {acY • ‘ • • • 

is identically true for all values of x^, x<^. Let ^ + .. ., 

the total index of the bracket factors. 

Now consider the polynomial S defined by taking — 1, 
iTg = 0, in (7: 

S = {ahy (acY ... , 

since in this case &c. Then ^ is a polynomial 

in the coefficients, and in fact is the leading term of the covariant 
0. When x-^ x\ let S', Then (p. 184 (8)) since {a'b') 
= {^7]){ah), aY = we have 

S'={a'b'Y 

^{irjyiahr {acY-^-a{by 

If we divide S' by we obtain the original covariant with 
iii i 2 replacing x^, x^. Bo from the leading co^cient of a comriant 
ive deduce the whole covariant by making the linear transformation 
on the coefficients and dividing by a suitable power, w, of the 
modulus. This process is non-symbolical. 
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For example, {clPYcl^P^ is a covariant of tlie cubic 
Aq + 3^1 X:i^Xo + SA^^x^ x^ + A^ x.^ = a/ = 

Its leading term is 

The leading coe£B.cient is called a seminvariant. Symbolically 
we may define a seminvariant to be a polynomial in the types 
{pb)^ % where the suffix is always unity. Non-symbolically the 
seminvariant is usually defined to be an invariant of the restricted 
linear transformation 

x^ 77^ aJo', 

^2 ^2 ^2 9 

where it will be noted that the coefficients are 1, 0. Mani¬ 

festly the symbol % is now invariantive because 

whereas the symbol ng is not. It will further be noted that this 
restricted transformation belongs to what has been called an 
affine group (§7, p. 162). 


2 . Seminvariants as Solutions of Partial Differential Eguations. 

The seminvariant provides a useful means of studying the 
concomitants of ground forms, without recourse to the symbolic 
methods. The leading idea which governs this alternative theory 
lies in the solution of a differential equation 


M- 


o , o 

3(22 

U Ctey 


da^ 


+ = ( 1 ) 


where S is regarded as a polynomial in p 1 independent 
variables <aq, , .. , Sylvester and Cayley first studied this 
equation, basing their results on the fact that if these independent 
variables are coefficients of a binary _ 22 -ic . . . , 

then every polynomial solution of the differential equation is 
a seminvariant of the p-ic. The seminvariant & has, in the 
words of Sylvester, an annihilator Q., namely 

n^a,^+2a,A + ... + pa^_,-l-. ( 2 ) 
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Furtlier, every polynomial I annihilated both by O and the 
corresponding operator O. given by 


O = a^ — 



( 3 ) 


is an invariant of the p-ic. 

Granted the first result, the second follows in various ways. 
Thus it will be seen that O is derived from Q. by reversing the 
terms of the p-ic. Consequently if Q.S = 0 implies /S is a leading 
term of a covariant, then OT = 0 implies T is the final term of a 
covariant. Symbolically S being composed of types (ah), 
then T would involve (ab) and 0^2. Accordingly they can only 
be the same expression if <23 are absent and type (ab) is left, 
gi\dng an invariant. Or, again, the leading term contains no iTg, 
so the final term contains no hence the covariant is free from 
both variables, and is therefore an invariant. 


We therefore consider the annihilator Q. To this end let 
the noh-homogeneous form be taken 

/(x) s Up = OgxP 4- + ... + Op, . (4) 

so that 


^ — 1) C7p_2 = -p{'p—\) («„, , Op_2 5 X, 1)^-^, 


and so on. Then if x = 7/ k, 

ny +^0 =m + yf{h) +...+y 

p\ 

= a,yr’ + pU^Qi)y^-^+ g) U^(h)yP-^ ... + U^{h) 

where 

Ui(h) = aQJi 0^9 ^2(^1 -j- a29 &c. . ( 5 ) 

Now if a, . .. , a> are the roots of f(x) ~ 0 , then any poly¬ 
nomial F(aQ, . . . , a^) is a sy mm etric polynomial function 
4 >(u, p, . . . , m) of these roots. Also since y := x — h, the roots 
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of the corresponding equation for y are a — h, p ~ Ji, , ,, — 7i. 

So we are led to the identities 


^(a, , co) = F{ao, a^) ^ 

4 >(a — h,P — h,...,aj-h)= F(ao, U^(h), . .. , (A) ) ■ (6) 

= ■F(«o. fifoA + Ogh^ + 2ciA +02,...). J 


Expanding both sides as ascending power series in h and retaining 
only the first power of h, we have by Taylor’s theorem for p 
variables. 

Thus the two operators are equivalent: 


9 , o 9 , , 9 




060"^ 


the first Q taking efiect on a function ^ explicitly containing 
^ 0 , . . - , CLpi the second on the same function expressed in terms of 
the roots a, , co. Hence any solution of OF’ = 0, when 

expressed in terms of the roots, is a solution of 


, - L ?^=0 

da ‘ ' dco 


( 8 ) 


But the general solution of this last difierential equation is foxmd 

from Lagrange’s auxiliary equations 

da __ _ dcjL> _ d(f> 

_ __ ... _ 


Independent integrals of this system are (p = constant, and p — 1 
diSerences of the roots. So any solution of the equation (8) is a 
function of the differences of the roots, say 

^ = S{a — P,a — y,...) .(9) 

Again, in the alternative form Q.F — 0, Lagrange’s auxiliary 
equations are 

daQ da^ da.2 _ da^ dF 

0 ” Uq 2<2i ’** pap_^ 0 

Independent integrals of these are F = constant, and, including 
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Uq, p solutions involving tlie a's. But siich solutions are given 
by tKe system 

^0 ~ 

Sq • ciQd^ ~ cz 

-f ea^aj^a.^ — 3%^^ (D) 

— paQ^ 

+ - . - • + i-r-^ (P - IX 

For these polynomials are the numerators of the rational functions 
Ugih), ZJ-^{h), . , ., U^,(li) when li= — <ix/aQ, as is seen by sub¬ 
stitution in (5). Also each Ui{h) is a sj^mmetric function of the 
roots oi f h) ~ 0 as an equation in y, and further, in this 
particular case each root for is a function of the differences of 
the roots a, , a> for x, since 

q —;i = a + gi = a — (a--^) + (g —y) + ■•• + (g — 
ao p p 

Hence Ui(a-^laQ) is a particular function of type S. Finally since 
the p functions Si are independent (Si^i including not found 
in Si)s the general solution of the equation Q.F = 0 is established; 
namely F is an explicit function of the p pol 3 momials Si, 

F{Sq, S 2 , , S^). 

Thus a polynomial in these is a polynomial in the differences 
of roots off(x) = 0. 

Finally, such a function satisfies the seminvariant condition; 
since in the present case x= : X 2 , that x becomes 

'Vl * r , 

x=- 

V2 

whence rj^a = cl' connecting any root a with a' the 

corresponding root of the p-ic in x'. Thus (a — cl' — fi'. 

Accordingly if ^ is a homogeneous function of degree w in 
the differences of the roots a — the corresponding transformed 
fimction of a — p' is <f> multiplied by depending only 
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oil tlie coefficients of tlie transformation. Thus ^ is a seniinvariant 
and so also is its alternative form ^(Sq, - . . , S^). 

It may be noticed that the degree and weight of Si are equal 
to i. If Si is the leading coefficient in a covariant of order t 3 j. 
then (§4, p. 186) the valency condition -f- uj = pq gives 

-m — ip or m = i(p — 2). 

EXAJMPLES 

1 . For a linear form, Sq alone exists since < 2 ^. = 0 {i > 1 ). For a quad¬ 
ratic SqIS leader of the ground form and is the invariant discriminant. 

2. Verify that — 0 for the quadratic. 

3. Verify that OSi = 4 = 0, ^ > 4 > 2. 

4. Prove that is the leader of the Hessian covariant of a :p-ic, namely, 

I dx-j^ dxj^dx^ 

ay 

I dxi Bxq dx. 

6 . Show that 8 ^ is the leader of the Jacobian of a p-ic / and its 
Hessian H. We write this covariant (/, H). 

6 . Express 8 ^, 8 ^ in symbolic form for / = ax^ ~ = Ca;?’. 

82 = ^{ah)^ap>-^hp>-^, 8 ^ = (ah)^{ca)app-^hp>~^cp>-K 

7. What covariants are sjntnbolized by 

{obYa^xP-^ (a6)2(ac)ax2^-3 6 x^- 2 cajP-i ? 

8 . Write down the most general polynomial of degree 3 and weight 6 

in the coefficients ao» ^4 ^ binary quartic. Show that if Q. or 

if O annihilates it, then it is the J invariant. 

^2 

Ans. + yia^a^^ + -f a.^ 

Uo Cts ^4 

9. A homogeneous, isobaric polynomial G in ao, <Zi,.,., is a gradient. 
Prove for any gradient of degree q and weight w 

(aO — OQ.)G = (pq — 2w)G, 

10. What further condition is necessary for G' to be an invariant? 
pq = 2iv. 

3. Algebraically Complete Systems. Syzygies. 

With the help of the theory of linear partial differential 
equations we have found a set of p seminvariants in terms 01 
which the most general seminvariant of a binary j?-ic can be 



232 


ALGEBRAICALLY COMPLETE SYSTEMS [Chap. 


expressed. Sucli a set is called algebraically complete because it 
can be proved that the relations connecting other seminvariants 
vith these p forms Si are expressible in a rational polynomial 
f<;rm. They are called syzygies. 

If S\ S" . . . are seminvariants connected by a syzygy 
^ = 0. we suppose <£ to be isobaric in the original coefficients, 
otherwise it breaks up into isobaric terms each of which is itself 
a syzygy, exactly as was the case in §2, p. 171. 

Since a covariant is determined by its leading term, it follows 
that any such syzygy between seminvariants leads to an exact 
replica between covariants (and invariants). The symbolic proof 
is instantaneous. Tor if the syzygy is written 

= 0 , 

and iVjg is the weight of then the sum 

must be the same for every term. Hence if we put the syzygy 
into symbols and then change into Ua- and tn'^o <^ 0 ., 
we have 

... == 0 , 

or E . .. = 0, 

i.e. the covariants G\ G" . . . are connected by the same relation 
as the seminvariants. 

It follows that the theory of algebraically complete systems 
of concomitants can at once be derived from such a theory for 
seminvariants. 

This theory of algebraically complete systems and of binary 
annihilators Q, O, for a single groimd form, can be extended. 

For example,iif several ground forms are concerned, each has 
its own operators Q and O. It can be proved that a simultaneous 
invariant is annihilated by the sums of these operators, namely 

sai=-o, soj=o. 

A special case of this is the co variant G of one ground form, which 
may be regarded as an invariant of the system of this ground 
ffirm with the linear form whose coefficients are — cco, x-i. 

1 Elliott, Algebra of Quantics (Oxford, 1913), 120-124. 
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The O of this latter is simply — ^ 

“ ( % 


and its O is — 


233 

d 




Accordingly ^ 

SO = Q ~ iTa -ZO = O — 

CX^ CXq 

Thus a covariant is a polynomial, satisfying the valency con¬ 
ditions, which is annihilated by these two operators. 


1 . Test the Hessian 


EXAIVIPLES 

^ 0^1 ~h <^ 1 ^ 2 , -}- czoajo 


of the cubic 


^ ^ a 


((Zq, < 21 , < 22 , <23 5 ^ 1 , 2 ^ 2 )® with the operators C 2 - 

2. Apply the corresponding test to the simultaneous invariant 
<^0 &2 — ^^1 ^1 + ^2 ^0 of two binary quadratics. 


Again, there are corresponding operators for ternary and 
higher categories, and analogous results giving finite algebraically 
complete systems, some of which have considerable importance 
in other branches of mathematics. Recently Forsyth^ has 
given results which deal with quadratic ground forms involving 
one or more homogeneous sets of variables cco, The 

solutions so found are the functions needed in formulating the 
physical invariants of the Relativity Theory. 

Example .— 

An algebraically complete system is that of five concomitants /i, A, 
Dll, -Z>i 9 , D 22 of two quadratics (§5, p. 219). For the sixth J can be expressed 
algebraically but irrationally in terms of them as 

^== (A 2 / 1 / 2 ” 
owing to the syzygy 

2 J2 _ 2D^2hU - Al/ 2 ^ “ I>22/l" 

which connects them. Or again, this relation might be used to give one 
invariant, X>j 2 or D-^ or 2 > 2 » rationcdly but not integrally in terms of the 
other five forms. 

4 . Irreducibility. Gordan’s Theorem. 

The question now arises, are we to break the integrity of our 
work by introducing an awkward irrationality by solving this 
equation for * 7 ? The instinct of all the great algebraists of last 
century has been to say, No. Far more is gained by retaining 
the set of six polynomial fxmctions than by rejecting one of them 

^ JProc. Royal 80 c. Edinburgh, 42 (1921-2), 147-212. 
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at the expense of symmetry. We are here in touch with a big 
question, one which is not often explained and reasoned out 
in an English elementary textbook. Perhaps our national love 
of independence is at work, and we unconsciously admire ‘p 
things essentially distinct, rather than p q things dependent 
on q binding relations! Anyhow we have to thank Cayley and 
Sylvester for their original handling of the dilemma, with their 
insistence on maintaining the polynomial character of these 
functions at all costs. So we are led, from the algebraically 
complete system of concomitants, to the broader conception of 
the irreducible system^ and with it, Gordan’s theorem. 

Because every polynomial concomitant of two binary quad¬ 
ratics can be expressed rationally and integrally in terms of six, 
but not of five or less of them, these six are called the irreducible 
system of two quadratics. Analogous systems hold for a single 
binary cubic, quartic, and ^i-ic. 

For a time after Cayley first broached the subject in 1856 
the conviction began to gain ground that for values of n greater 
than four the system was in fin ite. Then in 1868 Gordan sprang 
his great surprise on the algebraic world by proving that the 
irreducible system of a binary n-ic finite", and this in short is 
his great theorem. He perfected the proof in three stages, extend¬ 
ing it from the original case of one to any number of binary 
ground forms 

In 1890 Hilbert 2 gave an alternative proof applicable to 
forms of all categories. This proof, which we shall soon consider 
in detail, consists of two parts, first establishing a remarkable, 
not to sa}^ startling, lem m a, sometimes called the Basis Theorem, 
of very great generality; and secondly leading by use of the 
Cayley operator to the desired result concerning invariants. 
Hilbert’s lemma is an Existence Theorem: it establishes the 
existence of a certain finite system of functions, but throws no 
light on how to find them. Gordan’s proof, on the other hand, 
actually provides its own solution. Both methqds were very great 
achievements. 


^ Cayley, Second Memoir (1856). Collected Papers, Vol. 11, 250-276, 
Gordan, Crelle, 69 (1868), 323-354. On p. 343 the author introduces the term 
compile system {voiles System). Grace and Young, Algebra of Invariants, 
pp. 101-12/ contain the proof for binary forms, substantially in the form of 
Cardan s third proof. For a general survey of the whole problem, see Meyer’s 
Berichte, pp. 134-150. 2 Math. Annalen, 36 (1890). 



CHAPTER XV 

The Gordan-Hilbert Einitexess Theorem 

1. Hilbert^s Basis Theorem. 

Let 

Z,, Z„ ..., Z, .(1) 

be n variables. Further, let there be a given law or specified set 
of conditions whereb 7 /on? 2 s F in these n variables are constructed. 
Let this law be such that it leads to an infinite nuraber of such 
forms, each mvohfing the variables and not being merely a con¬ 
stant. We write 

^00 ” -^15 -^2> * • • 3 ^mi • • • • . . (2; 

to denote the totality Sco oi these forms 
Suppose further that 

-^l3 -^23 • * • 3 .(^) 

denote forms in Z, which are not necessarily contained in the 
system Tbut which can if necessary be constants. Then 
Hilbert’s Basis Theorem runs as follows: 

From the infinite set of forms Sqo d finite set of forms F^, Fg, . .., 
Fiji can he selected, such that every form F of the system can be 
expressed as 

F = ^1^1+^2-^2+ ••• +• • W 

These forms F^, F 2 , ..., F„i are then said to be the basis of 
the system Sq^. 

To illustrate this we can take the extreme case when the law 
is absolutely general. In this case Fg, . - . , F,^ are the n 
variables Z^, Zg, . . . , Z,i themselves. For each of these is a 
linear form, and thus falls within the set S 00 1 while any other 
form F can manifestly be expressed as 

+ ^ 2-^2 + • * - 4-^?iZ,i, 

where each is a suitable form of one degree lower than that 
of F. 
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This basis would fail if the law specifically excluded linear 
forms, because none of would then fall within Sqq. 

Proof ,— 

We prove the theorem by induction. For if 1, there 
is only one variable and the most general homogeneous 
polynomial, or form, is now simply Then the supposed 

law will produce various positive integral indices of which 
say, is the least or one of the least. Every form is then 
expressible as in (4) with m == 1, since Fj will now be a factor 
of every possible form Fi. So the theorem is true if ^ = 1 . 

Next let us assume it true for n — 1 variables • • • 3 

X„_i. Let Xi, an arbitrary member of the system Sqo, be of 
degree r in the ?i variables X^, Xg, - . •, X^^. It is then quite 
possible that F^ contains no term involving Xf, for the 
supposed law might expressly exclude this. We can, however, 
guarantee that such a term actually occurs, a fact of importance 
later in the proof, by the following device. 

Through the linear transformation X —» F, or more expressly, 

Xi = 2 e-ijYj, A = j Cij {=4= 0} • • • (5) 

J 

we change the form F^ into a form G^, of degree r in the variables 
Y; say + o^Y,r^ + . . . + o, (c=}=0). . ( 6 ) 

The constant coefficient c of Yf, which alone we need to examine, 
is given by substituting the values Xf= (i = 1 , 2 , , . . , n) 
in (§2, pp. 183-4); in fact 

c = (Xi)xi = Sin ‘ 

and since F^ is not identically zero, we may choose suitable values 
of these coefficients so as to give c 0 . 

Next if we transform members F^ of Sc^, by (5), into forms 
2 * - * ^ variables Y, we can prove the theorem for the 
forms F by showing that it holds for G, For if 

G=^B^G^ + B^G^-i-,,. + B,A^ . • (7) 

holds for every form G in terms of a basis G^, , , . , G^, we merely 
have to reverse the transformation X F to obtain the desired 
result (4) directly from (7). We therefore proceed to prove the 
result (7), taking G^^ as given by (6). 
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To this end let each Gg ( 5 = 2 , 3, . . .) be divided by 
regarded as a function of giving a quotient B^. Thus 

O, hV-i -f 3"/'" -f- ... + O,. (8) 

Here Bg is identically zero if Gg is of lower degree in T„ than G^\ 
also some or all of the poljmomials . . . , may vanish; 

and further, they all may contain n — 1 variables Yj, Ya* • • - ? 

^ 71 - To such polynomials, formed as they are 
by a definite law, the Basis Theorem applies. In particular 
for the system 


we have 




^3? * • - 5 ... 

• 4“ 4" - • * H” 




(9) 


where the suffixes s^, ^2 
If we write (8) as 

O Y = G 


. . ,, Su are fixed integers. 


O-S, 


and let s take the v special values 5^, Sg? • * • ? ^p> we obtain the 
system of equations 

.[. ( 10 ) 

Multiplying these respectively by A^, . . ., A^^ and adding, 
we obtain, by (9), 

<!>. Y,r^ = + -.. + J 

+ 0(?i+y/r„’-^+... + a/, . . (11) 


where the significance of C, , . . . , Q/ is easily seen. Wlience 
by substituting this value of in (8), we have, say, 

o, = b; + a,^g,^+... + a,^ + 'FJ' r/-" +... + n;' 

= 2 <?, + f;’ Y,r- +.. - + o/' 

= 2B,(?,4-17,_2, .(12) 

i 

where i takes v + 1 values, 1, .. . , Sj,. In the same 

way (8) may be written Gg= BgG^^-^ Ur—x, where Z7,._2 are 

polynomials of degree in at most indicated by their sufi&xes. 
Proceeding again in this way as from (8) to (12), we deduce an 
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expression for involving Z7^_3, of degree at most r — 3. TEis 
procedure, in at most (/ — 1) steps, gives Uq, a polynomial 
independent of T„, and therefore one for which the basis 
theorem is true. So finally we express as 

-r ■B2 (t 2 -f- • • • + -^m 

where m is finite. This proves the theorem. 

The remarkable point about this theorem is its breadth: 
for provided the law of formation of the functions is definite 
it may be as intricate a law as we please. Tor instance, the 
variables Xa, . . . , may be replaced by any finite set of 
variables, such as the cogredient and contragredient and inter¬ 
mediate compound sets a:, u, &c., already adopted. 

Further, the proof is applicable not merely to the fi.eld of 
ordinary complex numbers, but to any more restricted ring 
(p. 12) of number where the law of division, with remainder, as 
required in (8), together with laws of addition and multiplication 
for constructing polynomials, still hold.^ 

2. Proof of Gordan’s Theorem. 

We can now give a formal proof of the Gordan-Hilbert Finite¬ 
ness Theorem, which runs as follows; 

For any finite given set of ground forms^ every rational integral 
concomitant of a general linear transformation can he expressed 
rationally and integrally in terms of a finite number of concomitants 
C^, Cg, . - • 5 Gjjj. These m concomitants are said to form the complete 
system/hr the given ground forms. 

Proof .— 

By adjoining certain linear forms to the given ground forms 
every concomitant of the original system is determined by the 
invariants of this extended system (§8, p. 207). We therefore 
need consider invariants only, these being functions of the 
coefi&cients of the ground forms. 

Since homogeneous invariants represent all polynomial in¬ 
variants (§3, p. 171), while the multiplication of a given invariant 
throughout by a non-zero constant does not efiectively change 
it, we may consider all invariants as forms in the coefficients 

^ The above is substantially the original proof given by Hilbert. An even 
neater proof was given later by Gordan {GSttinger NachrichUn (1899), 240-242). 
Cf. Grace and Yoxmg, Invariants, pp. 178—182. 
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of tEe ground forms, derived therefrom by definite laws. Thus 
the Hilbert Basis Theorem applies to any invariant J; namely 

+ . . (13) 

where .... is a fixed set of invariants, and each is 

a polynomial in the coefficients of the groimd forms, but not 
necessarily an invariant. 

Xow let the linear transformation of variables change to 
Ai\ ly. to {^ri . . . and 1 to (^77 . . . Then the Z^-th 

term on the right of (13) is transformed to a polynomial in 
, , . . , of weight in order to agree with the left. Further 
it breaks up into, say, r single terms (if Aj. has r terms), each of 
which has the factor 7;^ independent of . . . , All other 

factors can be symbolized by inner and outer products , 

{cLri ^ . m), . . . , with a possible common denominator (^ 77 . . . a>)^, 

exactly as in §7, p. 205. We multiply throughout by this 
denominator, so that (13) is replaced by an identity 

iir] . . . J = < 52 ^ 1/1 + ^2 Z 2 4- . . . + ^ + p > 0, 

where each (f>i is a polynomial in these inner and outer products. 

Operating with on both sides as in §7, p. 206, we obtain 

A7= 4 7^/2 + • • • 4-(A 4 O), (14) 

where the 7i:h term 7^^ 7ju is due to the 7th term of the original 
series, 7^^^, being either an invariant or zero. 

Since has degree greater than zero, 7^^, has degree less than 
that of 7. Thus every invariant is expressible polynomially in 
terms of . . . , 7„^, together with invariants of lower degree. 
Treating each 7^^ by the same process as for 7 itself, we lower the 
degree of these additional invariants at each stage. Since the 
degree of 7 is finite, a finite number of such processes ultimately 
furnishes mere constants, apart from the system 7^,. .. , 7„^. So 
we have expressed 7 explicitly as a polynomial in 7^^, . . . , 7^^; 
and this proves the theorem. A proof without the help of 
symbolic methods can also be given.^ 

3. Limit to the Number of Syzygies. 

The distinction betw^een an algebraically complete and an 
irreducibly complete system for given ground forms should now 


1 Cf. Weixzenbock, Invariantentkeorie (ia23), 145-148. 
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be clear. Manifestly tEe latter is richer and more elaborate 
than the former, as, for instance, in the case of two binary quad¬ 
ratics (10), p. 220 , where a syzygy connects the six irreducibles 
so as to make five algebraically independent. Evidently, too, 
there will be such syzygies in general between members of the 
irreducible system. 

It is an interesting example of the Basis' Theorem to prove 
that for a given complete system of m forms 
T T T 

the number of poljmomiai syzygies is limited. 

For let 6^(7) = 0 be called a syzygy of the first hind if G{I) 
is a polynomial in these 7’s which does not vanish identically, 
and which only involves coefficients of the ground forms implicitly 
by means of these 7’s, and which vanishes when each I is ex¬ 
panded as a polynomial in these coefficients. 

Then G{I) can if necessary be made homogeneous by adjoin¬ 
ing another Iq which later can be made equal to unity. To such 
functions, built by definite laws, the Basis Theorem applies. 
Hence every G is expressible as 

in terms of a finite number of such functions. 

4. Multiple Fields. 

BQlbert has pointed out the appKcability of his methods to 
the general theory of forms when the variables fall into quite 
distinct fields governed by independent linear transformations. 
The following example ^ sufficiently illustrates the method, which 


may readily be generalized. 

Let F = .(15) 

be a form of orders (p, q) in two independent sets of variables 
X and xz 

. . . , . . . , X^j . - (Ifi) 

where X belongs to a field of order m, and x to one of order n. 
Here m and n may be equal or not as we prefer. 

The symbolic coefficient of a typical term is 

AiA^ . . . a^as .(17\ 


^ Of- Weitzenbock, Invariantentheorie, p. 160. 
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involving p factors with a capital A and q with a small a. The 
actual coefficient could be represented by 

as) 

without recourse to upper suffijses, since the variables X, x are 
not assumed to be contragredient. 

For such forms we require two independent linear trans¬ 
formations X —» X' and x —^ x', associated with which there 
will be polynomial invariants composed of coefficients A^j rs...- 


If X^=SX£jX/, Xi=i:eijx/ (19) 

J J 

are the linear transformations, with moduli 

A=1X,,-|4=0, S==|c,,-|4=0, (20) 

then as in §2, p. 170, an invariant satisfies the condition of 
transformation 

r = .( 21 ) 


where W, w, positive integers, are called the weights of / in the 
coefficients of the independent sets of variables. 

For such poljniomials in coefficients (18) the two Cayley 
operators 




a 


I d 
Sey 


( 22 ) 


b ave place. A symbolic polynomial P in the symbols A, a, which 
contains after transformation a weight W of the and w of 
the is such that 


oT=I .... (23) 


an invariant. Hence as in the proof of the First Fimdamental 
Theorem an invariant is symbolized by aggregates of two sorts 
of bracket factors 


{AB,..M), {ah...n) ... (24) 


which are symbolic determinants of orders m and n respectively. 
A covariant will also have factors a^. 

Further, the Hilbert Basis Lemma applies; and, for a poly¬ 
nomial invariant we have 

1 = -f-^2/2+...+ 

(D884) 
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in terms of a properly chosen finite set of invariants Iq, 

Finally the operator acting upon this, leads as before 

to the expression of all invariants in terms of a complete system 
consisting of these g. invariants • • • » -^^4- 

5. Gomtinants. 

In a multiple field let Fx be a form linear in one set of variables 
Ag, . . . , A,,,. Then to take the case of two sets of variables 
A, X, the typical form has orders (1, p), namelj^ 

-Fx = na/ = S A,-, A,. Xi^... . 

It is simplest to express this explicitly as a sum of m terms 
'^l/l “T A2/2 -h * • ‘ “h 

where eachy^- is a form of order p in the variables x. Any con¬ 
comitant of the multiple form Fx is called a comhinant of the m 
forms fi. 

If the independent transformations A —> A', x —> x' are made 
in the particular case when A' = A, then x alone changes, and 
the concomitant C is therefore invariantive for the form Fx 
regarded as a function of the ic’s alone. Hence it is an invariant 
of the simultaneous system jTg, - . . , Every combinant is 
therefore a concomitant of the forms/i, but the converse is not 
true. Indeed it is an important problem for a given set of Z^-ics 
to determine which of their concomitants are combinants. 
Similat remarks apply to cases with more sets of variables 

X, y, ... . 

Example .— 

Tile Jacobian of two binary forms 

/i = fz ~ 

is a combinant, since 

^(^1/1 T M-i/i + t^2/2) _ 1^1 ^{fi> fz) 

The general properties of binary combinants were given by Gordan, Math. 
Annalen, 5 (1872), p. 95. Rurther references are to be found in Meyer’s Eerichtef 
and the same author’s hook, Apolaritat und rationale Curve. Much interesting 
information will also be found in Chapters XI and XIV, Grace and Young, 
Algebra of Invariants. 
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EXA]MPLES i 

1. Extend the methods of §5, p. 173, to show that a double binary 
form can be symbolized as follows: 

'F = E -j- (ai2/i “r 

so that cLij= — — 

2. If this form is written W — prove that 

(ab) (a^)aa;”^-i b^^-'^oL^f^-'^ 

is a covariant for independent linear transformation x- x\ ■ y'. 

3. If 2 : = ^ + 27], z' = '^ — 27] are conjugate complex numbers, where 
7] are rectangular Cartesian co-ordinates of a point, then the equation 

of a circle can be written 

azz' -\-bz b'z' 4 - d = 0. 

Determine the conditions for the equation in t] to have real coefficients. 

[Coefficients «, d real; b,b' conjugate complex numbers.] 

4. If, further, z ~ x^i x^, z' = y^' "m — n, then the equation 
'F = 0, expressed in terms of v], represents a plane curve of order m, 
in general with multiple points of order m at the circular points at 
infinity. 

[Terms of highest degree are 7 ] 2 )m], 

5. Prove that the linear transformation w = {pz -{- q)f{rz + s), where 
ps — gr =1= 0 is equivalent to a particular case of the two transformations 
X —^ x\ y —> y' above; and that this z transformation is equivalent to 
inversion successively in circles orthogonal to each other. 

6. If the bilinear form {m =: w = 1) represents a circle, prove that it 
degenerates to a point circle when (a6) (a{3) == 0. 

^ References to double binary forms: Peano first gave the system for 
bilinear forms (w z= n = 1 ); JBattaglini, 20 (1882). For a more direct proof cf. 
Proc. Roy, 80 c. Edinburgh, 43 (1922—3), 43—50 (45). The general theory is given 
by Xasner, Trans. American Math. Soc., 1 (1900): “ The invariant theory of 
the inversion group also 4 (1903). 

Peano gave the 18 concomitants of the complete system of the (2, 2) form. 
For their geometrical treatment cf. Turnbull, JProc. Edinburgh Roy. Soc., 44 
(1923-4), 23—50 where other references are given; and Vaidyanathaswamy, 
Proc. London Math. Soc., 2, 24 (1925), 83-102, “ On the rank of the double 
binary form 

The (2, 1) form has been treated by these authors in the works quoted, 
while the system for two (2, 1) forms is given by Saddler, Proc. Edinburgh Roy. 
Soc., 45 (1924-5), 3-13; cf. also 46 (1925—6), 264—282. The same author gives 
the system of the (1, 1, 1) form in Proc. Cambridge Phil. Soc., 22 (1923—5), 688- 
693: cf. also Schwartz, Math. Zeitschrift, 12 (1922), 18-35. 

For a proof of Gordan^s theorem and a general transvectant method of 
discussing the double binary forms, cf. Proc. Edinburgh Math. Soc., 41 (1922-3), 
116—127: cf. also Gordan Math. Annalen, 33 (1889), 387—389; Study, Math. 
Annalen, 27 (1886); Lehnen, Eissertation Ronn (1921). Double and multiple 
binary perpetuants are considered by the author in Proc. London Math. Soc.. 
2, 27 (1928), 193-208. 
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7. Prove that if a; 5, (3; c, v; d, S are pairs of symbols not necessarily 
equivalent, the product of tvro covariants 

{ab) ^n-x ^n-x^^n-x 

is reducible- P* 224. 

6. Further Examples of Complete Systems. The Binary Cubic. 

In binary forms the complete system of a single n-ic includes 
invariants and covariants. For a linear form (^ = 1) the Funda¬ 
mental Theorem shows that no concomitant exists beyond the 
form itseh. A binary quadratic f= has a complete system 

of two forms: / and its discriminant. That of a binary cubic 

/= -h -f (25) 


has been established in various ways. It consists of four forma 


/= a/, R = {ahfaj)^ 


t= {ah)‘^{ca)h^G^, 


A = {ahf' {ac) {hd) {cd)^. 


(26) 


Here H is the Hessian of the cubic ground form/; t is the Jacobian 
of /and H', and A is the single invariant, the discriminant of the 
quadratic H. 

Non-symbolically we find 


5 = 2 ! + 

" 1 

1 


(27) 

9/ 

dH 1 



dx^ 

dx^ 

dH 


(28) 

dx2 

dx^ 



A = 2 {4 (^ 0 % — (a^ag — 

2 ) — (aoUg—■ a^^a^)^}. 

(29) 

The leading term in t is 




(ao^ag— 3ao«i<3&2+ 




which contains a seminvariant of degree and weight 3 for its 
coefficient. 

These four forms/, H, t, A are irreducible but not algebraically 
independent, for they are connected by the syzygy 

2^2 4-Zr3q_2i/2^0, 


(30) 
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whicli is a farther example of the general fact that the square 
of a Jacobian is reducible. This syzvgy is also deducible by 
eliminating iCg from the three equations 

. (31) 

t = T 20 ^^)-r • • • , 

which is an example showing that an invariant can often be 
looked upon as the result of eliminating p tmknowns from 
p -}- 1 equations. 

EXAIVIPLE 

If ilf is the modulus of the transformation x^, Xq —> X, Y, where X, Y 
are the linear factors of the Hessian, show that this system for the cubic 
can be written 

/ = Xs -f H= 2M^XY, t = M^iX^ — Y?), A = — 2M% 

and verify the syzygy. 

7. The Binary Quartic Form. 

The complete system of a binary quartic form 
f=a^i=b^i=c/ 

= aoa:i^+ 4aia^3a.^_[_ Qa^Xj^x 2 ^+ 4 : 030 ^X 2 ^ + (32) 

consists of five concomitants 

/=a/, H^(f,fr={abra,^b,^ {f, H) {ab)Hca)a^bJc,^ 
i—(ab)S j= (bc)^{ca)^{ab)^, . • . (33) 

three being covariants and two invariants. 

Non-symbolically the invariants are 

i= 2(ao<^4— 4%%+ 3^2^), 

^0 ^2 

j=Q 

CI2 ^3 ^4 1 

= 6(ao<72‘^4 — ^0%^ ~ + 2%Gf2^3)- 

The Hessian H is a quartic of degree two in the coefficients 
of the ground form, while ^5 is a sextic. These two covariants 
are evidently analogous to those of the previous cubic ground 
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form, as tlie sjmibolic expression shows. Corresponding co- 
variants naturally exist for the general 9^-ic. The invariants 
i andy appear for the first time becanse they involve four symbols 
a in their bracket factors. They lead to analogous covariants 
of a quintic 

{pbYaJ)^, {bcf‘{caY{ab)^aJ)^c.^, 
and for higher forms. 

Between these five concomitants of a quartic a syzygy exists 
= . . . (35) 

again because the square of the Jacobian t is reducible. This 
may be verified by applying the general theorem, or by use of 
a canonical form, say 

/= • (36) 

EXAMPLE 

Assuiaiing a linear transformation x —> X of modulus Af = 4 = 0 gives 
^ 0 ^ 1 ^ “!■••• + = / = X^ + 6 mX® prove that 

H ^2 (x^-\- X^ + yA , 

\ m / 

t = 3/3 (1 __ 9m2) XY {X^ — Y% 
i— 2M^il 4 - 3m2), j == 63/®(m — w®), 
and verify the syzygy (35). 


8. References to Complete Systems. 

For canonical forms when the cubic or quartic ground form is special, 
the reader should consult Elhott’s Algebra of Quantics, The corresponding 
symbolic forms are given by Grace and Young in The Algebra of Invariants, 
where also an account of the complete systems of the binary quintic, 
the sextic, two cubics, quadratic and cubic, quadratic and quartic, and 
also of two ternary quadratics, will be found. 

The septimic and octavic were worked out by v. Gall, Math. Annalen, 
31 (1888), p. 318 and 17 (1881), p. 31, p. 139. 


All these results beyond the quartic case are very complicated. 
There are, for example, 23 irreducible concomitants of the binary 
quintic. This increase of complexity is not entirely due to the 
increase in number of coefificients of the groimd form as its order 
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advances, for certain concomitants actually are reducible for 
higber orders, even when irreducible for lower. Thus the 
invariant 

A = {ah)- (ac) {bd) (cd)^ 

of a cubic is irreducible, whereas the corresponding covariant 
A' = (a6)2 (ac) {bd) {cd)^ a^b^c^d^ 

of a quartic can in fact be reduced to a linear combination of 
jf and iH, 

There is a theory of perpetu-ants which deals with covariants 
of a given degree for forms of order not less than the weight of 
any such covariant. It may be regarded as the theory of binary 
forms of infinite order. It affords a notable example of the 
value of both symbolic and non-sjnnbolic methods of attack. 
For the complete system of such forms may be said to be known. 
It will be seen from the examples of symbolic methods in 
§3, p. 216, that any such system so foimd is comprehensive: 
all irreducible forms are certainly included. But it may contain 
redundant forms. Now the non-symbolic methods proceed in 
just the converse way, and show that any system so found con¬ 
tains no reducible terms. When the two methods yield the same 
result, as in the case of the binary quintic or binary perpetuants, 
they therefore confirm each other. 

In higher fields complete systems are known in certain cases, 
but apart from linear and quadratic cases the only complete 
ternary system actually computed is that of the cubic by Clebsch 
and Gordan {Math. Annalen, 6 (1875), 436). The ternary quartic 
has received much attention but still remains unworkable.^ The 
problem of ternary perpetuants was solved by Dr. A. Young 
{Proc. London Math. Soc., 2, 22 (1922-3), 171-220. 


^ A notable instalment was worked by Fraulein E. Noether, Crelle, 134 
(laOS), 23-94. 



CHAPTER XVI 
Clebsch’s Theokem 


L Introduction of Clebsch’s Theorem. 

The object of the present chapter is to develop the general 
invariant theory as far as the variables are concerned, and the 
principal result vill be a theorem due to Clebsch which tells 
us that a completely adequate account of concomitants in the 
field of order n can be given by restricting the choice of ground 
forms to functions of at most n — 1 sets of cogredient variables. 
All other sets which enter can be accounted for by polarization, 
or by E the absolute concomitant of the field. 

For example, in the binary field {n = 2) the bilinear form 
a^hy may be written 

+ Clyh) + Wxh - ClyK) 

= ‘ ‘ 

Here the first term is a polar of aj)^ which contains only one 
variable, and the second is a product of an invariant {ab) and 
the absolute covariant {xy). Further, this invariant belongs to 
the ground form without the need of the second variable y. 

On the other hand, in the ternary or any higher field {n > 2) 
we obtain g 

I ^y)> • ■ (2) 


where now the second term is irreducible, and involves a new 
type of variable {xy)^ which cannot be overlooked; nor could 
it arise if merely one set of variables x was utilized. Also the 
function {ah [ xy) is not a polar, but, rather, satisfies the difierential 
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as is immediately apparent since 

{y (ab I xij) = {ab [ yy) = 0. 


(4) 


2. Compound Polars. Standard Forms. 

Suppose we have any number of point co-ordinates x, 
z, . . . j ^5 ... from which the various compound co-ordinates 
TTg, TTg, . . . are derived as in § 8 , p. 86 . We take 

772 = • • • » ^ 71-1 = xyz,..s 

for the second, third, . . . , {n — l)th compounds, the last repre¬ 
senting a set of n homogeneous prime co-ordinates u. 
Manifestly a form involving these sets x, 773 , • • - 
sole variables is a polynomial function of the n — 1 cogredient 
variables a?, y, 2 ,. .., s, so that we can write it 

F{x, 772 , ^37 • • • 7 -^ 71 - 1 ) == y,z, , s). 

But the converse is not necessarily true, as the single example 
already cited shows. Yet if we introduce any number of cogredient 
compound variables pgs cr 23 • • • ? Pn—X) ^n—i^ • • * polarize each 
such form F in every possible way, we obtain a wider choice of 
forms, which may be typified by AF, such that every form 
f(x,y,.,.) can be expressed in terms of these AF: and this in 
fact is Clebsch’s theorem. 

By such polarization is meant an operation on F of one of 
the followdng types: 

where (jx^. consists of terms 


^ Pii ... V Q 4 — ir (.^1/ ' • * ')ii 4 • - - *r 

the r suffixes taking values 1, 2,_, n, and no two in one set 

being equal. 


Example ,— 

If cix% are two quadratics, and y, z, t denote four points, then the 
concomitant 


{ah { xy) {ah j zt) 

may be regarded as a polar of {ah j namely, it is ^ I 


(D SS 4 > 
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where and c, = ^- In this example the polar consists of a single 

term. But more generally the polar of 

(«& I a:^) (cd I xy) 

is {ah 1 xij) {cd | zt) -f {ad) | zt) {cd | xy)^ 

giving an example of a series of two terms derived by polarization. 

Manifestly repeated operation with (pig—)> 

a form F of order in the variable produces in general a series 
of considerable complejsity. Still more so if this can simultaneously 
go on for values of i = 1, 2, . . . , n — 1. Our immediate aim is 
to express any single term of such a polar as an aggregate of 
polars of certain standard forms F together with the absolute 
concomitant which we shall denote by either or E. Although 
at first sight this looks impossible, it can in fact be done, and is 
indeed important for the following reasons: 

(1} Polarization is an invariant process (§8, p. 207, example). 

(2) Any single term of a symbolic expression of any concomi¬ 
tant, whatever variables x, ^ .. . may be involved, 

is always a term of a polarized standard form F. 

This last follows from the fundamental Theorem. For if 
each u, V .. . which appears is treated as an {7i — l)th com¬ 
pound of the jr’s, then each symbolic factor of a term P either is 
free from variables or is an explicit linear function of an rth 
compound (r — 1, 2, . . . , n — 1), say p^.. As such it is a polar 

0 

derived from tt,. by the operator ~—. Hence P is certainly 

Ott.^ 

a term of a polar of a standard form. 

Example .— 

{ah 1 zt)^ (aPY2/) I ^j) is a term of 

(p2 {y {ah I 7^2)2 (a pyic) {cd | n^). 

3. Reduction to Standard Form. 

The reduction of any formjf to standard form depends upon 
two main ideas, one being the use of the Sylvester fundamental 
identity (§13, p. 93), and the other the theory of adjacent 
terms in a permanent (§1, p. 14). 
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We take the most general symbolic form as in §2, p. 198, in¬ 
volving cogredient symbols, and first consider a standard ^D-ic 
in. one variable x, 

f=a^a^...a^^ .( 6 ) 

If we polarize this with regard to p cogredient variables 
^ 2 , - . . 5 cTj, we obtain 

(^2 • • • (j^p /= S 5 (^) 

summed for the p \ permutations of the p suffixes i, j, , 7c. Here 
on the right is an example of a permanent (§1, p. 14), all the 
signs being positive. Let us call two.of its terms adjacent if 
they differ by adjacent interchange of suffixes (§1, p. 14). Then 
any two terms T and T' can be connected by a series of adjacent 
terms T^, . • . , all belonging to S. 

But the difference between two adjacent terms Ta, 
leads to a Sylvester identity. In fact, if i and j are the two 
interchanged suffixes of the terms, we have 

I • • (^) 

and the other {p — 2) factors of the terms are common. Thus 
Ta — Ta+i = | ... ( 8 ) 

where H denotes the other {p — 2) unaffected factors. Hence by 
continued application to adjacent terms 

T—T'= ...-f- 

XiXj)na^^, . (9) 

and by taking T' to be each term of the series (6) in turn and 
adding, we have 

pi T — A/= pi T --'ZT' = | (10) 

This shows that, but for a non-zero numerical factor p 1, any 
term T of A/ is equivalent to the polar A/ itself together with 
terms like those in the right member of (9) derived by con¬ 
volution from A/. 

To simplify the notation let us provisionally write for 

any factor ct,ixp any factor {a^aj. [ XiXj), whatever agr, df. 
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may be, and so on for { XiCOjX;,}, &c. ’ We can now consider a 
standard form in two variables x, y of type 

{xy} {xy} ... {x} {a?} (11) 

where there are ^'2 factors {xy) and j\ factors { x]-. 

Any polar AF of this with regard to variables pg, o-g ... 
leads to ^ 2 - terms such that the diEerence between adjacent 
terms gives a Sylvester identity, say 

K«r 1 P2) I ^2) — i^q^r I ^2) I P2) 

= S (... I x^XjXj,) (... I + S (... I x^XjXj,Xi), ( 12 ). 
where pg = x^Xj, = Xj,Xi. 

Hence, arguing as before, we deduce that any term of type 
{XiXj}{x^Xi} ... { 0 !>}{x} .(13) 


is equivalent to a polar of a standard form (11), together with 
forms with more than two x’s convolved in one factor. These 
last may introduce a factor {} as in the first term on the right 
of (12); and this, along with the factors {cc} [x} ... of (11), can 


be dealt ^dth as a polar with regard to leading, as in 


(10), to a new factor for which the argument may be 

repeated. 

Combining these results we gather that any term 


{x,Xj}{x;,Xi} ... {x,„}{x^} .(14) 


is equivalent to a polar of (11), together with forms involving 
three or more oj’s convolved. 

Proceeding in this way and using the Sylvester identity for 
each further case in turn, with r — 3, 4 . . . , we arrive finally 
when r = ^^ — 1 at the case where n variables x, y, . . . , t, 
and standard form F are given, such that 

n{a;y ... s/5} n .. a} ... n {xy} JJ {x}, (15) 

and any form £ involving any nuniber of va^'iables Xj, pg, cr^ . . . , pj., 
o-y . . . , Pu—is cTn—i is expressible a$ a series of terms AF derived 
from such forms F by polarization. 

Here, the first factor H gives the absolute concomitant of 
the field and all the other factors involve at most {n — 1) variables 
x,y^ . . . 5 s. This establishes the theorem of Clehsch, 
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In this final formula (15) each factor of the products has all 
its variables x, y . , , explicitly stated. The other symbols are 
implicit. They are the symbols . . . of the original form 

f in some order or other. Inasmuch as the process of this reduc¬ 
tion of /to XAF’ is entirely composed of repetitions of the Syl¬ 
vester identity, which preserves the S 3 rmbols but only deranges 
them, it follows that any symbols convolved in the original form 
/ are still convolved, implicitly or explicitly, in the standard 
form F. 

Corollary .—By taking the dual co-ordinates p^ = we can 

throw any standard form into a product of bracket factors 

F— Il{uv..,wu')H{ah...u)Il{a'b' .,.uv)...Il{a''uv.,.w). (16) 

There are in fact four ways of writing each factor of F, Thus 
{ah. . ,d \ xy .. {ah ., .d \ 

== {ah . .. dp^ — {ah . .. du'v ... ). (17) 

In practice the process of deriving the standard forms for a 
given expression /(r^, X 2 is exceedingly complicated except 
in the simplest cases. The present treatment follows the algebraic 
method as used for binary forms.^ The usual treatment follows 
the methods of Capelli who bases all on difierential operations 
rather than algebraic permutations. 

4. The Grordan-Capelli Series. 

Let us apply the preceding methods to the form 

.(18) 

where there are k ^ 2 cogredient sets x, y, z, . . . , t. First suppose 
k <Z. n. Then such a form / is a term of a polar of 

and, treated as above, f is equal to a sum of terms where the 
most advanced convolution of the variables is 

{ xyz ... jf} = {abc ... d | xyz ... i) ~ iT; . (19) 

for all the k letters before or after the vertical line must difier, 
so that there is just this one possibility. 


^ Grace and Young, Algebra of Invariants (1903), 42-46. 
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Terms wEicli do not contain K are due to polars of standard 
forms involving h — 1 variables, say all but x. So we write 

/= S Aq-Fq +.... (20) 


Ao denoting an aggregate of polar operations, and ^ necessarily 
containing x to degree p — 1, y to degree q — 1, and so on. 
Treating <j) in tbe same way as f we have 


where has the same general meaning as AoJ^’q, and ^ is of 

degrees p — 2, g — 2, . . . , in the variables. 

Proceeding in this way we exhaust one of the variables in 
Ji steps where h is the least of the exponents q, . . . , s; and 
thereby we obtain the Gordan-Gapelli Series, 

/= S Aoi^o + ^ S Ai^i + S A^Fa 4 - ... + (21) 

Here each F^ is a form involving at most Qc — 1) diherent sets 
y,Zy JT is the Mh. compound inner product (ah ...d\xy 

and A^ is a polar operation. Some of the coefficients of powers 
of K may in particular cases be zero. 

Secondly, if ^ the expression K is replaced by an actual 


involving the absolute invariant (xy ... t) ^ B of the field. 
In this case the Gordan-Capelli series is 


/= S Ao^o +{xy.,,t)y:. Ai^i 

-{-{xy,,. tfZ A^F^ ... 4 - 


( 22 ) 


Here the coefficients of the series are polars of forms F^ involving 
at most {n — 1) sets y, z, , , . , t. 


Thirdly, if ^ no 
have 


corresponding form K exists, so that we 
/=2Ao.^o.(23) 


expressing as a series of polars of forms involving at most 
{n — 1) sets y, z, . . . , t. 

Various alternative expressions of K are furnished by (17). 
In particular, if — 1, we write u instead of where 

the set u denotes a prime, such that 

%= + ( rr ^,..^)23 & c ., 
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and the series now takes the form 
/= S + (a6 ... -h (ab.,, du)^i:A^F^ -f . 

5. Examples of the Series for Binary and Ternary Fields. 

In the binary field for a form 

{71 ^m) .(24) 

with two sets x and y the series was originally given by Clebsch and Gordan 


(m) /n\ 

where denotes the polar operator (^y . Cf. Grace and Young, In¬ 
variants, p. 55- ^ 

In this case the coefficient of {ocy)^ is the {n — I;)th polar of a form 

/s= 

depending on only one set of variables. 


In the ternary field where now Xq + x^, the corre¬ 

sponding series for / = ctj^by^{n < m) is 

f = S _ (m — k)i (ahuS^D {a h 

^ k^Q^-^n--h-^l^{m + n-- 2 h)r ^ ^ ^ 

where == {xy)^^, &c. And more generally the series for 

/= ax^^'by‘^CzV 


is /== S Aq-Fq + {xyz)Hd + ixyz)'^lli A^F2 + . . . * 


6.^ Normal Forms. 

Ground forms which can be symbolized as 

{ahc I {ah | xyY {a | xY i, j, h'^0, . (26) 

with symbols as well as variables appearing in the characteristic 
standard order are called normal forms. In this example we 
assume n > 3, to prevent the first factor from redncing. 

It is obvious that for a normal form any invariant linear 
in its coefiicients must vanish. For every outer product {abc . . .) 
must contain a repeated symbol. 

Again, by polarization with or we 


^ This section may be omitted on a first reading. 
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manifestI 3 - obtain a zero result. This leads to an important 

tbeorem: 

If, u'hen n>4, the form f = a/b/c/dt®, p>q>r>s, 
satisfies the three differential equations 

= = , (27) 

it can he written in the alternative normal form 

C{abcd j xyztf {ahc | xyzY~^ {ah | xyY~'" {a | xY~'^ 

ivhere C is a jiuynerical constant, and 
Proof .— 

The argument will hold for any number of variables. Consider 
the matrix of polar operations 

h Vt 

T) — ^2 Vz __ ro_ -\ / 9 o\ 


where the typical element denotes a polar operation, e.g. 

Since fa = ff/Ya — Yafy holds for any three a, f, y among 
X, y, z, t, we infer that all elements above and to the right 
of the diagonal Zf., Xy are expressible in terms of these. 
Hence, for reasons used in (23), p. 116, the equations (27), which 
we can call the diagonal equations, imply a whole triangle of 
equations- This is true in general for h variables x, y, , s, t. 

Again, if i7 is the Capelli operator (25), p. 117, answering to 
the matrix B, its expansion as a determinant consequently loses 
all terms except the leading diagonal 

h i^z “h 1) (yy + 2) {x^ + 3) 

when it operates on/, if all these elements of the upper triangle 
are zero. 

But by Euler’s theorem for homogeneous functions 
1 /vf=gf, z,f=rf, ttf=sf. 

Hence Hf= (p + 3) + 2) (r + 1 ) sf. 
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Once more, writing H ~ ^ and 

opera.ting directly on/, we obtain 

pqrs (abed | x^zt) c/“^ di.^ ~^ 

Accordingly 

(P + 3) to -I- 2) {r + 1) s/= Wi^ (29) 

wliere 

K == (aZ?cd I = cj/-^ 5/'^ c/-^ 

Let the polar operator Pcjl 4= P) denote any element of 
(28), not on the leading diagonal. Then by actual diSerentiation 
we find, 

Kf, = (ySa K)f, + = K^acfi, 

so that K commutes with the operator when acting on /j. 
Hence K^cx.fi = 9, whenever ^fi and therefore, by (29), 
vanishes. So that K satisfies exactly the same relations (27) 
as/, provided that, for the purpose of difierentiation, K is re¬ 
garded as a constant. 

Then if s > 1, we deduce, similarly to (29), that 
and therefore 

/= CK^A, A = V“- < 5 /"' ^r^ 

where Cj, G are numerical non-zero constants. 


Similarly s such operations lead to 

/== G^{ahcd I xyzC) c/~\ 

where G^ is numerical, and non-zero. 

/ 19 9 9 \ 

Finally by (r — s) operations with ixyz — ~) followed 
/ 9 9\ ^ [dxdydz^ 

by {q —r) with (xy — —} we obtain the desired normal form, 
^ dx dy^ 

so proving the theorem. 

EXAJVIPLES 

1, The necessary and sufficient conditions for / to be symbolized by 
Ci perfect jpth power 

/= (abc . .. el xy . . . i)P 

fire that it satisfies 2(^ — 1) conditions 

Dxyf= P^yzf = . . . = Z)stf= 0 , J^tsf= . » . — Dzyf— JDyxf= 0 


among the h variables y, .,. ,s, t. 
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2. What are the requisite conditions for a function of n sets of variables 
Xf y, ... ,i to he iL perfect pth power of the determinant (xy.. . 

[Put h — nin. Ex. 1. 

g. The necessary and sufficient conditions for a symbolic form in two 
sets rr, 1 / to be a perfect pth power {ab\ xy)P are that it satisfies two dif¬ 
ferential equations 



4. A quaternary line complex is a form in six variables, pjg, p,,, 
P' 23 ^ where ptj = {xy)ij. Prove that it can always be symbolized in 

the normal form {ahp)^ = (ah | xyYK 

[Use the differential equations of Ex, 3 on the non-symbolic form. 


7. Historical Note. 

Tlie results given in this chapter cover a long period of studJ^ 
The Gordan-Capelli binary series was first given by Clebsch and 
Gordan,^ and next it was extended to the general case by Clebsch 
and Capelli.^ 

These normal forms of §6 were called 'primary covariants by 
Derayts {Essai ,... (1891)), who also studied this general problem, 
although the theory goes back to Clebsch®, Gordan, Mertens,^ 
and Study.® The general theory is given by E, Noether® who 
uses the theorem of corresponding matrices, and by Weitzenbock'^ 
who introduces complex symbols. A purely algebraic discussion 
free from differential operators can be based upon the far-reaching 
results of Frobenius ® and A. Young.^ 

1 Math, Annalen, 5 (1872), 95-122. 

2 For ternary forms, Battuglini, 18 (1880). For %-ary forms, Mem. del. U. 
Acc. del Lincei (1882), (1891), (1892), and Math. Annalen^ 27 (1885), See above, 
p. 254 (21). 

® GbttiTiger Nackrichten, 17 (1872). Ternary and general. 

* Wiener Berichte, 98 (1899). Quaternary. 

® Methoden, p. 54. Ternary. 

^Math. Annalen, 77 (1915), 93: Grdle, 139 (1910), 118 seqq. 

Invariantentheorie (1923), V, pp. 121-159. 

® Berliner Siizungsberichte, 1 (1897); 2 (1899). 

^Algebra of Invariants, Chapter XVT: Proc. London Math. 80 c., 33 (1901) 
and 84 (1903), (2) 28 (1928). 



CHAPTER XVII 


Applications op Clebsch’s Theoreh. Apolarity and 
Canonical Forms 

1. Similar Forms. 

Wien a number of forms 

/i.A (1) 

all have the same sets of variables and are all of the same 
respective orders ['p, q, . . .] in these variables, they are called 
similar forms. For example, we may have a system of ternary 
quadratics, in which case ^ = 3, ^ = 2, and one set x of variables 
is used. 

Let N be the number of the coefi&cients 

“^15 ■^ 2 ? • • • 3 (^) 

in and therefore in each similar form. For ternary quadratics 
this N would be six. Further let A, B, ..., G, H denote these 
coefficient sets of V + 1 similar forms /i, /g, ..., /v3 /v+i- 
From these we can build a vanishing determinant 


A 

^2 

... A,. 

/i 


B% 

... 

A 


Gz 

... 

In 


^2 

... 

Jn+i 


because the last is a linear function of the other N columns. 
Let the expansion of this by its last column be 

A«=o. . . (4) 

This shows that, as in §1, p. 73, 

Any N + 1 similar farms are linearly dependent. 
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If tlie rank r of the matrix of the first N columns is less than 
N, then the forms are not the most general, but can be expressed 
in terms of r forms suitably chosen. If r — 2 each form can 
be written as 

A/+ A'/' 

in terms of two linearly independent similar forms. Then they 
are said to make a pencil of forms. For r = 3 they make a net 

The fundamental property of similar forms is this: 

Each set A, B, ... behaves like a cogredient linear form in the 
field of category N. 

For if A —» A\ B —> B\ ... denote the transformations 
induced by that of the variables x —> x\ then the coefidcient 
matrices of these transformations are all precisely the same 
because the sets A, B, .. . are similar. It follows that the 
co-factor of f^^^ in A, say 

■^.V+I= M1-B2. . . 0 ,y\ , 

is an invariant, since it is a typical bracket factor for the field 
of category N. So also are each of K-^, .... 

2. Types. 

We already know that the Aronhold operator (§10, p. 141) 



produces a concomitant when it operates on a concomitant 
involving A, Indeed the process is analogous to the polar process 
involving variables, and thereby it leads to a theorem, first given 
by Beano, which will be seen to play for the coefficients exactly 
the same part that the theorem of Clebsch played for the vari¬ 
ables. 

Let all suclL Aronhold operators involving similar sets of 
coefficients A, B, C, ... be utilized, and a rational integral 
combination of these acting on a concomitant be called an 
Aronhold process. Then every concomitant so derivable from 
one and the same original concomitant is said to be of the same 
tijpe. 
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EXA^VIPLES 

1. Any concomitant can be rendered multilinear (§10, p. 141) in its 
ground form coefficients, by Aroniiold processes. All concomitants of 
the same type can be brouglit to the same multilinear form. 

2. An Aroniiold operator 'Hnaiaj ... acting on a form linear in 

o ... 

the coefficients A. automatically?^ replaces the actual by the symbolic 
coefficients. One such operator for each coefficient set reduces the form 
entirely to symbols. 

3. Temaiy cubics ax^, Cj;®, djs®, ex^ have an invariant of type (a&c)®. 
For each of (a6d)®, (6ce)^, . . . can be derived by an Aronhold process. 

3. Peano’s Theorem. 

It is obvious from (4) that if one of A^- is non-zero, say , 
then any form can be expressed in terms of the first N similar 
forms. Each coefficient of is given as a rational function of 
those of , /y, with appearing in the denominator. 

If, further, the irreducible system, given by Gordan’s theorem, 
is known for the N forms, a rationally complete system for any 
extra simultaneous similar forms naturally follows. But we can 
go further and find an integrally complete system in general, 
once we know it for N — 1 similar forms: and this brings us 
to the theorem.^ 

Peano’s Theorem. —With the possible exceiMon of the deter- 
minani K, linear in the coefficients of N snnilar forms each with 
X coefficie?its, every polynomial concomitant of any number of such 
forms is expressible by the complete system of — 1 such forms, 
and by types derived from this system. 

Proof .— 

We regard the concomitant as a polynomial, homogeneous 
in each set of N coefficients At. Selecting the coefficient sets 
of the first N oi N i such forms, we express every poly¬ 
nomial concomitant as a Gordan-Oapelli series (p. 254 (21)) 

^0^0 d" • • • 5 

where K is the determinant iPy+i in these N forms, is a function 

^ Atfi di Torino, 17 (1S81), p. 580; P. EQlbert, Schwarz-FeMscTirift (1914); 
E. Noether, Math. Annale7i, 77 (1915), p. 93; for binary forms, see Grace and 
Young, pp. 321, 349, 358; Weitzenboek, Invariententheorie, p. 162. 



262 APPLICATIONS OF CLEBSCH’S THEOREM [Chap. 

of at most X — 1 sets of coefficients, and is an Aronhold 
process. 

Bv the mode of constructing sucli a series, each. is invari- 
antive since we started with an actual concomitant. Thus the 
series is entirely composed of types belonging to iV' — 1 ground 
forms at most, together with K, involving N ground forms 
linearly. Q.E.D. 

In some cases K itself is reducible, as in the binary forms of 
odd orderIn some it is certainly irreducible as in the case of 
six conics. 

Example .— 

In the quaternary field, a complete study of concomitants is effected 
by confining oneself to ground forms in three t 3 q)es of variable x — uvw, 
p == mF, and u, together with polar forms, while the knowledge of all 
possible types of concomitant for a given type of ground form, say a 
quadratic in x which has ten terms HaijXiXj, is complete if we know those 
of nine quadrics together with the ten-rowed determinant linear in the 
coefficients of ten quadrics. 

4. Dual Similar Forms. 

Just as there are dual systems of variables 

2/5 • • * J '^ 2 > ' * * f'^39 * • * 5 '^n —1 /g\ 

and 'y, .. ., po, ... , jOg, . .. , . . 


so we may consider certain forms / and (f> to be dual of each 
other. Symbolically we merely have to interchange italic and 
Greek letters a, 6, c, a, J3, y, .. . throughout. 

For example, aj", are dual forms of order p in the 
original variables; {ah | xyY., {ap | uvY are dual forms in second 
compound variables. More generally 

f=a^a'^,..{hc\iT^)...{def\7r^) ..1 
4 > = UaVa' . . . [Py I P2) - . * | P3) ■ • J 

are called similar dual forms when they possess corresponding 
symbolic factors. Manifestly they have the same orders in their 
corresponding variables (6), and the same number N of actual 
coefficient sets, say 

H — P2 ..., p^} / 

^ Grace and Young, loc. cit. 


• . (7) 
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Obviously the preceding results of this chapter apply to a system 
of similar forms <f> 2 , . . - , • 

In general the sets R and A are arbitrary and independent, 
for this duality merely refers to their structure. 


Dual similar forms f == a^^, <j> — Ua^ possess a simultaiieous 
invariant linear in each, namely 

(/s ~ + <^2^2p2 ~f- • • • “T yp ^., 


where each is the multinomial coefhcient occuring in the ^'th 
term of both/and 

This invariant can be generated non-symbolically by the 
operator 


©== 



A ' A A. 

du^~^ d * 


In fact 


Qf4> = '^ 


dXi; 


dxi 


Zuf dx,- du,- ^ 


ai Ujf ^ ctj- 


Hence QPff = p\p\aa^^p\p\{f 


EXAMPLES 


1 , Tlie ternary quadratics ax^ + + cz^ -f- 2 / 2/55 A 2gzx A 2,hxy and 

Aii^ A A A 2Fvto A 2Gwu A 2E[uv have a bilinear invariant 
© = (zA A bB A ^ ^ A 2fF A 2g G A 2JiE[. 

2. Adapt this theorem to binary forms. 

If / = is a binary p-ic ((Zq, . ,ap'^ xf)P, a dual form is also 

a binary p-ic but its coefficients are reversed with alternate signs 
changed. Thus 

^ 0 » ^ 1 * ® 2 » ^ 3 » ^ 2 » ^0 


are dual sete for binary cubics. For by (49), p. 145, contragredient binary 
variables cogredient with x^, — oc^, so that the dual form UgP is a 

polarized form of, say, bxP, the polar operator being - - 

3. For binary forms bx'P this invariant is their ^th transvectant 

(<26)P = af^bp — p(h.^p—i A —-A ( — 

4. Two general similar forms a^by . , ., Ua.vg ... have a corresponding 

invariant _ derived by a product of operators | , 


\dy 1 3v/ 
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5. More generalR, two dual similar forms involving compounds tvi, 

have such an invariant, derived from a product of operators (^ I . 

\d7r4 I dpi / 

6 . Derive aa.(hc \ from ax{hc \ TTg)®, write down a 

typical term in non-symbolie notation. 

5. Apolarity. 

Definition.— Two dual similar forms i, <f> are apolar if their 
lineodinear invariant (f, <^)^- vanishes. 

Wjben two forms/, <j> Rave this property very many interesting 
geometrical facts can be deduced. We shall confine ourselves 
to one aspect of the case, namely to the discovery of the so-called 
canonical forms. But as a preliminary to this, a few properties 
of apolar forms are useful. 

(i) First, there is one dual form cj> apolar to each of W— 1 

given linearly independent similar forms /i, /g, . . . , ; for 

this amounts to giving N — 1 linear equations 

C2^2p2-^ • • • -f- < 5 Ar^A'P,V== 0, . . (8) 

one for each of the N — 1 sets of coefficients A, B, . . . , F. 
The c’s are the same throughout, and the equations determine 
the set p, and therefore the form to a constant factor. 

(ii) Next, if r of the coefficients A happen to vanish and the 
complementary {N — r) coefficients of <f> vanish, then (8) is 
satisfied, so that f and are apolar. 

(iii) Again, if ^ is apolar to each of/1,/2, ■ • • it is also apolar 
to any linear combination of/1,/2, • • • • Further a linear com¬ 
bination of r forms /can be apolar to such a combination of W— r 
forms These results all follow from the condition (8). 

6. Apolarity of Dissimilar Forms. 

When forms/,/', possess the same variable sets but to different 
orders, they may be reduced to a common order by polarization. 
For simplicity let us deal with one variable set x only. Then if 
/= = bf, q> p,wQ polarize the latter {q — p) times with 

an arbitrary cogredient set y and obtain the form /" = 6, 5 v 

similar to / as regards x. 

Let M be the number of separate terms in the non-symbolie 
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expression of /'' as a polynomial in the arbitrary set y. Then 
f" is in effect a set of linearly independent y>-ics in x. Now 
a N M. we can find N — ikf forms iic^, apolar to each such 
portion cif". We therefore take this as the definition of apolarity 
of /' and <f> when the orders differ. Thus, in symbolic notation, 
we infer that 

Two forms f — b^^, f == (q Z> p) are apolar if the coxariant 
bct^ by^~P vanishes identically for all values of y. 

Dually, q C p, f' and <f> are apolar ivheji the contravariant 
ba*^ vayiishes identically for all values of v. 

EXAMPLES 

1 . Let / = 9 = Ua.^ be a ternary cubic and contravariant quadratic. 

Then o.y has 3 terms in y, while Uo? has 6 terms: M = 3, iV = 6 . Hence 
three linearly independent conies exist which are apolar to /. 

2. A binary quartic ax^ has two terms in y among its cubic polars 
ctx® ayi Af = 2, iV = 5- 

3. If /= axP^ /' = l>x^i 9 = UaP'^^, then //' is apolar to 9 if either/ 
or is apolar to 9 . 

4- The ternary _p-io is apolar to the pth power of a linear form 
ity if ayP — 0 . 

Geometrically, if a curve of order p passes through a point y, the point 
reckoned p times is a dual apolar form. 

5 . If cZjcP is apolar to the {p — l)th power of a linear form Uy then 
ayP~'^ az= 0 for all values of z. Geometrically, what is the point yH 

[A double point on the curve. 

6 . If is apolar to the (p — l)th powers of ^ different linear forms 
the geometrical locus a^P = 0 has Is distinct double points. 

This is true for all fields, ternary and higher. 

7. Canonical Forms. 

Let 

■^13 -^2’ * * • > ^i\r 3'lld , .A.2 , . . « , (^) 

be the coefficients of a form f before and after linear transform¬ 
ation of its variables, so that each A/ is a linear function of 
the A^s, Thus 

where each d,j is a function of the elements . . . , in the 
matrix Ikf of the transformation. 
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Tlieii a very pertinent question arises, Low far can tLese 
A''s be arbitrarily assigned? In particular can some, and if so 
how many, of them be zero? Can we, in fact, throw/into a simpler 
form by a suitable transformation? 

Answers to these questions are ready to hand. Thus if capital 
letters X, Y, Z, Xi denote linear functions of the variables, and 
in each case the general form is under discussion, then: 

1 . The binary cvbic'^ can he written in the canonical form 
XA -f YA 

2 . The binary quintic, X® + Y® -|- Z®. 

3 . The binary quartic^ + 6mX^Y^ Y^. 

4 . The ternary cubic, X® + Y® -f- Z® + 6mXYZ. 

5 . The ternary quartic, S2S3 — in terms of three ternary 
quadratics. 

6. The quaternary cubic, X^^ + + Xg^ -j- X/ -f- X^. 

7 . The ternary quartic cannot be written as the sum of five 
fourth powers of linear forms. 

Let us typify these problems by stating each in the form 

f(x) = F(X).(11) 

(or TCS) in case ( 5 )). Each X is a linear function of the original 
variables the total number of terms on the left side is JV; 
and this is an identity for all values of cc^. Hence N separate 
equations connect the coefficients of terms in cc on the left and 
right. 

Let X = -f- UgiTg + a^^x^, Y ~b^, Z~ and 

so on. Here we have n undetermined coefficients for each X or 
Y or Z, giving for cases (1), (2), (6) above 2 + 2 , 2 + 2 + 2, 
4 -|- 4 + 44 - 4:+4 such unknowns. Now these exactly tally 
with N the number of terms in the given form/(£c). 

Thus the binary cubic has four terms, and X^ -f- Y^ written 
as A- (^2^2)^ "h unknowns ^2, 6^, b^. 

In general we can solve these X equations for X unknowns and 
obtain a finite number of sets of values 6^, ... which reduce 
f{x) to F{x). This is called the test by counting constants. We 
call all these unknowns, together with further coefficients m in 

inadmissible if the cubic has a repeated 
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tlie canonical form, tLe pOLTCLnieters. Farameters occurring in 
X., Y, Z, &€., are i^nplicit; others such as m are explicit. 

Examples .— 

Case (3): N— 5— 2-f 2-{-l. Here m is the extra unknown. 

Case (5): iV^=lo<6-{-6-|-6. Each S has six unknown coefficients. 
Presumably three can be arbitrary. 

Case (7):iV = 15—34-3+34-34-3. This passes the test. 

8. Counting Constants is not Sufficient. 

Historically the ternary qnartic, in case (7), provides the key 
to what follows, because at one time it was assumed to fall in 
with the general law. But an easier example of the inadequacy 
of this test is furnished by attempting to write the binary cubic 
+ X^ Y. Here 2 + 2=4 satisfies the test, but it is insufficient 
because F{X) contains a repeated factor whereas the original 
cubic need not. Something more is required; and it is supplied 
by the Lasker-Wakeford theorem.^ 


The Lasker-Wakeford Theorem. 

A form F(X, m) which contains not less than N parameters 
among the k auxiliary forms X anZL r explicit coefficients m, is, 
or is not, a legitimate canonical form of f (x) provided there is not, 
or there always is, a form ^(u), dual to f(x) and apolar to each of 
the k + r derivatives 0F(X, m) /^X, 0F(X, m) /0m. 

The forms X need not necessarily he linear. 

Before proving this paradoxical and very curious theorem, 
let us illustrate its scope in cases (3) and (5). For the binary 
quartic 

dX oY dm 

Treat X, Y as variables, and U, V as duals. 

Now if is a 

quartic apolar to X^Y^, then (p. 263, Ex. 3) Bg == 0. If it is 
also apolar to a cubic X^ (whose coefficients are 1, 0, 0, 0) then 

each first polar (u'V'<f> is apolar (p. 265, Ex. 3). 

Hence the apolar condition is AJJ'B^ + Y'B^ = 0, so that 

E- Lasker, Math. Amialen, 58 (1904), 43 1 — 44 0. E- K. Wakeford, Proc, 
London Math. Soc., 2,18 (1918-19), 403-410. 
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By, both vanish. If ^ also is apolar to then B^= 0. 
Hence an apolar form (f> does not always exist, for it disappears 
in the case when m = 0. By the theorem this is enough to 
prove -h QmX^Y^ 4- a legitimate form. 


EXAMPLE 

Prove cp non-existent- for the cubic X® F® but existent for X® F. 


9. Proof of the Theorem. 

Let the parameters v in number be Z^, Zg, . . . , Z^, so that the 
assumed identity (11) leads to N {<,v) equations of the type 

^2> • • • s W • * • • (12) 


where each/^ is determined explicitly by expanding the canonical 
form F. For instance, and 6^ are two of these v parameters Z,- 
in the above binary cubic, and -j- 

Then if we can solve these N equations for N of the v 
parameters in terms of the rest, the form F is legitimately canoni¬ 
cal. If not, F is uncanonical. Now a solution is, or is not, possible 
according as a relation t/r(/) == 0 does not, or does, exist: that is, 


if the rank of the matrix 
Jacobian 


LazJ 


is N, so that at least one iY-rowed 


d(i) 


does not vanish identically for all values of its N 


parameters Z, then a canonical form exists. 

But in the uncanonical case a relation iff(f) = 0 must exist for 
all values of the v parameters Z. Thus 


dfi dtjs 9/a dijt 

dK 3/i dl, df^ 


■ . . . + 


df^ ^ 

dl^ dfj, 


= 0 , (r=l, 2, 


v). 


Now this is a liaeo-linear relation of type (8) between the 
N coefficients , . . . , of a form Xr and the coefficients 


Wx 


1 drP 


At of a dual form ^(w). And owing to 
- - df{x) 


relations (12), this form Xr is precisely 


dl. 


Then rmless the v forms Xr iiave an apolar form cj>{u) for all 
values of the parameters, ^(/) = 0 cannot exist and the form 
F is therefore canonical. 
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Finally, if any of the parameters are implicit, say I = 
in a linear form, 

then df{x)jdl = dF(X)ldl = x^dFIdX, 

Hence for each value of i, XidFjdX is apolar to cf) (u). This requires 
dFjdX to be apolar to Conversely if dFjdX is apolar, so 

is df{x)jdl. Similarly if A is a form in ^ x^^ oi higher order. 

This proves the theorem. 


EXAJMPLES 

1 . A general ternary quartic cannot be expressed as tbe sum of fi^e 
fourth powers because a quartic exists apolar to the five special cubic forms 
IdFjdXi = Xi\ 

Proof ,— 

Through five points a conic can be drawn. GChis conic counted twice 
has these five for double points. Hence by Ex. 6 , p. 265, a quartic ax^ 
apolar to five cubes exists, and dually a quartic Uaf apolar to five cubes 
Xi^ exists. 

2. A general binary form of order 2k — 1 can be expressed as the sum 
of h linear forms, each raised to the same power 2 ^— 1 . 

3. Any binary _P“ic /, apolar to every jp-ic 9 , which has a linear factor 
X repeated X times, must itself contain this factor X repeated p — >. + 1 
times. 

[Combine Ex. 3, p. 263; (iii), p- 264; and § 6 . Treating X, and another 
linear form F, as new independent variables, then the last X coefficients of 
9 are zero: whence the last p — X -p 1 of / must also vanish. 



CHAPTER XVIII 

IisrvARiAXT Equations and Geam’s Theorem 


1. Expression of a Gradient by Coefficients of Covariants. 

Let / (A, x) typify one or more ground forms whose typical 
coefficient A is symbolized by a product a^a^aj ,..., and whose 
transformed coefficients are indicated by an accent. Then (§ 6 , 
p. 202 ) a single-term product P' of coefficients A' is symbolized 
by a product of factors a/, and therefore of ,.. . , 6 ^, ... . 

Xow consider the n columns 77 , . .., w, of the matrix M 
which transforms x to x\ as a set of n cogredient jpoints^ then 
P' is at once the symbol of a concomitant for the ground forms 
“•■ and these n points, because it consists entirely of inner products 
such "as uj. Eurther, let P' be expanded by a Gordan-Capelli 
series as 

= SAoPo+l^ilSAiP, + |M| 2 SA 2 P 2 +... ( 1 ) 


where each S denotes a concomitant, and A^- is an aggregate of 
polar operators &c., invol-ving pairs from among 77 ,... ,cu. 


Each Pi involves {n — 1 ) at most of these cogredient sets, and 
I M I denotes (f??... co). We provisionally call each P^ a covariant. 
For binary forms {n = 2 ) this has the usual meaning, because 
Pi has now only one set f. 

Identity ( 1 ) is true for all values of , cd^. Taking the 

unit matrix in particular, when = 772 = ... = = 1 and aU 

the rest vanish, we obtain a^ = a/ = ai\ so that each Pi becomes 
a coefficient in a certain covariant P^, | M | becomes unity, and 
P' becomes the original product of actual coefficients A (cf. 

§ 1 , p. 226). ^ 

Finally, if we select a number of terms P, isobaric and there- 

270 
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fore homogeneous, in each >7, &C.5 and add the results, we obtain 
the theorem: 

A^iy gradient can he expressed as the sum of coefficients in 
covariants involving n — 1 , or fewer cogredient variables. 
Examples .— 

1 . For binary cubic forms {a^, h x^)^, ( 60 , 63 h x^)^ 

let P — ao^i* Then 

2P' = I (fi^ -f (?iq) iab)a^^bi^. 

2 . Eet 9 (a) be a polynomial of binary coefficients such that when 

9 (a) = 0 so also 9 (a') == 0 for all values of ^ 2 ? Fy taking the 

diagonal matrix = = 0) show that 9 ( 0 .) must be isoharic. 

3. The Gordan-Capelli series for 9 (a') is 

9(a0 = AoPo + + (5r,)2A2P2 + . . . 

where the typical co-factor of (^ 73 )'’ is a polar of a covariant, say c^. Except 
for a numerical factor the typical term is Putting 

— vja = 1 > ^2 ” == then 9 (a') = 9 (<z) and the typical term is 

c^p—7n-i-r which is a coefficient in the eovariant 

Hence if 9 (a) — 0 and also 9 (a') = 0 for all transformations^ a certain 
set of covariants Fo. A, , . . must vanish identically. 

2. Invariant Eqttiations. 

Suppose a relation (j> {A) — 0 to exist between the coefficients 
of one or more general ground forms, in such wise that exactly 
the same relation 4>{A') = 0 exists for the corresponding co¬ 
efficients after an arbitrary linear transformation. Then this 
relation is called an invariant equation. Geometrically, such rela¬ 
tions are called projective relations. 

It is clear that this is the kind of result which frequently 
occurs in analytical geometry (cf. p. 132); but it is by no means 
obvious that the case of such equations is covered by our invariant 
theory, because the condition I {A') = | M of the latter is 

more stringent than to say (f>(A) = 0 = <f>(A'). Nevertheless 
they are closely related, as the following theorem demonstrates. 

3. Gram’s Theorem.^ 

If an invariafd equation exists it belongs to a system of m such 
equations which specify that the m coefficients of a certain covariant, 
in n or less varmbles cogredient with x, vanish. T/m = 1 the equation 
specifies the vanishing of an invariant. 

1 Math. Annalen, 7 (1873), 230-240. 



273 INVARIANT EQUATIONS [Ciiap. 

Conversely, if a ccn'ciriant vanishes identically it continues to do 
so after linear transformation. 

Proof .— 

This converse is obvious, while the direct theorem follows 
from the result of the last section. 

For if f{A) == 0 is an invariant equation then by definition 
vanishes identically for all values of the transformation 
coefficients , o),,. We construct ^(A') as a function of 

the A^s and the y’s, . . -, expressing it in its lowest terms as 

<f)(A') — <f>y (A) -f- + • • • H- ^m4^ni(A), (2) 

where each is a function of rj, . . . only. As f{Af vanishes 
for all values of . . . , it follows that 

<f>^{A)^0, cj>^{A) = 0. (3) 

Thus we deduce m linearly independent conditions as a con¬ 
sequence of an invariant equation 4>{A) = 0 . Interchanging the 
roles of A and A' we deduce from the inverse transformation. 

Thus we have a system of m invariant equations. But so far 
we have not shown that they include f(A). This follows by 
substituting ^1 = 772 = ...==ct>rt = 1 , &c., from the identical trans¬ 
formation, making <56 (A') = ^ (A). For now (2) becomes 

^{A) = \<^l(A)-j- ‘ • A- ‘ (b) 

where each A is numerical. 

Further, by making the transformation matrix M a diagonal 
matrix (Ex. 1 , p. 101 ) with zeros everywhere but on the diagonal 
^ 1 ? '^ 2 » • • • ■» ^/i substituting these values of f, . . . , oj in ( 2 ) 
we infer that parts of 4>{A') homogeneous separately in each 
77, . . . satisfy the typical invariant equation condition. Hence 
we lose no generality by assuming <f> (A) is homogeneous and iso- 
baric in A. In fact <^(A) is a gradient. 

. Finally by the Gordan-Capelli expansion for f{A') of the 
preceding section we have an explicit form for condition ( 2 ), 
which at once shows that the m functions <j>i{A) are the several 
distinct coefficients in a covariant, or combination of covariants. 
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In particular if m = 1, then, by (5), < f >{ A ) = and by 

(2), 4 >{ A ') = 4 * { A ), sho^nbig at once that ^(A) is an invariant. 

This proves the theorem. 

4. Grrace’s Theorem. 

Quite recently IMr. J, H. Grace ^ has developed this theory 
with more particular reference to hhiary vanishing covariants. 
The question which is put now runs as follows: 

What is the most general 'polynomial <^(A) of degree i in the 
coefficients A which vanishes when the ground forms have an assigned 
projective propeHy? 

The answer is simple, namely: 

<j> (A) is the sum of a number of parts each of which is a coefficient 
in a covariant of the forms, and all such covariants vanish in virtue 
of the assigned property. 

Such covariants have already been found; they can be taken 
as linearly independent of degree i,^ But it can further be proved 
that the coefficients themselves are linearly independent. In 
fact, there cannot be a linear relation between any coefficients 
of a set of linearly independent covariants, for if there were, 
the operation of writing a^ for nq, a^ for Uq, &c., would immediately 
give a linear relation between the covariants themselves. But 
the argument breaks down for ternary and higher forms. 

This theory is applicable to forms of all types already con¬ 
templated, including multiple fields. Little or nothing is known 
about these last, and in fact the whole subject presents many 
opportunities for further investigation. 

Bxa'm'ples .— 

1 . To find the 'necessary and sufficient conditions for a ternary cubic to 
he a perfect cube. 

Liet a^^ — bg.^ be the symbolic form of the cubic whicb is to be a per¬ 
fect cube -j- ^ 2^2 + Ps^s)^ where the coefficientsare actual numbers, 

and is the actual coefficient in non-symholic form. Thus we have a 
number of non-symbolic equations 

= PiPjPic j> ^ = L 2 , 3). 

This is secured by eliminating p^, Ps in every possible way, giving 

^ Journal London Math. Soc., 3 (1928), 34-38, 5 (1929), 62-67. 

® This remark as to the linear independence of the coefficients applies only 
to binary iorms. Cf. J. H. Grace, Journal London Math. jSoc., 5 (1930), 60 , 
(d8S4) 10 



INVARIANT EQUATIONS 


[Chap. 


274 

Symbolically tliis gives two ty^pes of condition 

Tile first leads by Gram’s theorem to the covariant equation 

O-x^y^z’^x^y^z — CLx'‘^y^y^z"* dx^y^y^z \_d’zi^x dx'b^ = 0 . 

If iti = {zx)jic we can WTite this 

{ahu) OxOy hybz, 

and by interchange of equivalent symbols this becomes 
{ahu) {ah j xz) ay hy—^ {ahu) {abv) ay by , 
where v is cogrcdient to u. This concomitant is a polar of 
^{ahu)^a^bx ^ 

The other condition gives the covariant 
ax^by^ — a^ayhxby^ = ax^by^{ab | xy) 

= \{abu) {ax^by^ — ay^bx^) = \{abu)^ {axby + aybx), 
which is a polar with regard to of the same form 0. 

Hence the required condition for ax^ to be a perfect cube is that the 
mixed concomitant 0 should vanish identically. 

2. The cubio Ox^ in n variables is a perfect cube if (a& | xy)^axhx vanish 
identically. 

3. The quadratic in n variables is a perfect square if {ab j xy)'^ 
vanish identically- 

4. The binary 7i-ic is a perfect ?ith power if the Hessian vanish 
identically: and consequently all its concomitants except itself vanish. 

5. Tor the binary Ti-io which contains a factor repeated n — 1 times 

all covariants of grade four, i.e. such as contain the symbolic factor {dbY, 
vanish. {Grace.) 

6 . Ijct /= aa” = be a binary n-ia. Show that a complete set of 
covariants of degree two is 

/2, Hi = (a5)2a^«-2&^n-2, = {ab)^ax'>^~^bx>^-^, 

Hq= {ab)^ax:'*^~^bx'^~~^, &c. 

7. If Z® is an actual linear factor, repeated n — i times in /, so that 

f = 0 mod Za;”^— 

then all covariants of degree two vanish except 

/2, Hi, Hg, ..., Hi. (Grace.) 


5.^ Invariants as Elimination Besnlts. 

Let f— aj* be an ?^-a^y ^-ic whose aotaal coefficients are now 
written 

• • • 9 ^iNT- ..( 6 ) 


Further, let the linear transformation x x\ of matrix 


^ Gram, Math. Annalen, loc. cit. 
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induce a transformation a h on these coefficients, so that the 
new coefficients are given by N linear equations 

a'p<i>ph{6ii). (7) 


Then, if/has two pol 3 momial invariants 1(a), K(a) of the same 
weight, they give rise to an absolute invariant 


Thus 

1(a) 

K(a) 


i(a) = 


K(ay 


7(5) 

K(b)' 


^ 0 , 


or 1(a) E(b) — K(a) 1(h) = 0. 


( 8 ) 

(9) 


This last is a polynomial equation in the coefficients %, 6^ which 
by definition must vanish identically for all values of when 
each is expressed in terms of the original a’s. In other words 
(9) is the result of eliminating the coefficients from the N 
equations (7). Each absolute invariant is an elimination result, 
or let us simply say a resultant, of the system (7) regarding Ci^ as 
the variables. 

For this to happen in general the number iV of equations 
(7) must exceed else the e’s cannot be eliminated. So we 
assume N > But we can go further and prove conversely 
that 


Every resultant defi'ived hy eliminating the n^ coeffid&nts ejj- 
from the N transformation equations furnishes, either a system of 
invariant equations for the coefficients ajj of the ground form i, or a 
relation i{Qi) = i(b) expresshig the equality of two absolute invariants. 

Proof .— 

Let such a resultant be expressed as a polynomial in each 
and bj^ as 

R{a,h)^ it .( 10 ) 


There are two cases to consider. Either one set of coefficients 
is absent from R, or both are present. 

First we can take 72 to be 72 (a), excluding h. By interchanging 
a, b and using the inverse transformation and carrying out 
identically the same steps we should have arrived at the analogous 
result 72(6) = 0. Hence 72(a) = 0 belongs to an invariant system 
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of equations, and by Gram’s theorem certain invariants or co¬ 
variants of / vanish identically. In this case / is not a general 
n-ary p-ic. 

Secondly, H contains coefficients of both types a and b. We 
write the resultant explicitly as 

B = . ( 11 ) 

where, for each value of A/ is a homogeneous polynomial of 
degree i in the coefficients a, and B^ likewise in 6. Further we 
suppose each such resultant to be in its simplest terms and 
irresoluble into factors. 

Let a new linear transformation x —> p induce the coefficient 
transformation a —> c of matrix Then between sets (a) and 

(c) there will be a corresponding resultant 

i?'~.do'(7o4-... + ^/a=0, . . (12) 


each Oi being the same function of (c) that B^ is of (b). And 
since (a), (b), (c) are connected linearly, there will be a matrix 
\9ij^ for the direct transformation b —> c, with its corresponding 
resultant -r, + . . QS) 


■where each B/ is analogous to the original A^'. 

Solving (11) and (12) for Aq and equating the results, we have 




B„ 


... + A 






• + 


, 0 , 


(14) 


which along with each preceding relation must be an identity 
for all values of the elements e^j, d^p Then if we express 
each Ci as a function of (6) and (^), the result (14) gives a relation 
between sets (a), (6) also involving an arbiVrary set (0). As the 
a’s only enter (14) by way of the v homogeneous polynomials 
Al, and, by (7), the 6’s are arbitrary, it follows that the co¬ 
efficients of A{ are equal on each side. Thus 


B, On 



&c. 


A JD 

Hence by interchanging the rdles of (a) and (c) we have 1-1 = ^ 

i = 1, 2, ., ., V, each of which is a relation of type 


cj>{a) _ <f>(b) 
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In other words it is an equality between two absolute invariants 
i{a) = i{h). 

Corollary I. — The mmierator and the denominator of an 
absolute invariant ^(a) /*/i(a) are relative invariants. 

For if we write the absolute relation as 

cf,{b)=z p^{a), tff{b) = piff(a ), 

then <^(b) and tp{b) are polynomials in both sets a and Con¬ 

sequently /) is a rational function 

g) 

q(a, e) 

certainly involving the set e and possibly a. If we suppose 'pjq 
to be in its lowest terms, then, in order to make p<^{a) a poly¬ 
nomial, q{a, e) must be a factor of ^(a), and similarly of ip(a). 
This is impossible, il ^ (a) / tp{a) is originally in its lowest terms, 
unless q {a, e) is a mere constant factor. Hence p is a polynomial. 

Further, since each b is linear in the set a, cf> {b) and {a) are 
of the same degree in a. Hence the degree of p is zero, so that 
p depends solely on the set e^. By the definition (§2, p. 169) 
this proves the result. 

Corollary II. — The theorem holds for any simultaneous system 
of ground forms. 

6. The EquiYalence Problem. 

"When a linear transformation a;—> a;', with non-vanishing 
determinant | | = | ikf [ turns a form/into/' and consequently 

the inverse transformation a?' —^ x tmrns /' into /, the two forms 
are said to be equivalent. Manifestly if / is equivalent to /' 
and/' to/" then/is also equivalent to/". 

When the transformation changes / to p/' where p is a non¬ 
zero constant, the equations f= 0,/' = 0 are said to be equivalent. 
It is easy to adapt this last to the original case by multiplying 
each eij by the same constant T/p- 

The results of the foregoing sections show the 'necessary and 
sufficient conditions for two forms to be equivalent. The co¬ 
efficients {a) and (6) of the equivalent forms must either both be 
general, or else both satisfy the same particular conditions, and 
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also their corresponding absolute invariants must be equal. By 
Gram’s theorem this first entails the identical vanishing of the 
same covariants. 

7. Extension of Stroh’s Lemma. 

Recently hir. J. H. Grace ^ has used the preceding methods 
of canonical forms, with great efitect, for theorems which used 
to be very difficult to prove, though of considerable importance 
in applying the fundamental identities 

{hc)a^ 4- {ca)h^ + = 0 

{hcd)a.^ -f- {cad)h^ + {ahd) + (bcio) = 0 

to binary and ternary forms. 

For if Aj, Ags . . ., A^ are positive integers^ each not exceeding 
p, such that 

-f- Ag + . . . -j- A,. — (r — 1) (p + 1), r I> 2, (1) 

then a canonical form of i{^), any general or special binary p-^c in 

^25 

m == 4- . 4- Xfrp^, . (2) 

where X^, Xo, . - . X^ are r given distinct linear forms in 
and, is a form of order p — A^. For a given set of X’s this set 
of P’s is unique. 

Proof .— 

Regarding the coefficients in P^ as intrinsic parameters of 
the proposed canonical form, we note that P^ supplies such 
parameters where — p — A^- 4- 1- So the P’s supply in all, 

S(p-A,+ l) = r(p+l)-SA,= p+l, . (3) 

1 

a number which tallies with the number of coefficients iiif(i). 

Again, since (2), when written in full, is linear in these para¬ 
meters, not only does it provide p 1 equations for the ^4-1 
parameters, but the equations also are linear. Hence the 
canonical form is unique^ if it exist, 

r 

Now suppose <^(f) is a binary ^-ic always apolar to 

Z=1 

^ Pro<5. Cambridge Phil. Soc.y 24 (1928), 218-222. 
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Then, if all + 1 coefficients in each are arbitrary, 

will be apolar to X>^P,- singly, and therefore (Ex. 3, p. 269 ) 
will have as factor. Hence will contain distinct factors 
Z/% j • • • Z/** giving by ( 3 ) a total order greater than jp, 
its own order: which is impossible. Consequently no such apolar 
form exists, and the forms are entirely linearly independ¬ 

ent, so that the canonical form (2) is justified. 

Corollary I, —^If r = 3 , we obtain StroKs lemma: 

If ii Vi S three quantities whose sum is zero^ and A, p, v three 
positive integers (< p) such that 

A T" “h ^ “h 2 

then any homogeneous polynomial of order p in 77, ^ can he 
expressed uniquely in the form 

For let Z^ = 1 ^, Zg = 77, Z3 = — ^ — 77, and y = 3 in the 
above theorem. 

Corollary II. —Further, if as is possible, A > §7?, [x > ^p, 
we obtain what is known as Jordan^s lemma. 

Similar methods apply ^ to four quantities rj, co, whose 
sum is zero. Any p-ic in 77, o) can be expressed (not 
necessarily uniquely) as 

eP + v^Q+lfP + oy^S 

where X~{-fjL-\-v-\-p= 2 p + 3 , For five variables 2 p + 3 
changes into 2 p + 4 , and so on. 

EXAMPLE 

Prove the identity 

3 (6c) {ca) {ab)ax^hx^Cx^ == + {cafhx^ + {ahfosp. 


^ Loc. cit^ 



CHAPTEE XIX 

Geometrical Interpretations of Algebraic Forms 

1. Homogeneity and Correspondence. 

In CSiapters I and V allnsions have been made to Cartesian 
and homogeneous co-ordinates. We now seek a closer connexion 
between the geometry and the algebra. The straight line, with 
its totality of points, illustrates the binary theory—a finite set 
of n points picturing the binary 3i-ic—while the points of a plane 
illustrate ternary forms, the points of threefold space, quaternary 
forms, and so on. Moreover it is worth while pondering for a 
moment on two relevant ideas which help to make the general 
setting of the theory a little clearer. One is the idea of homo¬ 
geneity, and the other is that of correspondence. 

(1) The practice of centuries in algebra has made it abundantly 
clear that the homogeneous polynomial, or form, is much easier 
bo handle than the non-homogeneous. And although in ordinary 
Cartesian geometry a start is usually made with the non-homo¬ 
geneous expressions, as in the general equation of the second 
degree for a conic, in the natural, but inflated, hope that such 
a course is more comprehensive and general, very soon we return 
to the homogeneous once more, either by pajdng attention to 
the terms of highest degree 

ax^ -f- 2 hxy -f 

or by introducing a third variable z, and considering what is 
in effect the ternary quadratic form 

S = ax^ -f by^ -f cz^ + 2 fyz + 2 gzx + 2 hxy 
= h c,f,g, h\x,y, zf. 

A return to Cartesian co-ordinates can then be made at any 
moment merely by putting z=l. 
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Likewise the general polynomial jP of order in. 71 — 1 vari¬ 
ables can be written 

F=U^+U^+,.,~\-U,, 

where each term is a homogeneous form in the x^ariables, of 
order indicated by the suffix. So if ^ is a new variable, this form 
is made homogeneous in n variables by writing 


taking F as the special case of this, w-hen i = 1. So in discussing 
the w-ary form—^the polynomial homogeneous in n variables— 
we are including the apparently more general non-homogeneous 
form. 

It is only when is an endless series 

that homogeneity breaks down; and it is just here that we step 
over the clear border line between algebra and analysis. Algebra 
is, in fact, the study of the finite, wherein it is totally difierent 
from elementary arithmetic on the one hand and analysis on the 
other. Thus at once we begin to express ourselves algebraically 
when we -write x, a single finite symbol for the endless choice 
of positive integers which form the ambitious subject matter 
of elementary arithmetic. 

It should, however, be remarked that, in analysis, homogeneity 
can be retained; but only at the expense of another algebraic 
feature—^the polynomial. For example, the series 




is homogeneous in two variables £c, y; and each term is rational, 
but not integral. 

(2) Correspondence ,—This is perhaps only another name for 
the same idea. Just as ic is one symbol for a numero-us class 
of things, so an algebraic matrix, form, equation, or syzygy is 
one symbol for many phenomena in quite divergent fields of 
thought. A very simple familiar example of this is given by the 
two geometrical figures on the following page, one with points 
in line, the other wdth coplanar lines through a common point. 

As objects to be gazed upon what could be more different? 
(d8S4) 10* 
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Yet they contain the same idea; and algebraically they are 
implied by the same s}mibols. 

In short it may be said that there is not merely one but a 
definite system of geometrical and even physical phenomena 



associated with each algebraic statement, and no hard and fast 
role holds for the geometrical interpretation of the algebra. 

2. Principle of Duality. 

The above two figures, of points in line, and lines through a 
point, illustrate in geometry what is called the principle of duality 
or reciprocation. This principle immediately fits in with the duality 
already seen in the algebra—^in the rows and columns of a matrix, 
in the theory of reciprocal matrices and determinants, and briefiy 
in all that is comprised in the terms cogredience and contra- 
gredience. It amounts to this: that just as the algebra attained 
greater richness and completeness by the use of two sorts of 
variables x and u, contragredient to one another in a field of order 
n, so also geometry in any number of dimensions (say n — 1 
dimensions as equivalent to a field of order n), becomes more 
intelligible by the use of two sorts of elements—points and primes. 
A prime is a space of (w — 2) dimensions relative to the field of 
order n. Prime is a useful word because it covers various cases: 
thus a prime is a line in a plane field (when n == 3); it is a plane 
in threefold space (when n = 4:); and so on. Then it is found that 
every geometrical property of points in the field can be matched 
by a corresponding property of primes; and such are called dual 
ot- reciprocal properties. At present it is enough to notice that 
there are two kinds of reciprocal properties, the one arising from 
the very fundamental texture of space and the second arisinsr 
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JErom a ground form P, now interpreted as a geometrical locus, 
sucL as a conic, for wMcli pole and polar elements exist. 

To illustrate these remarks consider the ternary case. A 
triangle ABC may he thoiight of as a set of three points A, B, C 
or a set of three lines BC, CA, AB. In this we have an example 
of the first kind of duality. As fuirther instances of such properties 
we can set, side by side, the facts: 

Two sides <z, 5 of tlie triangle ABG Two points jB of the triangle abc 
pass through one point C. lie on one line c. 

But we obtain similar dual results by taking a conic P in 
the plane of a triangle ABO and forming the polars of the points 
A^B^C with regard to the conic. This usually gives a new triangle, 
say a'h'c\ where a' is polar of A, h' of B, and o' of Q. It is now 
quite easy to write down dual properties, the one holding for 
the triangle ABG, and the other for a'h'o'. 


EXAMPLES 


1 . The binary form (<2o» • • * » J ^^ 2 )^ equated to zero, represents 

p points on a line, points which may be real, coincident or complex. Ea<ih 
root for Xx : x^ gives one such point P, and x^^ : may be interpreted as a 
ratio determining the position of P relative to two :^ed base points P,, 
B 2 of the line, in the familiar elementary way. 

2 . Xon-homogeneoiisly, if x^ = x, = 1 , we interpret this binary 
33 -ic by the use of a Cartesian co-ordinate a?, relative to a given origin O 
on the line. 


8. Four binary linear forma ax, hx, Cx, dx have an absolute invariant 
{ad) {cb) 

This is called the cross ratio or anJiarmonic ratio of the four forms. By 
interchanging a, b, c, d in all 24 ways, derive six cross ratios. 


Ans. 


k, 1— h, i, 
k 


-k" 


l-± 


These follow by using the identity (6c) (ad) (ca) (bd) -f- (ct6) (cd) = 0- 

4. Prove { abed } = { edab ] = { deba } = { bade } . 

5. Prove that the operations of deriving the remaining five from any 
one of the above six cross ratios form a group. 


6. Prove that { abed } denotes the geometrical cross ratio of four points 
in a line. Here a-x — 0 gives the point (cr,, — in homogeneous co¬ 
ordinates. 

*7. Examine the special cases when (i) I; ~ 0, 1, ; (ii) k — — 1, 2 or 4, 

[(i) Two points coincide, (ii) The range is harmonic. 
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8. If the roots of the quadratics = 0, 6a;® == 0 denote two pairs of 
points, prove that they separate each other harmonically if (a 6 )® = 0 . 

Non-symbolically if 62 "h <^2 ^0 — ^ 62 := 0 , then ag -f- 2 ®! a; ag 

and 60 X- ^ 26i x -f- 63 deter mi ne harmonic pairs of points. 

9 . T/ie Jacobian (ab)axbx~ 0 determines two points K, E which are a 
harmonic pair, simultaneously for the pairs P, Q and R, S, given respectively 
by ax® ~ 0 , bx® == 0 - 

10. If ( 6 c) (ca) (ab) — 0 (§4, p. 218) the quadratics hx^> c®® are each 
harmonic to a common qua^atic 

11. AU quadratics of a pencil X/4- X'/' have a common harmonic 
quadratic. 

Ans. The Jacobian (/,/'). 

3. Further Binary Results.^ 

A second interpretation of binary forms dual to Example 1 
above is to treat the variables ahs ^2 ordinary Cartesian 
co-ordinates and the binary n-ic as representing n straight lines 
through the origin. In this case two quadratics represent two 
pairs of lines through a fixed point, and the vanishing of their 
simultaneous invariant now gives the necessary and sufficient 
condition for these pairs to form a harmonic pencil. 

EXAIVIPLE 

Prove that such pairs of hues meet any arbitrary line, which does not 
contain the fixed point O, in a harmonic range. 

A third interpretation of binary forms is to treat the ^-ic 
as representative of n points on a rational plane curve, by taking 
the variable as the parameter of a point of the curve. 

For example, if {X, Y) are Cartesian co-ordinates, then the 
relations 

XzY:l — zx-^x^\ x.^ 

determine the conic X = T^, and a binary ?^-ic in a:q, x^, equated 
to zero, gives n points on the conic. If ternary homogeneous 
co-ordinates X, Y, Z are used, the conic XZ — Y^ has the 
parametric equations 

X‘.Y zZ= x^z x^x^\x<^ .(1) 

It can be proved that projective properties of points on the 
conic correspond to binary invariants and covariants. 

^ For further treatment, the reader should consult Grace and Young, Algebra 
of Invariants, Chap. X. 
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A fourth interpretation of binary forms is the dual of the 
third. The n-ic represents n tangents to a rational curve. Thus 
if TJX VY = 1 is the equation of a line in Cartesian co¬ 
ordinates, 27, T are called line- or tangential co-ordinates. Then 
if 

U i y : rjCCg : 


the line touches a conic whose tangential equation is 27 = 
and whose point equation is + 4A == 0. Similarly for homo¬ 
geneous line co-ordinates. 


EXAMPLES 

1. If X : T : ^ 

= axJ^-\- hx^ : a'x-^’IJi'x-^x^ -}- Vx^ : a"x^ -f ^h^'x-^x^ -f- h"x^, 

show that a ternary linear transformation X, Y, Z —> X', Y\ Z' in general 
exists such that X': Y'Z' ~ x^J x^x^ \ x^. 

Show that both points (X, T, Z) and (X', Y\ Z') lie on conics, for all 
values of x^, x^. 

2. If X Y : Z — ax '^: : Ca?’*’, then (X, Y, Z) lies on a plane curve 

of order n, which is rational. 

[The line UX FT -f- TF.^ = 0 cuts the curve in n points. Rational, 
because this parametric form is rational.] 

A fifth interpretation is to consider the n roots of a binary 
9 i-ic to be points in the G-auss plane. This method has the advan¬ 
tage of giving a real geometrical figure for complex binary forms. 

/ Lastly a sixth interpretation, and probably the most profound, 
is by means of the norm curve in space of n dimensions of which 
the plane conic ( 1 ) illustrates the quadratic case. By this is 
meant; taking 

: As : . . . : A„+i = ^ (2) 

where (n -f- 1 ) co-ordinates A^, called the 

homogeneous co-ordinates of a point in n-fold space. We gain 
a hint of its possibilities by noticing that, i£ n — a point 
(A-,, Ag, A^. A 4 ) of ordinary three-fold space lies on a curve 
which meets an arbitrary plane 

Ai + ^2 As + A^X^ + A^X^ =: 0 


in three points, if its co-ordinates satisfy (2). For the ratio 
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Xi: 0^2 tEen can only take three values, wMch are the roots of 
a binary cubic 

Such a curve is called a twisted cubic. If we think of this norm 
ciu’ve as fixed in space, then each binary cubic is associated with 
a plane in space. 

Tor example, if a binary cubic has a repeated factor its plane 
touches the cubic curve; if it is a perfect cube, its plane osculates 
the curve. 

4 . Connexion of Binary with Higher Fields. 

If, for ternary forms, ^ and z are two distinct points 
yz)> {%. ^2> 2s}. tlien •!^iyi+ 42 a»_ + 4%. 

tiVz ~T- 1^2% f “^Ee co-ordinates of any point in the line yz. 
Further, if — 0 is the equation of an arbitrary line, then the 
point X lies on it if 

% + ^ 2 %) + *^^2 (fi ^2 + ^2^2) + + ^^22^3) = (^) 

which can be written shortly as 

( 4 ) 

Similarly if = 0 denotes a curve of order p, the line yz cuts 
it at points X, for which ^1, ^2 ^^re given by the binary p-ic 

Le. + + = ^ ^ 

It is essential to notice that formulae ( 4 ) and (5) are precisely 
the same if we start with two points y^zvcL space of any dimension; 
for the extra terms in ( 3 ) are implied by the inner products 
tiy, Gy, &c., of ( 4 ) and ( 5 ). 

The theory of tangents and polars of conics, quadrics, and 
loci of higher orders can be readily deduced from (5) by the 
ordinary elementary methods. 

EXAMPLES 

1 . The equation of the tangent to a conic = 0 at the point y on the 

curve is == 0. 

[Putp == 2 , a-y^ = 0 in ( 5 ), and make the two roots for equal. 

2 , The polar of 1/ is = 0 . 
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8. The tangent prime at the point ^ to the quadric — 0 in general 
is ax ay = 0. This equation also gives the polar of y. 

4. 11 ay az= 0 the points y, z are conjugate. Prove that the line yz 
cuts the conic (or quadric) in two points harmonically separating y, z. 

5. The line yz touches ax^ = 0 if ay^ hz^ — ay az hy bz vanishes, this 
being the discriminant for equal roots ; ^ 2 * The symbols a, b are 
equivalent. 

This reduces to (ab \ yz)^ == 0. 

6 . In ternary forms if u = yz, then Ux == {xyz) ; and Ux = 0 or 
{xyz) = 0 is the equation of the line yz. Prove that this line u touches the 
conic / = ax^ ~ bx^ = 0„ if {abu)^ = 0. 


7. If/ = S atjXiXj, aij= aji, 
i, j~ 1 

®12 

U2 a^x CL<z<i 
®31 ®32 


then 


W 3 

*^13 

^23 

®33 


^ — ^{abuY. 


8 . Write out the dual statement of this §4 and these examples. In 
particular, if two lines n, v are conjugate for the conic {abuY = uY = = 0, 
then UaVa. = 0. 


5. The Clebsch Transference Principle. Extensionals. 

We have met with the elegant theory of extensionals 
(Corollary III, p. 49) wherein a general property of n-rowed 
determinants leads to analogous properties of determinants of 
higher order. This conception in fluences the symbolic invariant 
theory, particularly in exhibiting the actual worMng of ‘projection 
from one space to another. As a rule the methods of algebraic 
and pure geometry are alien to each other, only having some¬ 
thing in common at the beginning and end of a chain of reasoning. 
But here they are in close touch, and furnish one of the beautiful 
harmonies of mathematics. The princi])le is due to Clebsch. 

An illustration leading to this principle is given by the work 
of the preceding section. In fact we can look on the expression 
a^= ay ^ symbolic binary form in 

variables treat ay, as binary symbols A-^, by 

taking. 

A^ = ay, A 2 = cizi so that A^ — a^.. (6) 

Thus in Ex. 5 above, the original quadric in X is now 
and if equivalent symbols B are used, the condition for the 
line yz to touch the quadric now reads as 

iiABY = ii^^yhz — a,hyY yzY = 0. . (7) 
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This shows that from a certain binary invariant (usually 
symbolized by (ab)- and here by we deduce a concomitant 

invoH'ing an arbitrary line yz in higher dimensions, such that 
the points conxmon to a quadric and the line coincide if the 
binary invariant vanishes. 

the principle of duality we can also write 

^(AB)^ = \{ahuv,, .wY 

in terms of {n — 2) primes %i, v, . ., which suffice to determine 
the same line yz. 

This instance easily leads to the Clebsch transference principle, 
which is: 

If I=-f{{ah),...} 

is the symbolic form of an invariant of hiivxry ground forms 
hf, . . . , then the cory'esponding ex'pression 

f{ {ob\ »«/). • • • 

tohere each brachet factor has been replaced by a second compound 
always containing the same x, y, has the same geometrical significance 
for the points conmion to loci a^^ = 0, b^*^ = 0 , . . . , and an arbitrary 
line sy in (n — l)fold space, that the invariant I has for poi^its 
on the line illusti'ating a binary field. 

Proof .— 

With the notation of this section, if the geometrical 
property of the + g' -f- . . . points on a line is given by 
/{ {ah), ...}== 0, then that of the corresponding points on the 
line xy is given by / (AB), . . . | = 0. 

But (AB) = a^by — ayb^ — {ah | xy). • , . (8) 

Hence f { {ah | xy) ... } = 0, 

which proves the theorem. 

Co variants.—More generally a binary co variant involving 
a variable x is transferred by this principle simply by altering 
bracket factors, as in (7), and leaving inner products unchanged. 
This procedure is implied in conditions (6) above. 

For example, the binary covariant equation 

{ab)aj}^ = 0 
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gives the point pair at once harmonic to and Hence on 
a line xy, the corresponding points are given by 

= 0 , 

or {ah I xy)a^h^~ 0, 

or {ahu . . . €)aj>^ — 0, 

replacing X by x, provided x denotes the variable point on the 
line u . . . t cnt by the loci h^. This concomitant of course 
also has a significance for points x in space, which are not on 
the line; but in that case it has no direct binary relation. 

Transference in General. 

An invariant 'pro'perty of a loioer can ahvays he transferred to 
a higher field hy this extension of sy^nbolic hrachet factors. 

For we merely have to replace a bracket factor (%a 2 • ~ • cir) 
of a field of order r(<i n) hy an rth compound 

(aja2...a,.l 

or its equivalent outer product 

(%a2 . . . . . . Un-r)> 

and interpret the result in a field of order n. The reader will 
have no difficulty in supplying a formal proof by the methods 
of §4 (cf. p. 184, (8)), by starting with r distinct points 
cci, . . . , a;,., and r parameters . . ,, in place of the 
previous |^ 2 * 

EXAMPLES 

1. The ternary condition {jxbu)axhx— 0 gives the points a; on a line 
u which are conjugates with regard to two conics ctic®, 

2. If {ab I xy)axhx = {abuv)ax'bx = {cihp)axbx vanishes, the points x on 
the line p are conjugates for each of two quadric surfaces ax^, 

3. If {bcu) (cau) {abu) = 0, a certain trio of conics is cut in involution 
by the line u. (§4, p. 218.) 

4. Interpret {bcp) {cap) {abp) = 0 for a Hne p in threefold space. 

5. The envelope of a line which cuts two conics harmonically is a conic. 

[For {abu)^ = 0 is quadratic in the line co-ordinates tis- 

6 . The totality of lines which cut two quadric surfaces harmonically is 
the Battaglhii quadratic complex (abp)^ == 0 . 

We write (abp)^ = (abuv)^ = {ab \ xy)^ where x, y are two points on 
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the line p, and u, v two planes through the Line. If is fixed, cc describes 
a quadric surface. Dually, if is fixed, the plane 11 envelops a quadric 
surface. 

6. Projective Properties. 

The Clebsch principle gives an instantaneous proof that the 
vanishing of an invariant of ground form is indeed the algebraic 
interpretation of a projective property (§2, p. 271). For sim¬ 
plicity let us consider projection, in three dimensions, of a figure 
in a plane u to a plane v from a vertex B. 

Then we call the point x of plane the projection of x' in 
the plane v, if points sc, x\ 6 are in line. It is essential that u 
and V should be distinct planes, neither passing through the 
point 9. 

Now consider a quaternary invariant of any number of points 
6, X, y, Zi t . .. . Let it be 

f{{xyzt), {xyzd), ... 

If aR the points except 6 are in the plane u, then (xyzt) vanishes 
identically, because every four coplanar points are linearly related. 
Hence the function is entirely composed of factors, each including 
9, which we now -write f-[{xyz9), . . . }. 

But for any other point x' in the line 9x we can take 

ic' = x-\- X9 

(A scalar). Hence, if also y' ~ y [juB, z' = z -\- vB^ then 
(x'y'z'B) — (x X9 . y puB , z-j- vB .9) — (xyzB), 

since all other terms involve two or more ^’s in the expansion of 
the bracket factor, and consequently vanish. Thus 

f{{xyzB ),... } = f{ix'y'z'e ),. .. } 
showing that actual projection maintains the invariant property. 

Further, if we suppress B in each factor, the invariant 
f{(.^yz ),.. - } now exhibits a ternary property of points in the 
plane u. It follows that every ternary invariant equated to zero 
specifies a projective property. Such an argument is general, 
true for all dimensions, for any number of successive projections; 
and indeed can be extended to include symbols as well as points 
among the bracket factors. 
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7. First Geometrical Interpretation of liinear Transformation. 
Collineation. 

Let M be the non-singular square matrix of 7 i rows, and x 
a single-column matrix representing a point P in (n — l)-foId 
space. Then the product Mxis also a single column, which denotes 
a point Q. We write 

M=\ei]\, I ikf I = I =# 0, 

Mx=i, 


We use homogeneous co-ordinates, so that, if p =f= 0 , 
[pocx, . . - , p^n} represents the same point P. If x is given, 
a unique set ^ is found, and if ^ is given, x also is unique. 

Also since ^^ _ 

pMx— Mpx 


when p is scalar, the point P given by the set {px^, .. . , px,^\ 
in this way is cormected with the point Q, {p|^i, . . . , p^^^} by 
what is called a one-one coi'respondence. Given either point 
P, Q the other is completely determined. 

Again if the matrix M is replaced by any other, except a 
mere multiple pM of itself, a new point Q is derived from the 
same point P. So the correspondence between P and Q is 
specified by the matrix. 

Geometrically, when a one-one correspondence connects points 
P of a given field with points Q of a second given field (which may 
coincide with the field of P, as in the present case), the correspon¬ 
dence is called a collineation. Thus: 

Por a given frame of reference a non-singular matrix M of 
order n determines a collineation for points of the field. 

Or again, 

A linear transformation x —> ^ determines a collineation 
between points P (x) and points Q (^). 


EXAIVIPLES 

1. Tiie equations 

= l^Xx -h ^1X3, 

^2 = 4% + -f W 2 X 3 , I | = 4 = 

determine a collineation between the point P(xji, Xg, Xg) and the point 
Q(^i, ^ 3 ) of a plane. 
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2 . If P lies on a given line, Q also lies on a given line. 

3 . If P describes a curve of order so does 

4 . In ordinary space, if P lies on a given line, so does ^; if P lies on a 
given plane, so does Q. 

5 . Generalize this set of results. 

6 . If P 1 P 2 P 3 P 4 are four points in line, the cross ratio {P 1 P 2 P 3 P 4 } is 
the same as that of the corresponding points {QxQ^Q^Q 4 !i' 

7. An involution on a straight line (§4, p. 218) is a symmetrical col- 
lineation. Thus if, on a line A, P corresponds to Q then when P is situated 
at Q, Q becomes P. 

8 . The general definition of involution in space is symmetry of eol- 
lineation. Prove that the necessary and sufficient condition for an 
involution is ilf“ = p /, where p is any non-zero scalar. 

[ikf-i = p Jf. 

8. Latent Points of a Transformation. 

For certain positions of P {iCg ,.. . ^ the corresponding 
points P and Q will coincide. These are called latent points. 

In general there will be n distinct latent points; for if P and 
Q coincide, we have for some valne A, 

enaT.-!-er 2 * 2 -l-• • • + e„,a3„= Aas,., r=l,2,...,n. (9) 

Written in full this gives n linear equations from which, by 
eliminating x^, • . . , we have the so-called characteristic 

equation (p. 98) of the matrix: 

^11 ^ %2 ^171 

f(X)= «22—^ (JO) 

In the case when there are n distinct roots A^, Ag, ... , A,,, of 
this equation, which is a binary ^^-ic in A, we determine one set 
of valnes x^^^ by solving (n — 1) of the equations (9) for each value 
Aj- of A, Thus we should have x^^^ given by a row of first minors 
of the determinant /(A^), and the n sets x^^^ so foimd will be 
distinct. For if not, let px^^^ = Then substituting and 

x^^ in turn in (9) and subtracting, pXiX^\ aX i.e. A^— Aj, 
which is contrary to the hypothesis. These n points are also 
linearly independent and form a simplex (p. 296). 
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Tlie particular simplex (p. 86 ) wliose n primes are given by 
tbe n equations = 0 is called the frayne of refereyice. If 
9 ^= 3 , it is the familiar triangle of reference; if = 4 , the 
tetrahedron of reference; and so on. 

Example .— 

A coUineation referred to its latent points as frame of reference takes 
the form Xj_ ~ Xi ^ 1 , rca = Xg Eo, . . . , a^i = \n ^n- 

9. Second Geometrical Interpretation of Linear Transformation. 
Change of Frame of Reference. 

Instead of maintaining a fixed frame of reference and inter¬ 
preting a linear transformation as a coUineation, we may consider 
that the geometrical figure is fixed, but a change is made in the 
frame of reference, exactly as was done in Ex. 1 , p. 151. 
Again it will be found that this iUustrates the same algebra. 

The three homogeneous point co-ordinates of that example 
are replaced by n such co-ordinates; and the three line co¬ 
ordinates Ui, by n prime co-ordinates Ui. Then = 0 is the 
point equation of the prime u (or duaUy is the prime, or tan¬ 
gential, equation of the point x). Accordingly, we interpret 
contragredient linear transformations a? —> a?', > u\ for 

which = u'a:', as giving the same point x and the same 
prime u referred to a new frame. 

Let the point P referred to one simplex have co-ordinates 
\ X 2 , - . . , ^ji}} and to another have co-ordinates 

X = , a?2 5 • • - j }■ • 

Also let 

“H « • * ~f“ ^ 1,2,.*., 71^ (li) 

where the matrix C = [pi^ has rank w, so that | O [ = 1 = 0 . Then 
the 71 primes given by x^. — 0 have, for equations in terms of 
xf, ..., xf, 

^rl^l + - - • d” ^nx^n ~ 

These will be the equations of the primes of the simplex of refer¬ 
ence for X in terms of x\ And if we solve equations (11) for a?"' we 
likewise obtain the primes of the second simplex referred to the 
first. 

It is well to have these two distinct interpretations of a linear 
transformation, for both have their value. 
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iO. Reciprocation and Correlation. 

It Eas been remarked (§ 2 , p. 283) that there is a second type 
of duality besides the reciprocity generated by the texture of 
space itself. In the second, a certain geometrical locus or manifold 
or ground form F is required which gives rise to the reciprocity. 
Let us confine our investigation to the case when F is given 
algebraically by a matrix of a bilinear form 0 ; and for shortness 
let it be a ternary form, as typical of the general case. 

We consider 

^11 %2 %3 

F — a2i ^22 ^^23 = 

^31 ^32 ^33 -J 

O = + «5i2%3/2 + %3%2/3 

+ <^ 21 ^ 2 ^ 14 - ^22^22/2 + <^23^22/3 

-f + ^32X32^2 + 

= y:aijXiy^=^ a^hy 

where symbolically. 

Let x^ y denote two points of which y is fixed. Then <1) = 0 
gives the equation of a straight line, since it is linear in x. This 
is called the polar line of the point y with regard to O, and 
correiatively y is called the pole of this line. Thus if == 0 is 
the polar of y for this bilinear form, then on comparing coefficients 
we may take 

= %3 2/1 + «122^2 + 

U2 = <^21^1 + <^222/2 + ^ozVz (1^) 

'^3 “ ^ 31 2/1 4 “ ^322/2 4 ~ ^332/3 

Further, if the determinant \ =J= 0 , we have by solving 

these equations, 

-h a^^U2 + 

== + ^ 22 ^^ _p ^32^^ ( 3 ^ 5 ^ 

y^ == + a^^U 2 4 “ 

where is the typical element of the reciprocal ( | of the 

determinant I |. Thus 

«21 ^31 -I 

r-"- = ^ ^ 

«23 


. . ( 12 ) 


(13) 
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The linearity of these conditions (14), (15) shows that a one- 
to-one correspondence exists between pole and polar for the 
ground form T. Every point of the plane has its polar, and every 
polar has its pole. 

11. Correlation. 

An interesting algebraic feature has presented itself in the 
system of equations (14), (15), connecting contragredient variables 
y and u, for hitherto we have only dealt with cogredient trans¬ 
formations. So we make the following definitions. 

Definition of Correlation and Collineation.— A linear trans¬ 
formation connecting contragredient variables is a. correlation, one 
connecting cogredient variables is a collineation. 

Transformations x —> u, u x are correlations, while 
x', u' are collineations. We classify correlations as 

symmetrical, skew symmetrical, and general. 

EXAMPLES 

1. If r is a symmetrical correlation, then its mntrix furnishes the 
coefneients of a quadric, llaijXiXj,aij == aji. The correlation x —> u is now 
one aspect of polar reciprocation with regard to the quadric: it replaces 
a point X by its polar. 

The inverse correlation u —> x replaces a polar by its polo. 

2. If r is skew symmetrical, then ^aij = — aju Symbolically 
a^by = — ay bx= i(ab\ xy). 

Prove that every point lies on its polar. What is the inverse property? 

When pole and polar are so incident the correlation is called a Null 
System. 

3. A quaternary linear complex {ahre^ = l^aijptj generates a Null 
System. For if the line p — xy belongs to the complex then Y^aijpij = 0- 
If y is fixed, X describes a plane whose equation, is {ah | xy) = 0. This is 
called the polar plane, and clearly y lies on it. 

4. What is the dual of Ex. 3? 

5. Can this be generalized? 

6. Show that a Null System breaks down in space of even dimensions. 

[If n is odd, the skew symmetric matrix F is singular. 

12. Canonical Form of a Matrix, 

A very interestuig application of the twofold geometrical 
interpretation of a linear transformation is provided by the 
following theorem. 



296 


GE0 :METRICAL interpretations [Chap. XIX. 


A hiatfix M all of whose latent roots A^, Ag, . . . , A„ are distinct 
from each other can he expressed as a product ALA“i, where A is 
no/i-sinfj'dar and L is a diagonal matrix consisting of A^^, Ag, . . . , A„. 

Proof — 

For let M denote the collineation changing a point x to 
so that X = Since M has n distinct latent roots it has a 

simplex of n latent points. For, if there were a relation 

4- + • • • + = 0,- (17) 

with noyie of the p’s zero, for h of the latent points • . . , 

(h ^ n), then, as in the special case of § 8 , we should have 
S — 0. From this and (17) one could he eliminated, 

ghdng a relation for k — 1 points, then similarly for h — 2 points, 
and finally for one point, which is absurd. The h points are there¬ 
fore linearly independent. 

Let the change of frame from the original to this new simplex 
be given by = Ay and f = Ap, so that the cogredient sets a?, 
^ are now replaced hj y, 77 . 

Hence y —^ 97 is the collineation referred to its latent points 
as frame. This changes to y^ to X^'q^, . . . , 

(Example of §8, p. 293), so that y = L 77 where L is the diagonal 
matrix of A^, A 2 , . . . j A„. 

But by elimi n ation oi rj, y we have 

Mi=zx = Ay = ALp = ALA'^ £ 

true for every point f. Hence M = ALA-^. This proof is not 
invalidated if one of the latent roots of M is zero. 

The corresponding theorem ^ when latent roots are coincident 
is true, provided L is suitably modified. 

EXAMPLES 

1 . By expanding the equation MA == AL in the above, for the case of 
three-rowed square matrices, verify that Xg, X 3 are latent roots of the 
matrix M, and that there are nine linear equations, from which the 
elements of M can actually be determined. 

2. Prove the Cayley Hamilton theorem by using the canonical form 
of a matrix. 

^ Cullis, Matrices and Determinoids (Cambridge, 1926), HI, p. 342. Dickson, 
Modern Ahjehraic Theories (Chicago, 1926), Chap. V. Boeher, Higher Algebra 
(Xew Tork, 1919), Chap. XX. Turnbull and Aitken, Canonical Matrices (Glas¬ 
gow, 1932). 



CHAPTER XX 

The General Quadric 

1. Complete System of the General Quadric. 

Let f=ci^^ = b/=cj = ... = mj^ 

be tbe sjTnbolic form of the quadric -F = 2 a^j Xj homogeneous 
in n variables x^, ,,, , {n > 2), where a, h, .,,, m are n 
equivalent symbols, defined by the identity 

<^ij= <^ji = = ... = mim^, 

true for all values of i andy from 1 to n inclusive. 

We can prove that the symbolic expressions 

f= Ag = {ah I xyf, == {ahc | xyzf ,... 

A^_i — {ah,, A \ xy,. .)^ A = (a6... Im)^, 

all of which are coyicomitants of the qicadric, form a complete irre- 
ducible system for a single qicadric f = A^ = a^^ and any number 
of linear ground forms. In other words, every polynomial con¬ 
comitant of one quadric and any number of variables x, y,z,,.., 
is expressible as a polynomial in Aj, A 2 ,..., A„ 
and of polars of these forms. 

Proof — 

Let each variable a;, y, ... be resolved into {n — 1) cogredient 
variables of type u, so that any concomitant is now symbolized 
by a poljmomial in outer products only, such as 

{Af[J^^r)= 

Here there are r equivalent quadric symbols convolved, together 
with n — r variables v, .... 

297 
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Now let a single-term symbolic product of v factors, involved 
in a concomitant, be 

where the suffixes rg, . . . , are arranged in descending order. 
Somewhere in the product beyond the j&rst factor will be found 
the duplicate symbols of Either they are all in the second 
factor or not. If they are, then since cannot exceed 

and the first two factors of P are 

an actual polarized form of or itself. Then P is said to 
be reducible; we remove this factor and deal with the residual 
lower degree factor. 

But if P^.., does not contain all the duplicates of we 
transform P by the process of §8, p. 193, and convolve A^^ a second 
time in this second factor at the expense of other symbols and 
variables originally within the factor. Thus 

• P = S A 

where A is numerical, and B/ Y- is part of the original contents 
of this factor. If i = 0, again a factor A,.^' emerges. If ^ > 0 
we place this second factor first, with its increased currency 
+ i of equivalent symbols, and proceed as before. 

Since i cannot exceed n — r^, the process of so raising the 
currency is finite, and P is thereby expressed as reducible terms 
containing factors A,., r = 0 , 1, . . . , This proves the theorem. 

Corollary I*— A single quadric has only one invariant — its 
discriminant. 

Corollary II. — The complete system for the dual form 
S = Ua^ = U^^ = . . . , is 

u^, S, (a^ I uvf, (a^y\ uvw)^, . . . , (a^y . . . 

EXAMPLES 

1 . The system for a ternary quadratic — bx^ = Cx^ is ax^, (abu)^, 
(abc)K What is their geometrical significance? 

8 . A covariant conic exists for a conic and a single point. 

Ans. (ab | is the covariant, if y is the given point, and x the 

variable. 
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3 . A contravariant conic exists for a conica in ta-ngentiai co-ordinates, 
and a single line. 

Ans. (ap I ucy where is the quadratic and Cx the linear form. 

4. If Za; = 0 is the line at infinity w'hat does (a^ j Zu)^ = 0 represent? 

[The line is parallel to an asymptote of the conic. 

5. ^he bordered determinants (pp. 103—105) give the non-symholic form 
of the irreducible concomitants Ai. 

6 . The eqtiaiions of these concomitants Aj are the respective conditions 
that a line xy, plane xyz, . . . should touch a quadric. 

[Use the Clebsch transference principle, 

7. If A. = 0 the quadric is a cone. 

For if axCL^ = 0, hyb^ = 0, . . ., mtm^ — 0 are n equations of rank 
r ^ n — 1 , where {xyz . . . Z) ^ 0 , they can be solved for ^ (§ 9 , p. 195). 
Also, by eliminating they give A = 0. Any point 6 is given linearly by 
n general points x, y, . . ., t: whence as a^—O^ in particular if 0 = 

= 0 so ^ is on the quadric. Then if 6 is also on the quadric, so again 
is ^ + X0 (§4, p. 286), and therefore a line ^0 is on the quadric. This 
identifies ^ as vertex and ^0 as generator of a cone. 

If the rank is — 2, ^ lies on a line vertex: when n = 4i the cone is 
now two planes. If the rank is — 3, ^ lies on a plane. And so on. 

8 . Taking A==0, r = n — 1 and the vertex ^ as [1, 0 , 0, . . . , 0} in 
variables X.^, . . ., Xn, prove that the quadric must be a function of 
X 2 , • • •» Xn only. 

9 . If r = n — 2 , prove that A = An —1 ~ 0 identically. Taking the line 
vertex as Xj — X 2 = 0 prove the quadric is a function of Xg,. . . , Xn only. 

10 . If An —1 == {dbe . . . luY — 0 but not identically, then the prime u 

touches the quadric. This An —1 can also be written where 

a = abc ... Z in the notation of (35), p. 47. 

[Cf. p. 287, §4, Ex. 5, 6 , 7. 

2. Self-conjugate Simplex. 

A triangle xyz is self-conjugate for a coplanar conic if (r is 
pole of yz, y of zx, and z of xy. 

A tetrahedron is self-conjugate for a quadric surface if x is 
pole of a plane yzt, y is pole of zxt^ z of xyt^ and t of xyz. This 
property can be extended to the general case. 

Let x,y,z,...,t\ 

u, V, w, q j 

denote the n points and corresponding primes of a self-conjugate 
simplex (p. 86 ), such that pole and polar are in a vortical column. 
Then we have the relations (cf. Ex. 4, 8 , p. 287) 

a/ 4 = 0 , 4 = 0 , — 0 , Ua.Va.== 0 . ( 2 ) 

as typical of any of the points and primes of the table. 
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3. Oanonical Form o$ the Quadric. 

We can derive an important theorem from this set of relations 
(2), whereby a general quadric is expressed as the sum of at most 
n squares of linear forms. 

For consider the identity 

(umo ..,q)a^== {avw. ,.q)u^-\- i^aaw ,.. + ... + {uvw ... a)q^. 

By utilizing the self-conjugate property of the simplex (1) we 
write 

{amjo ,, ,q)=^ a^, {uaw .. .q)= ay, &c. 

Thus 

(uvw ...q)a^=a^u^-{- ayV^ -f- . . . -f~ a^q^. 


which is true for all values of a. By squaring this identity we 
obtain 

{uvw .,. qYa^^ = cb^u^ -h + .. . + a^q^, 

a result of fundamental importance. All the product terms on 
the right have disappeared because of the conjugate properties 
such as a^ay= 0. 

Now regarding x, y, , . . , t, ib, . . . , q constant, and $ as 
variable, we have thus ex'pressed a general quadric 

as the sum ofn squares 

F = + A^X^^ + ... + A,,X^^ 

where ^ ^ \ _ 

f{^) f{y) “* /W (uvw.,.q)^" 

and where — u^, X^^ v^,.., ^ q^ 

are linear forms in the original variables. 

This is called a normal or canonical form of the quadric. 
It has a very simple matrix of coefficients, consisting of diagonal 
elements A^, , A^ only. In making this reduction we had 

all {n — l)-fold space, except on the quadric itself for the choice 
of the point xz one less dimension for the choice of y: and so on. 
Algebraically we sum this up by saying that the reduction to 
canonical form is possible in 00 ways, where 

N = {n — l)-]-(ti — — ^n(n — 1). 
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EXA2VIPLES 

1. Use the dual identity 

{xyz . . . 02/2 4- . . . + 

to reduce the tangential form of the general contra variant q^uadric also 
to the sum of n squares, S 

2. If Ui, U 2 , -.., Un are contragredient to Xj, X^, ..., Xn and in fact 
denote the same self-conjugate simplex, then the dual form of F is 




TT 2 
: ill- I 

At^ a. 




Un\ 

An 


This follows by direct calculation from the bordered determinant of F. 


3. Find canonical forms for all members of the complete system. 

Each member Ai is a sum of squares of ith compound co-ordinates: 
while A = Aji^Ao . . - An- 


4. If the rank of \aij\ is r, then A* = 0, A; > r but Ar does not vanish. 
Prove that the canonical quadric is now the sum of r squares. 


4. Theory of Two Quadrics. 

Let /= a/= 6j,2=-| 

be the symbolic forms of two different quadrics 
F = 'Zai^x.iXp F' . 

in n variables. From these two we derive a new quadric AF XF\ 
said to belong to the pencil of quadrics determined by F and F', 
Geometrically, whatever is common to the quadric manifolds F 
and F' is common to each of the 00 ^ members of the pencil. For 
example, two conics have four points in common, shared also 
by the members of their pencil, when = 3; two quadric surfaces 
have a curve in common, when n = 4; and so on. 

Now since the typical coefficient of the quadric XF + XF' 
is + X'Tij, the discriminant must be | Aa^ + |, which on 

expansion is a binary n-ic in A: A', say 

W = + ©1 - -f + .. - + A'A'^ (5) 

In ternary forms we generally write this as 

A%i + AVii, Aoia + AV12, A^ig -h AVi 3 

Aa 2 i “h AV 21 , A(X 22 A T22,3 “i~ A ^23 

A%i + X'r^xi Aa32 + X'r^^i ^^33 “i“ A ^33 

= AA3 + 0A2A' + 0'AA'2 + A'A'3. 


( 3 ) 

W 


(6) 



302 


THE GENERAL QUADRIC 


[Chap. 


Manifestly A and A' are tlie discriminants of F and F' respec- 
fcively, widle the n — 1 intermediate coe£S.cients are simul¬ 
taneous invariants derived in succession by repeated application 
to A of the Aronhold operator 



summed for the ^}i(n -j~ 1) effectively distinct coefficient suffixes 
ij. It is also clear for geometrical reasons that the ratios 
A : ©1 : . . . : A' are absolute invariants, since the condition that 
the quadric Aj^ -f- X'F' should degenerate is independent of 
particular co-ordinate axes. The n roots of the equation in 
A : A', obtained by equating (5) to zero, are in fact examples of 
irrational invariants of F and F'. 

Probably the reader is familiar with these four invariants A, 
0, ©', A' of two conics^ as they provide interesting properties 
of the usual analjrfcical geometry. A‘relation involving them 
expresses a geometrical fact about the conics, as, for example, 
that ©2 = 4A©' if a triangle can be inscribed in the conic F' 
which shall circumscribe conic F; or that © vanishes if a triangle 
inscribed in F' is self-conjugate to F. 

5. Reduction of Two Quadrics to the Form 

E- = ... + F' = A,,XJ. 

Let the linear transformation be given by 

+ Vi^2 + - • . + CzJ^X^. 

Then we take as our parameters Zg* - • • » (§9, P- 268), 

the following n (— v) quantities: 


^ 1 ’ • • • 3 ^ 2 ? * • • » * * • 3 A^y . . . , 

in this order. 

The number of parameters in each X^ is n, so that F, F' have 

^ Firs t dev eloped by Salmon. Of. Salmon’s Conic Sections, Sixth Edition, 
Chap. X-VIiX. A good elementary account is to be found also in Sommerville’s 
A,7ialytical Comes (Gr. Bell & Sons, 1924), pp. 265—294. It is strange that recent 
books still omit to mention the crucial fact that these invariants form a com- 
•plete system. The present writer remembers the uneasy feeling he had as a 
student when first reading this theory, and wondering why this set of four 
invariants was tacitly assumed to tell the whole story. 
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n{n + 1 ) parameters between them, if each is independent, 
Tiiis fits the number of coefficients in two general quadrics. 
Corresponding to the equations (12), p. 268, there will be v 
conditions which equate functions of the parameters, respec¬ 
tively to the coefficients 

• J ^225 ^23J • • - j <^nnj 

^125 • ♦ • > ^l7i> ^22? ^23> • • • j ^nn> 


in this order, of the quadrics, llaijXiXp Hb^jX^Xj. Also we 
can solve the requisite n(n + 1 ) equations for the parameters, 
provided no functional relation ^(/) = 0 exists (§9, p. 268). This 

o f 

in turn is non-existent if a determinant of order n{n-\- 1 ) 

oh 

does not vanish identically. By using the identical trans¬ 
formation, = 772 = . . . = 1 , ^ 2 = 0 , &c., this determinant is 


seen to be a non-zero expression, dz Il(Ai — Aj), i 4 =^: and this 
justifies the canonical form. 

More specifically, if when n = 2 the 2x3 parameters are 
the usual of X —> a?, together with Aj^^ A 2 > then the 


determinant 


becomes 




Vi • 

-^iVi 



ii Vi 

■ 

^iVi 

^2 

V2 • 

■^ 2^2 ^ 2^2 



^2 V 2 

^ 2^2 

^SV2 


. 








jf — — ]ias ojily one non-zero element 

m each of coli, C 0 I 3 , rowg, rowg. After expanding by cols^g, rows^g, 
p. A p 

then giving {A^ — A^) alone. This method 

V 2 ^2V2 

is quite general. We delete the n last rows and those of the 

last columns which intersect the rows at 773 ^, .. . 

u\^^; then n of the first columns and their analogous rows; 
then subtract row^ from row^- for n pairs of suitable suffixes, 

getting a single unit matrix in the first ^ columns. 
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For the difficult case of specialized quadrics, when this deter¬ 
minant vanishes and this canonical form is not justified, the 
reader should consult a work on Invariant Factors.^ 

EXAJMPLES 

1. Two general quadrics have a common self-conjugate simplex. 

2. The canonical coefBcients udi are the roots of the characteristic 
equation | Xaij — njl = 0. 

For the equation is invariantive; hence in the canonical form it is 

IX — Aij = (X— A^) (X — ^ 2 ) . . . (X — An) = 0. 

8. The symmetric functions 1, ^Ai, JlAiAj, . . ., A 1 A 2 . . . An are the 
ra -f- 1 irreducible invariants. 

4. Two quadrics have at least n quadric contravariants. 

The tangential equation of XF F' — 0 in canonical form is 

—. q-= 0, leading to a binary {n — l)-ic for X. The n 

X -f- Ai X -f- .dji 

coefficients are contravariants. 

5. The Jacobian of these contravariants is a contravariant of order n, 
which has n linear factors if the n coefficients Ai are distinct. 

[Prove it for w = 2, 3, 4 and then generalize. 

6. This Jacobian denotes the common self-conjugate simplex. 

■?. Reciprocate results, 4, 5 and 6. 

6. Complete System of {n -j- 1) Invariants. 

The n -j- 1 forms A, . .., ©n^i, A' are a complete irreducible 
system. 


Proof.— 

In fact, let Z be a polynomial invariant of the two quadrics. 
Then by the fundamental theorem it can be expressed as S P 
where P is a product of w bracket factors of the type 

. . . a.-rira . . . . . (7) 

i — 0, 2, . . . , n. Here there are i equivalent symbols convolved 

in a matrix Ai of currency i, referring to the first quadric F, 
and n — i symbols in the matrix Fn-i for the second quadric F'. 
Let the factors of P be arranged from left to right as far as 

^ Cf- Bromwich, Quadratic Forms (Cambridge Tract, 1906); Jessop, Line 
Comrdex. (Cambridge, 1913); Dickson, Modern Algebraic Theories (Chicago, 
1926), 133; Bocher, Higher Algebra (New York, 1919), Chap. XX; TurnbulJ 
and Aitken, Canonical Matrices (Glasgow, 1932). 
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possible in descending order of ciirrency i. As in §8, p. 193, we 
can convolve tbe duplicate symbols of tbe first factor in the 
second factor and then if necessary rearrange factors in descend¬ 
ing order. Finally, we express a typical product as 

where ^ > ^2 > . .. > > 0, 

and all the symbols of the first quadric are accounted for among 
the A^s. This product P is now said to be prepared for the first 
quadric. The symbols not yet expressed refer entirely to the 
second quadric. If now q^= P contains the invariant 
{A^^^ = {a-^a^ , . . as factor, and is reducible. 

Similarly if P contains a factor • • • &n) composed entirely 
of symbols of F', it is reducible by convolving the duplicate 
symbols in a second factor, so that the discriminant {h^h^ • -. 
emerges. This only happens if ^ > 2v, or if — 0. 

Accordingly, we suppose w= 2v, q^^ 0, so that the final 
factor must contain symbols of both quadrics. We next consider 
the symbols of the second quadric. Allowing for duplicates in 
the two final factors we write P more fully as 

P = q^ + 

where P, (7, 1) refer to the second quadi'ic, and all the 2 5^ symbols 
in C and D entirely differ. If Sj, = 0, P contains the factor 0;^,, 
and is reducible. So we take Sy > 0. 

Now let the possible forms P be examined in the following 
order: 

(i) By ascending weight w. 

(ii) When the weight is the same, in ascending degree in the 
coefficients of the first quadric, and therefore in ascending value 

of S 
i —1 

(iii) When w = w\ for two forms P and P\ we 

examine P before P' if — gi', . . . , qi= g/, j 7> The 

value of i is taken in ascending order. 

f D SS4 ) 


11 



3 o 6 


THE GENERAL QUADRIC 


[Chap. 


Furtlier than this t]ie order is immaterial. The e:Sect of such 
an order is to render any process a reducing process, which shifts 
a symbol a towards the left out of its own factor. For the resulting 
form (or forms) can then be prepared as in (8), when it will be 
among those already examined. 

Now since >> 0, we can as before convolve the duplicates 
of the Jct, -h Sj, symbols B, D m. the last factor but one. Reference 
to the fundamental identity, §11, p. 48, shows that this process 
either shifts entirely, leaving 

in place of the two final factors, or else shifts some symbols a 
of Ag^ to the left. The latter case can only give rise to forms 
already exam in ed. 

This proves that every product P is reducible, with the possible 
exception of A, ..., A'. In other words, every polynomial 

invariant of two quadrics is expressible as a pol 3 momial in these 
^ 1 invariants. 

Finally these are irreducible, because a relation expressing 
any one 0^, say, in terms of the remainder is structurally 
impossible, as is at once seen by examining the degree in both 
sets of coefficients on the left and right of an assumed identity 

0i = S A A*0/^... b 

This proves the theorem. 


EXAMPLES 

1, Prove that (abrs) (abet) (erst) vanishes identically. 

2. Prove (&cr) (cos) (dbt) (rst) = ^(ahc)'^(rst)^, 

7. Complete Systems involving Variables. 

The complete system for two quadrics and all possible vari¬ 
ables ic, TTg, . . . , ^n -1 (= lias not been discovered except 

when n = 2, 3, or 4. Rut it can be demonstrated that the 
niunber of covariants involving a; alone is -f- 1. 

It can be shown that n of the n 1 covariants are the n 
coefficients of ^ in l^li® binary ^^-ic obtained by forming the 
dual point quadratic from the tangential form A^S A^S', where 
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X is tEe bordered determinant i (§3, p. 101). These 

I 0 I 

give the qnadratic covariants /, f with 71 — 2 intermediate 
quadratics, as is well known in the ternary case. The remaining 
covariant is their Jacobian, which represents the common self- 
conjugate simplex of two quadratics. 

Also ^ if 2, a complete system involving any number of 
cogredient variables x, y, z, ... has, besides 1 invariants 
and n -j- 1 covariants, the n — 1 functional determinants 

I ( Rn-i I ^n-i) i=\, 2 , . . . , — 1 , 

together with certain others analogous to the Q forms given over¬ 
leaf. A system including any number of both types of variable 
X and u has also been found.^ 

By making ^ = 2 this system becomes the binary system 
for two quadratics already discussed. In this case the 

functional determinant coincides with the simultaneous 

covariant, making, in all, six irreducible forms. 

As in the binary case a syzygy connects the square of the 
Jacobian covariant with the remaining 2i?^ + 1 invariants and 
CO variants.® 

As for the case where only variables u, v, w , . . occur, mani¬ 
festly a concomitant is expressible symbolically by outer products 
of type 

where i -{-j k — n and the three matrices of symbols refer 

^ Turnbull and Williamson, Proc. Royal Soc. Edinnhurghy 45 (1925), 149—165, 
completed in 50 (1929), 8-25. 

® Transactions Cambridge PMl, Soc., 21 (1909), 197-240, where one a? and any 
number of u, v are considered; and Edinburgh, loc. cit. (1929), for any number 
of each type x or u. 

For n = 3, the ternary case, the system of two quadratics consists of 20 
forms: Gordan, Math. Annalen, 19 (1882), 529. See also Grace and Young, 
Algebra of Invariants (1904), pp. 280-287. This has been proved to be strictly 
irreducible: Van der Waerden, Amsterdam Ale. Versl., 32 (1923), 138-147. For 
three ternary quadratics Ciamberlini found a system of 128 forms, Giorn. di 
7 nat. {Battaglini), 24 (1886), 141. Of these six are reducible. For four or more 
ternary quadratics see Proc. Ixmdon Math. Soc. (2), 9 (1910), 81—121. 

For TO = 4, the quaternary case of two quadrics, cf. Gordan, Math. Annalen, 
56 (1903), 1-48; Turnbull, Proc. Londem Math. Soc. (2), 18 (1919), 69—94. This 
system has 122 concomitants; Williamson, Journ. London Math. Soc., 4 (1929), 
182; proved irreducible, Brahmachari, Proc. Edinburgh Math. Soc., 5 (1937), 
41—42, but a further check is needed for possible linear syzygies. 

®Gilham, Proc. London Math. Soc. (2), 20 (1921), p. 326- 
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to the quadrics F, F' and the variables respectively. By the 
preceding methods it can be shown that all possible irreducible 
forms are included among the following and their polars; 

P,,- = (A,R, = i + i + ifc = w. 

Q = U) (A,R,^ V) {R,^A,^ U")... (P,, 

M > ■»! > 4 > • • • > ii <ji < ■ ■ ■ <j, <n. 
Example .— 

For tiie ternary case sucli a completely irreducible system is 
F = F' = (a gx)\ rj, ap% rp\ apa^ {9^y)> '^ar^iccxy), 
where a, p are each of currency two in symbols of their respective quadrics. 


Other references to the literature will be found in the EncyMopadie^ dar 
Mathematischen Wissenschaften, III, 3, 6 (1922), and the earlier JBericMe by 
W. F. Meyer. More recently with reference to the cases ?^ = 4, w = 6, cf. Proc. 
London Math. 80 c., 2, 35 (1926), 303-327, and Proc. Roy. Soc. Edinburgh^ 46 
(1926), 210-222,48 (1928), 70-91,56 (1936), 38-49,155-162. See also Proc. Kon. 
Ned. Akad. Wet. Amsterdam for many works by Weitzenbock, particularly the 
long series upon projective differential geometry of ruled surfaces in [4], starting 
in 43 (1940). W. Saddler: “Polar Properties and Canonical Forms”, Jour. 
London Math. 80 c., 16 (1941), 167-172. J. H. Grace: Jour. London Math. Soc., 
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CHAPTEE XXI 

Miscellaneous Eecent Developmeots 

1. Restricted Transformations. 

Hitherto we have dealt with the projective invariant theory. 
It is possible to extend the same methods, recently developed by 
Weitzenbock^, to special cases in which the transformations are 
restricted within a subgroup of the general group (§7, p. 161). An 
invariant of a subgroup is a function which satisfies the invariant 
definition for all transformations within the subgroup: and the 
more restricted the group the greater will be the number of 
possible invariants, because they are required to satisfy fewer 
conditions. 

Consider the non - singular coeflicient matrices, where 


m = 

n — 1, 

^In 


... 


M = 

= 

. 





L ^nl 


«ml 

0 

... 0 

^inn 

^nn -J 



hm 0 


0 

. 0 

Mo = 


' * ^ 


. 

o 

. 0 


^ml * • 

1 




0 .. 

.0 e, 

0 

0 

• ^iin J 



pl= [pSy], 

7=[Sy]. 




These are in order, as regards degree of restriction, and each 
generates a group. For the identical transformation x = lx\ 
every function is an invariant: for the scalar transformation 
X = plx\ every homogeneous function is an invariant: for the 


^ Cf. InvariaTiieniheorie, Chap. IX-XII. 
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diagonal transformation x — Dx\ every gradient (isobaric) 
function is an invariant: for the general case x — Mx' we Have 
tbe preceding invariant theory. Wbat can be said of the inter¬ 
mediate orthogonal and affine cases? 

The affine subgroup is given by a matrix M.-^. Here we deduce 

( 2 ) 

while the other variables x^ have general linear transformations. 
Since | | = | 1 #= 0, we can suppose x^, x.^ to 

be constants and x^^ . • • , Cartesian co-ordinates in m-fold 
space- If m = 2 this collineation x x' is seen to leave the 
line at infinity latent; if m = 3, the plane at inj&nity latent. 
Parallel lines remain parallel after transformation; and these 
facts are true for all values of m(= n — 1). 

The Fundamental Theorem of symbolic methods for affine 
transformations now runs as follows: 

Every polynomial invariant K of affine transformations for p 
given ground forms fl5 fg, .. . 5 fp is identical with a projective 
invariant of the same ground forms together with a certain linear 
form L = lx latent in the transformations. 

For example, if y, z, t are three coplanar points, then {yzt), ly, U, It are 
projective invariants of a line I and the points. The invariant 

J = {yzt) llylzlt 

is absolute for affine transformations. Also, if we take lx — Xn= as in 
the preceding work, and we write x^ — z^ — 1 with {y^, y^, z^)^ 

(4> 4) Q-s Cartesian co-ordinates, then becomes the area of the triangle 
yzt. 

Again the affine theory of a conic rests on the invariants of a quadratic 
ax'^ = bx^ and a linear form lx. 

Thus C = (abl)^ vanishes if for these Cartesian co-ordinates the conic 
is a parabola. I^on-symbolically 

0 

G = ^2 &2 0 = (%&2 — = 2 (% ia 22 — % 2 ^)- 

2. Preparatory Reductions leading to the Proof of the Funda¬ 
mental Theorem. 

First we consider the latent linear form and write it sym¬ 
bolically as 

L = (lx) = Za; = liX]^ ~f~ 4^2 + •>*-{" hi^n> • (S) 
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where 

~ ^2 = • - • ~ — 0, = 1. . . (4) 

This artifice brings the particular form L into line with the 
general tjpe of linear form. It follows that 

(%) = h=^yn^ h= • • • . (?a) = , 


{ah.. .dl)~ 


% 


h 

h 


dj 01 

d^ 0 I / T 7\ 

I = (ah . .. d), 


. (5) 


1 


where this last suffix n denotes that the determinant has n — 1 
rows numbered 1, 2, . . . , n — 1. 

Next, we state the enunciation of the theorem in terms of 
possible symbolic types: namely, every polynomial invariant 
K of the a ffin e group M-^ can be symbolically expressed by 
the factors 

(a6...m), = (ab...dl)={ah...d)^, (Za) = a„. (6) 

(ap . . 

Here h, , . , , a, . denote variables or symbols of the 

ground forms, while I denotes the set (0, 0, .. . , 0, 1). 

Thirdly, if the proof holds for linear forms h^., . . . , u^, 
u^, .it will hold as before for the general ground form. In fact 
the symbolic methods hitherto used, together with polarization 
and the Aronhold process, still continue to be vahd in rendering 
all ground forms multilinear, as these processes have nothing to 
do with the coefficients e^j of the matrix which alone has 
been modified by the affine conditions. 

Fourthly, by expressing each linear form ^^oc as an {n — l)th 
compound {ah ... d \ xy ... z) + aj^y . . . w-e reduce the 

problem to that of ground forms 

a., 6., ... (7) 

all of one type, whose symbolic invariant types will now be 
{ah . . - m), {ah . . . dl) only, in place of (6). Then invariants 
may contain groups of {n — 1) symbols owing to impHcit 
convolution of each symbol a. If these symbols a are finally 
restored they will merely add the other types (a^ . . ./x), a-a, /a 
to the list (cf. §9, p. 207). 
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3. Characteristic Invariant Property. 

Since ~ a 'as before, the transformation a —> a is given 
by a' “ a, involving the transposed matrix M-^. Hence 

a/ = -f- ^ = 1, 2, . . . , n 1 

+ . .. + (m = w — 1) 

Now if .S' — ^ (a, 6, . . .) is a polynomial affine invariant of 
linear forms (7), then the identity 

K' = K{a\ h\ ...) - ^iecj)K{a, 6, . ..) (9) 

holds for all values of %, 6^, • . • , , when a\ b\ ... are 

given by (8). The proof of §2, p. 169 will now apply to 
show that 4>{eij) can only be a polynomial factor of a power 
of I 31^ |. But I I has pol 50 iomial factors of two kinds only, 
^n-i= 1 and where is a general deter¬ 

minant in arguments and therefore irresoluble. We infer 

<f>{e,j) = K' = Ar,_i K. . (10) 

4. Proof of the First Fundamental Theorem. 

This last identity can be written 

K{a\ b\ ...) ^ A:;_i K{a, b, ...). . (11) 

We have two cases to consider. 

Case (1) K(a, h, . . .) contains no symbol 6,^, ... at all 
with suffix n. 

Case (2) K{a^ b, . . .) contains some symbols with suffix: n. 

Case (1). iT is now a projective invariant of linear forms such 
as 

%% + (^2^2 -f ‘ oc^-i 

in the field of order n — 1. For the transformation (8) a—> a' 
in this case contains no a,/, 6,/, . . ., so that K' is free from the 
argument Hence in (11), 5=0 and K' = A^_i K, Thus E 
can be symbolized entirely by means of factors of type 

(ab ... d)jj^ — {ab ,. .dl). 
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Case (2). Here K(a^', . . .) involves .... By 

means of the particular aflfine transformation 

Xi (i= 1, 2, . . . ^ 1) 

~ (^yi —1 “ !•) 

we gather that (11) is satisfied only if K is homogeneous in the 
quantities .... Let us therefore wurite 

K = +...-}- Kj^gj^ Qi ^ 2), . (13) 

where each Ki is free from a^, .. .; and each is a form of 

order s in the set a^, .... Also let the right side of (13) be 

brought to its lowest terms as a function of ,. .. , so that the 
number h cannot be diminished any further. 

Hence, by (11), 

^l9l + • • . + ^hQh = + • • • 4" J^hgh)- (1^) 

If we substitute for each a^', 6,/, ... in gi on the left by 
means of 

(^71 — ^In^l 4- ^271 ^2 4" ... 4 ’ (IS) 

then each g^' is a poljmomial of order s in Equating the 

coejB&cient of on both sides, we obtain the identity 

4 • • • 4 Kf^'gj^ = A7i_i {K-^g^ H- ... 4 ^hgid\ 

whence 

.(16) 

As in case (1), each is now a projective invariant of the field 
of order n — 1, and thus can be expressed entirely by means 
of factors {ah . . . d)^. 

Now let V be the number of symbols a, 6, .. . , in which is 
homogeneous in the n elements - • • » of each such 

set a. Then either v '^n ot v <C.n. If the former, we choose 
n symbols a, b, . . . , m and develop hH sls a. Gordau-Capelli series 
( (22), p. 254) 

K^KQ-j-{ah... m)^i 4 .. . + (a6... m)^Kx, (A > 0). (17) 

Again these forms will be affine invariants, satisfying (11), 
each of which can be dealt with in the same way, if it still contain 

(DSS4) 11* 
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n symbols a, b, .... Finally we are left to consider tlie case of 
at most n — 1 symbols in K, so that v <Cn — 1 ox v ~ n — 1. 

If V <:n — 1, no factor {ah . . . d)^ is possible, altbougb by 
(16) Ki is expressible by such factors. Hence each can only 
be a constant c^, and consequently r = 0; so tbat 

K == -h + ... + Oh9h ~ Gs^ • • (1^) 

where g^ is a form of order s in 6,^, . . . alone. 

Also, if y = — 1, then 

K ~ {ah . .. d\^ {<h.G\ + • • • + ^hGi^ ~ Gs > 

and we can discard the factor {ab . . . which is of the desired 
type, and confine ourselves entirely to 

Finally, it can be proved that g^ vanishes identically. For 
by (11), we have the identity 

Gs'=ie^nyGs .(19) 

But if we take the particular n — 1 sets of values 
a= 1 0 0 ... 0 0 

&= 0 1 0 ... 0 0 

c^=0 0 0 ... 1 0, 

then ay^ = 6,,^ = — 0, so that g^ == 0, while, by (15), 

Gs Gsi^7i9 ^2n> • ’ ‘ 3 —1, «,)• • • (^9) 

But (19) now shows that g^ vanishes, so that gs{^n 3 • * - ? 
vanishes, although its arguments are arbitrary. Hence it 
vanishes identically. This completes the proof of the First 
Fundamental Theorem for afifine invariants. 

5. Conseauences of the Theorem. 

Since the Fundamental Theorem links affine invariants with 
projective invariants, by means of the additional liuear form 
L = Z^, it follows at once that all the main theorems apply to this 
restricted case: the Second Fundamental Theorem, and the 
theorems of Gordan, Hilbert, Clebsch, and Feano. Further, v’e 
can imagine, in the preceding proof, that an arbitrary genera] 
linear transformation has been applied to the original vari- 
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ables, expressing them in terms of a set ^ 2 ^ • • - ^ and in 
particular that 

+ g'2^2 + • • • 4 - qn^n • 

Applied to the affine symbolic forms this replaces {ah . . . d)j^ 
by a type (ab . . . dq) and a„ by a^, ■which are no other than the 
types ((z 6 . . . dl) and already utilized. Hence aiiy given 
Imear form may be taken as the latent form of the transformation. 

Of course, if the co-ordinate is selected as latent, we must 
note that certain fundamental identities, not of projective t 3 ^e, 
will arise (cf. Ex. 4, p. 51), such as 

(afiy)xQ= (x^y)as -f (axy)p^~j- {aPx)y^ 

instead of the usual 

{apy) = {x^y) + (a xy) + (ayS x) ly. 

Exam/pies .— 

1. Examine the restricted transformation x = x' where is the 
transposed matrix of M-^, 

It leaves a point U\ latent. By reciprocating the above work, its 
concomitants are symbolized by types 

(ap . . . SX) = (ap ... 8),., 

(W eiizenb och.) 

2. The affine group with a fixed poird is given by the matrix Jf^. 
Prove that si point u\ and a prime lx are both latent; and that the 
requisite symbolic invariants of this group are 

{ob . .. m), {db .. . dl), ax 

(ap...ti), (ap...SX), Z.’ 

together with the absolute invariant lx which is purely numerical. 

( Weitzeribocic.) 

6 . The Orthogonal Group. 

A similar theorem holds when a quadric is latent. If the 
quadric is then the projective theory of v ground forms 
, fp together with rj- is in close touch with the orthogonal 
invariant theory of the v ground forms alone. 

This theorem lies at the base of an algebraic account of 
EucKdean, elliptic, or hyperbolic geometry. For instance, in 
Euclidean geometry, for ternary forms is taken to be 
x^ + x^, but in the other types it is a general ternary quadratic. 
The theorem also covers Kiemannian geometry where the 



3 i6 recent developments [Ciiap 

element of arc is given by ds'^ = ^gii;dxidxj. — as far as 

metrical properties of small intervals are concerned. 

If a, h, a, p are ternary symbols, then invariants of are 
composed of types {abc), (a^y), aa, &c. Tor the Euclidean 

case, if then = (a | p), which 

ac-coimts for the importance of the inner product of two vectors 
a and when co-ordinate axes are rectangular. 

Again if 6, a, p are quaternary symbols, then invariants of 

are composed of types {ahcd)^ (afiyS), &c., and we 

shall now have _j_ ^^2 q_ ^^2 Euclidean case. 

Once more denotes the inner product (a | j0) but it now has 
three terms <^ 2 ^ 2 -h The variables x^ (or x^, a\, 

ajg) may be regarded as rectangular Cartesian co-ordinates for 
plane (or for three dimensional) geometry; and Tg.^ denotes the 
circular points at infinity (or the circle at infinity). We shall 
return to this at p. 324. 

This theorem also throws light on elementary analytical solid 
geometry, where such formulae appear as cos^ = IV + mm' + nn' 
for the angle between two straight lines whose direction cosines 
are given. For orthogonal transformation this is an invariant; 
in fact it is an inner product of two unit vectors. Likewise the 
volume of the tetrahedron, three of whose edges are unit vectors, 
LS i(lVl")i in terms of an outer product. 

It is a commonplace that-inner and outer products should 
so arise, but the invariant theory shows that such products 
give a complete mechanism for dealing with the geometrical 
entities. 

7. Fundamental Theorem of Orthogonal Transformation. 

First let us consider this theorem when the latent quadric 
can be written as 

(a: I a:) = 3,^2 _|_ _ _ _j_ 

so that the transformation is orthogonal (§3, p. 152). Further 
let us confine the discussion to the proper orthogonal case, 
by which is meant the case when the determinant A of the 
transformation is unity. If A = — 1 the transformation is 
called improperly orthogonal. The proof needs two preliminary 
lemmas. 
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Lemma I. —A pi'ojyer orthogonal transformation exists which 
trajnsforms a given unit vector p into another such vector q. 

Consider the transformation 


2{x\ p + q) 
(P + S' I P + ?) 


(Ps + ?i) — = 


(i= 1, 2, . . . , n). 


where {p q \ p q) '= S {p^ -f- =|= 0 . Here Xi'^ can easily 

3 

be calculated in terms of pi, qi, x^, leading to the result 
{x' I x') — {x I x). 


Hence the transformation x —> x" is orthogonal. Furthermore if 
[p\ p) = (g I 4= 0 , we find, when x = p, that x' is q. Hence 
the transformation turns one given unit vector into another: 
although it may be an improper transformation. If so, we 
introduce a third vector such that {p\p) — {q\q) = (^ | ^)> 
(p -|- r I 2 ? + r) 4 = ({? 4 “ 1 + ^) = 4 = Oj and apply the corre- 

spending improper transformations p r, r —> q. Then the 
product transformation p q is necessarily proper. This 
auxiliary r is also needed if ^ + g = 0, to cover the case 
when {p q \ p q) vanishes and the above x —> x' does 
not exist. 


Lemma H.— 

1 iq') ^ + 2A — 2) (g I g)^-^ 

For ^(?1#= A(g|#-^2g,, 


;:r-, (? I qr = A(A - 1) (g I + 2A(g [ g)^-K 

Summing for ‘i==l, 2, the result follows. 

Also (g|a) (2-1 6) = 2(al6), 

^ (ab . . .hg) = 2(ab . . . hk). 


and 
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and (^\^ \ {q \ q) {^ \ Cl) = iq I Cl), 

\cq\oq/ 

and ~ \ {q \ q) {ab . . , Jiq) = {2n + 4) (a& . . . liq). 

cq cq/ 

8. First Fundamental Theorem for Proper Orthogonal Invariants. 


Every 'polynomial invariant of the proper orthogonal group for 
ground forms fi, fg, . . . can be symbolized entirely by the vise of 
two kinds of factors, 

{ah . - . hh), {a [ b), 
the outer and inner products respectively. 

Proof .— 

This follows by induction. For H n == 1, the matrix M is 
the scalar unit, and the proper orthogonal transformation is 
merely x = x\ the identical transformation. Then every 
vector is its own outer product and the theorem is obvious. So 
we assume it for m, and set about proving it for m 1 = n. 

Consider the transformation coefficient matrices. 




Mn 




'^tnm 

0 



L 


^im 
^mm J 


( 21 ) 


If Mq is orthogonal in the field n, so also is Mqq for the field 
n — 1 (= m), as is apparent by forming inner products of each 
pair of columns of either. Further if | Mq | == 1 so also is | Mqq | . 
Hence they are both properly orthogonal, if either is. 

Now Mq corresponds to the transformation which leaves the 
vector q= { 0, 0, ... 0, 1} latent. We note that this is a unit 
vector, since 

(?l2) = 3n"=l.(22) 

Let yQ denote the group of transformations 

x=Mqx\ .( 23 ) 

which transform the fii-st m components x^, ^ by means 

of the matrix Mqq, but leave = xf latent. Then any invariant 
of the group Gq is an invariant for its subgroup y^. 
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Now if we express any pol 3 Tiomial invariant of tlie given 
field, as YjTc^g^ where is a function solely of the components 

and a function of hj . . . {j =i= n), then each 
wiU be an orthogonal invariant in the group Consequently, 
by hypothesis, our invariant is a poljniomial in two types of 
factor, which we write 


{ab . . . h)^ — I cq &2 * • • I J I ^)m — 4“ • • • + (24) 

together with the third type, a^, . . . of suffix n. 

Also by using the unit vector g = {0, 0, , . . 0, 1} we can 
write these three types as functions of inner and outer products 
in the higher field of order n; as is at once apparent when each is 
fully expanded: 


(ab. 

and 




(g|_cO _ ^ (g|^) ^ 


Hence every polynomial invariant of the group (tq is a polynomial 
fimction of arguments 

(g I g)= (g I «). («&••• Ag). (® I 6), - - (26) 

divided by a positive integral power of 


Now - ^ is a unit vector whatever q may be; and, by 

^q\q 

Lemma I, a proper orthogonal transformation exists which 
changes any given unit vector into a second. So instead of 
the special vector { 0, 0, ... 0, 1} we can now take q to be any 
arbitrary unit vector^ so long as, instead of the subgroup yo, 
we take the similar subgroup which leaves the vector q 
latent. 

Also, all these five types, as now written, are unchanged by 
any proper orthogonal transformation, such as that which 
replaces the very special unit vector q by any arbitrary unit 
vector ql\Jq \ q, none of whose components vanish. Hence a 
typical invariant is given by 

I={,G^ + G^>/^q) . . (271 
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wliere and are polynomials of the same type 

G { (q \ ?)> (? I «). • • ■ > (ab...hq), . . . , (a\b), . . , 

and 7c is necessarily a positive integer, since one q enters into 

every type (25). _ 

Now Gi cannot be zero, else we could cancel out ^q \ q and 
tlien treat G^ as a new G^^. TEis being so, G^ must be zero; for 
otherwise we could always express ^q\q rationally in terms of 
/, the components q^, and a, 6, . . . , involved in this equation; 
which is impossible even in the case 

?= {0, 0, . . . 0, 1, 1 }. 

Hence G^ — 0, so that Ic must be even, to make the right and 
left sides agree in rationality. Thus we write 

ii\qf I ^ G{{q\q), (q\a),..., {ah . . .hq), {a\b), .. (28) 

where A is a positive integer, and each q^ is non-zero. 

Operating on both sides of this identity with 
find, by Lemma II. 

(a\qf-^I=G' {{q\q), (a6 . . . M) } 

where G' is of the same type as G, but may involve the outer 
product {ab . . . TiJc) which excludes q. 

If we proceed A times, this operation annihilates {q | q) on the 
left, leaving a non-zero multiple of 7, and consequently all 
the q^s, disappear on the right, leaving only the types (a \ 6), 
(ab , , . TiTc). This proves the theorem. 

9. The Hermitian Transformation with an Absolute Quadric. 

If we apply a general linear transformation ^ = Ma>, of 
matrix M = [c^^-], [ ikf | =|= 0, to the canonical quadratic 

+ (29) 

we obtain a quadratic in , a:,,, wMcb we symbolize by 

“ Thus 

1 0 ^ ^ (®j j ^jfc) ^j^k — 

tj. * j,k • 



(30) 
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where (e^| g;^) denotes the inner product . . . -j- 

and all summations run from 1 to n. Hence 

^}t:=‘rjrj,=={ej\ e,,). 

Let us find out what becomes of the last theorem when tLe 
variables which enter an orthogonal transformation ^ 
now undergo the further transformation f - Mx, Then, if 
a, yd denote linear sets cogredient with 

(a|;S) = i(a|A) + ^,2 + . . . + 2). 

from which it follows that (a | yS) is a polar form of (a | a). Hence 
(a I a) = , (a | ^) = ? . - (31) 

in terms of the corresponding linear sets a', yd' affcer transform¬ 
ation. Now the inner product of two cogredient symbols a, yd is not 
a projective invariant, but only arises as an orthogonal invariant. 
Here, however, we have expressed it as a projective in¬ 

variant of linear symbols together with the symbols r of the 
quadric. In so doing we link the orthogonal theory with the 
projective theory. For if all the ground forms of an orthogonal 
system are symbolized, as may be done, entirely by cogredient 
symbols a, yd, y ... , then their invariants involve twc types only, 

(aj; 8 ), (32) 

of wMch the former is already a projective invariant, giving 

(a^.. .p)=|ilf| {a'p' ...fi.'), 

when a —> of, yd —> yd', . . . , ya —> ya'. 

Furthermore, any non-degenerate quadric may be reduced 
to the sum of n squares by a suitable linear transforma¬ 
tion (§3, p. 300); so that if also ii = (^ = 1 , 2, . . ., n), 

the resultant transformation T: x i is still linear. Conversely, 
by T~^: i —> x we pass from the orthogonal absolute (| | i) 
to any given non-degenerate quadric and thereby we solve the 
Hermitian problem (§5, p. 158) of the restricted transformations 
x' which leave a given quadric absolutely invariant: 
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For on performing with, the transformation T, we reduce it to 
a proper orthogonal problem. Hence 

For ground forms ^vJlose symbols a, . are cogredient with 

X, every polynomial invariant of the subgroup in which a given 
noyi-degenerate quadric is an absolute invariant, can be symbolized 
by tivo types of factor 

(ayS pi), rc^rp .(33) 

In other words, proper orthogonal invariants of a system of ground 
forms (f) are projective invariants of the system (f, r^^), obtained 
by adjoining the absolute quadric Conversely all projective 

invariants of (f, r^^) are proper orthogonal invariants of {i). 

Proof of the Converse .— 

For starting with the projective system whose symbols are 
r, a, p, y . . . , the only types we require by the Fundamental 
Theorem (§7, p. 203) are 

(aP . . . p), roc, (rs . . . t), 

where r, s, ... t are equivalent symbols. But the presence of 
(rs . . , t) in an invariant implies the discriminant (rs ... t)^ 
(§8, p. 194). If this is rejected, any further factors roc tnust 
occur in pairs rocVp. But (rs ... t)^ = nl \ r^j \ = nl, a pure 
number, in the case when the quadric r^^ is (a? | x). Thus the two 
tjpes (33) alone are actually necessary, and the theorem is 
proved. 

EXAMPLES 

1. The improper orthogonal case is obtained by ta king 

ra;^=xF+ ... 4 - 

and transfo rmin g the results of the proper case by the matrix of zeros 
with a leading diagonal 1, 1,... 1, — 1. The required types are (a^ . . . p), 
(a I P); but the outer product changes sign after improper orthogonal 
tranrformation. 

2- The Lorentz transformation leaves 

ra:® — x-p + x^ 4- x^ — 
an absolute invariant, where is a constant. 

The invariant types are (aPyS), together with 

Ta.r^ = aiPi 4- ^2 ^2 + 03 p3 — t^4* 

This becomes an orthogonal group after the transformation 
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3. Linear transformations, x\ satisfying the Lorentz condition 

can be constructed by the matrix (/ + SQ)f(l — SQ), where 


rl 


1 . 


j , and S is skew symmetric. 


4. If-S — — c*]’ X + a^c^ show that the 

binary matrix (I + SQ)I{I — SQ) transforms variables cr, t to x', t' accord¬ 
ing to the Lorentz formulae 



[Use (5), p. 69. 


5. If a, 6, c are contragredient to a, (3, y, the outer product types (a6c), 
(a6y), (a(3y), (a(3y) are all orihogonal invariants of ternary forms. Expressed 
as projective invariants of the absolute the second and third of these 
must be modified. Thus if (a j P) = then we can prove that 


{ah^) = (adr)ryy (a^y) = {ars)r^Sy. 

For if f(x) = raj2 = Xi^ -f- X 2 ^ -f- then ^ (ars) (rs| py) = ^(ars) {r^Sy — TyS^) 


at rjrys 
<^3 


S^Sy 

32^y 

S^Sy 


= i 


^1 


S/O) 

spr 




6. If — Scc^ = -f- -{- x^^ -f- x^\ then (abrs) (ap j rs) is equi¬ 

valent to 2(a5aP). 

[Here iJ^(ab)ij(rs)}ci) (llia^)ij{rs)ij) = 7:(ab)ij((x^)}clirs)^cz(rs)u» since 

nric =0, =j= Jc). 

7. Prove, by a Laplace development, that when 

ra;2 X^^ X2^-h . . . -j- Xn\ 

then the concomitant 

(ab . . .h . . rn^p) (ap . . . S [ . . . rn—p) 

involving p linear forms ax» &a;, . . . , w- — p linear forms Uay , us, 

and 71 — p equivalent symbols rg, . ., rn—p> may be replaced by the outer 
product 

(ab . . .Jb aP ... 3) 

to a numerical factor. 


10. Geometrical Significance of tlie Adjunction Theorem. 

The preceding theorems obviously have something in com¬ 
mon: they link affine, orthogonal and Hermitian invariants with 
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projective invariants by adjoining to given ground formsone or 
more forms <f> which are latent for the linear transformations of 
their respective groups. For this reason they are called Adjunc¬ 
tion Theorems. 

If we turn to the geometrical aspect of the theorems we find 
matter of liigh interest in metrical geometry. It is well known 
that properties of distance and size of angle, holding for plane 
Euclidean geometry, may be interpreted projectively by stating 
them as cross ratio properties of a figure to which the circular 
points at infinity are adjoined, 

p 


R 

Thus, for example, if /, «7 are the circular points, and P is 
a point not on IJ, then the pencil P\^QR, IJ } of four lines through 
P is harmonic whenever PQ, PR are at right angles. 

Analytically, in rectangular Cartesian co-ordinates, the matter 
is clear if ax^ -f- 21ixy -j- hy^ = 0, = 0 respectively denote 

the pairs of lines PQ, PR; PI, PJ. For a -|- 6 = 0 provided that 
RPQ is a right angle, or, equally well, if P{QR, Ijy = — i. 

By taking a general conic or quadric, as latent, we 
interpret non-Euclidean elliptic or hyperbolic geometry. If 
which is a degenerate conic, we can interpret 
Euclidean metrical plane geometry, by combining the theorems 
of §4 and §8. Thus if m — 2, n = Z, and the matrix of 
§1 (1) is orthogonal, then the required result is secured. 

EXAMPLE 

Thus in ternary S 37 mhols, let lx 0 denote the equation of the line at 
infinity, and = 0 that of the circular points, so that can be factorized, 
say 

Then {Xj, X 2 , X^} and (pj, P 3 } are the homogeneous co-ordinates of these 
points I and J. 

Furthermore, if / = ax^ denotes a conic whose tangential equation is 
then a covariant conic exists for the quadratics Ua,^, namely 

9 = (acoa:)® = 0 . 
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By tlie Clebsch principle this gives the locus of a point ar whose tangents 
to these conics form a harmonic pencil. Hence in Euclidean geometry it 
is the locus of a point whose tangents to a conic are at right angles. In other 
words the conic 9 is the director circle of the conic /. 

If this (acorr)^ is written down non-symbolically, whether in Cartesian 
or homogeneous co-ordinates, the ordinary results will be obtained. 

S-ucIl examples could easily be multiplied, and indeed they 
form a very attractive analytical projective geometry which has 
received comparatively little attention. 

11. Remarks on the Adjunction Theorem. 

It is very tempting to try to discover a general Adjunction 
Theorem to cover the case when any one or more given ground 
forms ‘ i <t>r latent for a linear transformation T, 

For if (/) means the complete projective system of concomitanis 
of a set of ground forms /, and (/, <j>) means that of the whole set 
of forms f and then any member of (/, cj>) is certainly an 
invariant of any transformation which leaves each latent. 
But except for a few cases, detailed above, when is linear or 
quadratic, the converse is not true. Nor has any general law been 
foxmd to determine restricted transformations for a given set of 
latent forms 9 S. How this converse applies is still an unsolved 
problem of the theory.^ 

It is possible to extend these methods of Study and Weitzen- 
bock to the case when a bilinear form is latent, and to the theory 
of double binary and other multiple fields (p. 240); but in all 
probability the most useful aspects of further work along these 
lines is to be sought in particular applications to ground forms. 

That this Adjunction Theorem breaks down for forms higher 
than the quadratic is perhaps one of the most remarkable facts 
of mathematics. It makes one wonder what would have been the 
history of geometry and natural philosophy, had the cubic or 
higher form been a possible absolute on which to base our metrical 
results. For never in the age-long story of measurement, from 
the discoveries of Pythagoras, about 500 B.o., to present-day 
speculations, has the geometer or physicist renounced the 
quadratic as his basis of measurement. The quadratic is one 
of the things which seem to have come to stay. The theorem 

1 Weitzenbock, Bncy. Math.. Wise., HI, 3, 6 (1922), p. 20. Burcbardt, 
Math. Annalen^ 43 (1893), 197—215. 
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concerning tlie squares on the sides r, ^ right-angled 

triangle, we can write as 

= (x\ x); 

but the latest speculations in general relativity would throw this 
theorem into its infinitesimal shape 

ds^ = dx^ dx^ — {dx 1 dx) 
as a special case of a universal formula 

== Spijfc dXi dxy. = 

in n variables x^, . . ., 

And what again would have happened if the absolute had 
been not even quadratic but only linear 1 

Why it is that the quadratic form should occupy this 
privileged position between linear and higher orders might well 
raise questions of considerable philosophic interest. 

12. Connexioii between Differential and Projective Invariants. 

It may be wondered why there has hitherto been such pre¬ 
occupation with the linear transformation, which after aU is only 
a very special case of what in general can be written 

T : Xi =/(a:/, x^,x,,') =-- x^ix^', x^', x,/) \ . 

)• 

where a set of independent variables x^ is transformed into a new 
set , Xn by definite functional relations not necessarily 

linear. Now the reason lies in the general difficulty of treating 
anything more elaborate. The linear stands in relation to the 
general transformation T, much as linear difierential equations 
do to the general theory of differential equations, or in kinematics 
as the velocity of a particle to a finite displacement. The latter 
may disclose quite an unworkable problem to which the former 
contributes a satisfactory first approximation. 

Assuming each x^ to he a regular function of each x/, and 
vice versa, we can write 
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for the first difEerential of eacli sc,- in terms of those of . But 
this is patently a linear transformation from the set 

{ dx^, .. ., } 

to {dxf, dx^, . . . , dxfy. Let us denote these sets by dx, dx' 
respectively. Then if .. . , are given fimctions of . . . , 
we can express each as a function of xf, . . . , xf, and any 

71 

linear form S c^dx^ as a linear form in dx^'. We write 

i = l 

C = S c^dXi = (c I dx) = {c' I dx'), 

i=l 

where a new set of functions cf is derived as coefiScients of dxi 
in C. But this is precisely the theory of contragredience over 
again, and we can accordingly speak of the set of functions 

^ Ipl > ^ 2 j * • • j 


as contragredient to the set dx. 


Example .— 

Writing in matrix notation dx = Mdx\ o = then 

where \M\ = |^4=0. | ~^ = |^ =*= 0 (of. VI, p. 126). 

Thus: 


Arising out of a general transformation x—^ 

transformation dx dx' whose matrix M = J 

together with a contragredient transformation c—■ 
c of coefficients of a linear differential form XcjdXj. 


► x' is a linear 

is non-singular, 

> c' for the set 


In particular let f — f(x) = /' {x') denote a given function 
expressed first explicitly in terms of the rr/s and secondly in 
terms of the x/’s. Then its total difierential can be written as 
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So, whatever function J is taken, the set 

\ cf cf ^ ^ ^ ^ ^ ^ ] 

is contragredient to [dx^, dx^, - . • , 

Once this algebraic idea is grasped—^tbat an inner product 

(' ^ dx\ is an invariant for contragredient sets, algebraic or 

diSerential—it throws light on numerous branches of geometry 
and physics, bringing them under the rubric of one mathe¬ 
matical doctrine. Thus it appears that 

Binary forms illustrate the differential geometry on a surface. 
Ternary forms illustrate that of ^e-relativity physics. 
Quaternary for ??is illustrate the present era of physics. 

EXAMPIJES 


1. The weli-knowTi formula 

ds^ — dx^ -f- dy^ 


for the sq[uare of the element of arc of a plane curve in terms of differentials 
in rectangular co-ordinates x, can be looked upon as a binary quadratic 
ground form in homogeneous variables \dx, dy'\. 

2. The analogous ternary formula 

ds^ — dx^ -f- dx^ dx^ 


for the arc of a space curve is again a quadratic. Then if a linear trans¬ 
formation dx —> dx' leaves this absolutely invariant, we have another 
example of orthogonal transformation. In this case 

ds^ — {dx { dx) — {dx' | dx') = ds'^^ dx = Mdx', 
and ilf is orthogonal. 


3. Or, again, the potential function F of three variables ajj, x,^, Xq leads 
to the important vector .^J^l 


contragredient to {dx-^, dx^, dx^). 


A full account of this differential theory can be read in many 
recent publications.^ But here it may be useful to refer to 
the likenesses and the contrasts between the algebraic and the 

An excellent introduction is given in the Cambridge Tract, No. 24 (1927), 
Veblen, Invariants of Quadratic Differential Forms. A larger work is the English 
translation of an Italian work: Levi-Givita, The Absolute Differential Calculus 
(Btrckio, 1926). Cf. Woitzenhock, Invariantentheorie, Chap. XIII. 
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diHerential theories. Both contam gromid forms, linear trans¬ 
formations, and concomitants relative or absolute, though they 
are somewhat disguised by having different names. Certain 
processes, too, can be recognized as identical. But in the 
differential theory emphasis is placed on the tensor (pp. 91, 
200 ), or set of coefficients of a multilinear form where 

tJTs . .. are called indices of covariance and rst, . . indices of 
contravariance. Thus a set is called a covariant vector and 
a^y a contravariant vector. 

It should be carefully noted that this use of the words 
covariant and contravariant is quite different from their use 
in algebra. 

From the algebraic point of view the most interesting fact 
of the differential theory of forms is the existence of a Beduction 
Theorem first discovered by Christoffel,^ whereby the problem 
in differential invariant theory of tensors and their derivatives 
up to a given order, is identical with that of the projective in¬ 
variant theory. It is noteworthy that from a physical point of 
view the most important algebraic forms are the linear 
the linear complex {ah\ xy), the quadratic and 

the quadratic complex (B | xyY — ^^ij, ki These quad¬ 

ratics figure prominently as the differential form ds^ = Y^g^dXidXj 
and the Riemann-Christoffel curvature tensor 

13. Prepared Systems. 

Although the general theory of binary forms is fairly complete, 
little is known of higher categories beyond the irreducible system 
of a ternary cubic and certain linear or quadric systems. The 
fundamental theorem works very w^ell for ternary forms, because 
{ahc), {olPy) are the only types of symbolic factor which may 
arise even if compound co-ordinates are utilized (§11, p. 210). 
Quaternary forms require implicit convolution (§11, p. 211) and 
thereby provide great complications. How, for instance, do the 
symbols of a linear complex {aa' | xy) fit in with the tjrpes {abed), 
a^r, (aydyS)? This has suggested the problem to supplement ike 
three fundamental symbolic types by further types so as to render 
all convolutions explicit. To such systems of symbolic types 
the name Prepared Systems has been given. 


CreTle, 70 (1869), 46-70- 
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The prepared system for quaternary forms^ consists of thirteen 
types: 

{obcd), {a^)i (a^yS), (aAb), (aA^), (AB), (aABa), 
(aABCb), (aABCfi), (aABODa), 

(aABCDBb), (cxABCDEp), and {ABGDEF), 

Here capital letters have currency two (§6, p. 37); and ii A=^a'a", 
B = h'h", &c., then {aABCb) is defined as 

{aAb') {b"Cb) — {aAb") {b'Cb) 

with analogous definitions for the others. A prepared system 
in general gives the complete system for all possible linear ground 
forms a^, . . ., , {A^tt^), . . ., {A^. | tt^), . . . , but at present 

nothing is known beyond the quaternary case. 

14. Quantitative Substitutional Analysis. 

Determinant, matrix, symbolic invariant, tensor, and group 
theory are but variations on one theme—^permutations and com¬ 
binations. Here algebra begins and here it appears to stay. 
But how many of us have ever thought it worth while to study 
the very ABC of substitutional processes? or have even inquired 
if they have an ABC? 

Suppose, for instance, it is known that a certain function 
f{x, y, z, u, v) of five arguments is symmetrical in ic, skew sym¬ 
metrical TTLy^ZyU and also in -y: then what are its characteristic 
properties? Is there a calculus behind this kind of inquiry which 
will obviate the necessity of examining every case for itself as 
it arises? There is. About thirty years ago Erobenius ^ and 
Young 3 appear to have made independent discoveries which 
lead to a systematic calculus of substitutions. Their work links 
these questions with the theory of matrix equations. By so 
doing, it gives a kind of canonical form to whole groups of 
substitutional properties. The bare fact that the natural sequence 
in this algebra is not of the order 1, 2, 3, . . . but rather is that 

1 Proc. Lcmdon Math, Soc. (2), 21 (1923), 381-88, and (2), 25 (1926), 303-327. 

® “liber die Barstellung der endJichen Gruppen durcli lineare Substitu- 
tionen BerlirLer Sitzungsberichte, 1 (1897), 2 (1899). 

® Proc. London Math. Soc. (1), 33 (1901), 34 (1903), (2), 28 (1928), 31 (1930), 
34 (1932), 35 (1933), 36, 37 (1934), and JoutticlI, 3 (1928), “ On Quantitative 
Substitutional Analysis Of. Phil. Trans. A., 234 (1936). 
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of 1!, 21, 31, . . . shows where the practical difficulties lie. Napier 
was prompted to invent logarithms solely by the difficulty of 
computing long multiplication sums. Can a like benefit, it may 
be asked, be found for algebra, and have these pioneers brought 
it within sight? 


MISCEIXANEOUS EXAMPLES 

1- If capital letters denote square matrices of order n, I being the 
unit matrix, and if small letters denote scalar numbers, prove that 

(J + pAB)A{I + qBA) = (J -f- qAB)A (I + pBA), 


2. Prove that {I + pAB)A(J + qBA)B{l -{- tAB) is symmetrical in 
Vo g .0 r. 

8. If A : B means AB—\ prove AzB = AX : BX, if | BX | = 4 = 0. 

A G 

4. If ——— .. . has the usual meaning, of a continued fraction, 
B D -\- 

provided that division is always performed on the right, investigate the 
law of successive convergents, PfQ, 

[With proper safeguards, the usual scalar law is true. If A = C'= ... = 

B = Aj, B s= ^29 ...» then Pn — Pn — Pn —2» Q)i== Qn—lAu -f- Qn--2» 


6 . Given 

A = 



0 " 

2 

6 _ 


and B — 


— 1 12 5 

12 11 9 

34 57 37 


find the most general matrix X, satisfying the equation AX = B 

(Bdinburgh,) 


6 . Show that A = 


0 12 
— 10 4 

—2 —4 0 

L —3 —7 —2 


3-1 

7 

^ satisfies the equation 

OJ 


^3 _{_ 83^ = 0. Obtain the Cayley-Hamiltonian equation (§2, p. 99) for 
A, and discuss the connexion between the two equations. 

(Bdinburgh.) 

7. If 0, 9 , 4^ arbitrary then the matrix 

cos 9 cos 6 cos 4 ^—sin 9 sin 4 ^, 

— cos 9 oos 6 sm 4 >—sin 9 cos 4 ^, 
cos 9 sinO, 

sin 9 COS0 cos 4^+0039 sin4^, —sin0 cos4> 

— sni 9 cos6 sin 4 ^ 4- GOS 9 cos 4 ^, sin0 sin 4 ^ 
sin 9 sin6, cos0 

is orthogonal. Express it in the form (/— B){I -f- where S is skew 

symmetric. 


iEdinhurghS) 
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8 . Prove that 



r 1 1 . - 


-1—1 


ra . -1 

A = 

[: : .J 

, B = 

1 

1 _ 

, C = 

1 

• to 


are commutative, and that the functions Ji -j- JB -j- C, BO -f- OA. + AB, 
ABO are scalar, and equal to the corresponding functions of the latent 
roots of A. {Edinburgh.) 

rl —1 1 —1 In 

4 _3 2—1 

9. Prove that if A = 6 —3 1 - then A^ — J, and 

4—1 

Ll . - . 

generalize the theorem. Prove that the characteristic equation satisfied 
by ^ is (23 — 1)2 (z — 1)-1 = 0. 


10. If TO, w, ^ are positive integers, and a function co satisfies the relation 

oi (to, TOi) d- CO (m, ib) = CO (to, h)y 

show that CO (to, m) is the (to, m)th element in a skew symmetric matrix. 


r ^““1 prove r aud 

L — sma cosaj L- smTOa, cosTOaJ 

give a geometrical explanation. 

If .4^ is a similar matrix for an angle prove A^ B commute and that 

Aa.Afi, — 


12. If X = 

~ a b c~ 
a b 

, P = 

1 

• 

Mi 

_j 


-CL- 


_• - P- 


then AP^ PA both have 


the same form, with constant values throughout the parallels to the leading 
diagonal, and zeros below. 

Generalize this feature- 


13- Ji Ay B are reduced to normal form PLP—^y QMQ~^ where L and 
M are diagonal matric^ both with to distinct latent roots . . . , X}i, 

and \L^, . . . , yiuy prove that a non-zero matrix X can be found to satisfy 

AX^XB 

if and only if A and B have at least one latent root in common. In this 
case X is called a commutant of A and B. 

PLet Y — P'~'^ XQy then BY — YMi and equate corresponding 
elements. 

14. If AX — XBy prove that X is a commutant of f{A) and f(B). 

[First prove X’^X = XB^^. 


15. Desargues’ Theorem ,—In ternary forms, let a, b, c, a', b\ c' denote 
coplanar lines. Show that the equation 

Px = {b'c'b)cx — (b' c' c)bx — 0 
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represents the line joining the intersections of b, c and of h\ c'. If ra; 
denote similar expressions for c, a and a, b prove that 

(jpqr) = — (ahc) {a'b'c') {(wf . hV . cc') 

"where 

{(wf . bb '. ccO = (abb') (a V) - (aW) {acc'), 

[Write p=lc — [lb, q= I'a — r = X'^b — \i"a, wLere X = {b'c'h), 
&c., are scalar. Then {pqr) = XX'X" (cab) — [x[z'[i."(5ca), ail other terms 
vanishing. The result follows by using the identities 

(h'o'h) (c'a'c) = (b'c'a') (c'bc) + (b'c'c) (c'a'b) 

(c'a'a) (a'b'b) = (c'a'b') (a'ab) + (c'a'b) (a'b'a). 

State the geometrical result, and the dual result involving points a, S, v, 

16. Prove the identity 

(ax .by, cz) + \ t .bz.cx)-\- (az .hx .cy) = 0 

between any six ooplanar points a, b, c, x, y, z. The symbols are eogredient 
and equally well can represent lines. 

Pappus' Theorem. —For six copianar points A, B, G, X, 7, Z, if AX, 

BY, CZ meet in a point, and AY, BZ, CX meet in a point, prove that 
AZ, BX, GY do so. 

[Expand each compound determinant. 

17. If (^ax .by .cz^) = (^axh) (ycz^) — (^axy) (bcz^) where the symbols 
are seven eogredient points in the quaternary field, prove that tMs expres¬ 
sion equated to zero is the equation in $ of the quadric surface containing 
the lines ax, by, cz as generators. 

[The point Xct -f jjur lies on the surface, <&c. 

18. Prove the identity 

(^ax . by . cz^) + (^ay . bz . cx^) + (^az. hx . cy"^) — 0. 

If ABCXYZ is a given skew hexagon in space, prove that the quadric 
surface containing AX, BY, GZ as generators, and that containing AY, 

BZ, CX as generators, and that containing AZ, BX, <77 as generators are 
linearly related and have a common curve of intersection. 
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l^IlSCELLAXEOUS PROPERTIES OF DETERMINANTS 

1. Remark on the Pimdamental Identities. 

In the first edition of this book the formula 

{abed) (efgh) == (adef) (hegh) .... (1) 

appeared at (30) and (31) of p. 43, but with a wrong sign throughout 
on the right-hand side. This serves to illustrate the importance 
of stating a ready rule for fixing the signs in any such identity. 
Such a rule is this: the arrangement of all the single letters 
a, .. ., ^ of every term on the left must belong to one class, say 
while that of every term on the right must belong to the 
opposite class, say (7_. If so, no further sign is needed. The 
proof which leads to identities (33), (34) of p. 43 and I, II, III of 
p. 45, and so on, really secures this, and it ultimately depends 
on the 2n-rowed determinants which involve all the letters of 
the pair of ^?^-^owed determinants occurring in a term of the 
series. 

In practice, on being given the series on the left in the above 
identity, we may obtain that on the right with its correct signs 
by interchanging e with h and/with c, and then removing aU the 
dots from def and placing dots over all the once undotted letters 
oho of the first factor. Again, each of the above series is equal to 
a further series 

{abeg) (efdh) .(2) 

which is written down by assembling d along with ef in the 
second factor, thus displacing g, and then transferring the dots 
from def to gh. 

A good illustration of these operations is to regard the matrices 
A = ahe, B = defy C ~ gh b>s three sets of library volumes, all 
of equal thickness, arranged to fill two equal shelves. The obvious 
fact that one such set must be broken, and that this may be 

334 
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either A ox B ot is a helpful clue to the existence of the three 
modes of the same expression as given in (1) and (2), if it be 
noted that the constituents of the broken set receive the dots. 
Explicit convolution (p. 46) is the assembling of a complete set 
upon one sheK, while implicit convolution indicates that a set 
is distributed over two or more shelves. 

Bach identity is the result of assembling a given broken set 
upon any one sheK. For instance, if a third factor (pqrs) occurs, 
we may assemble B in this factor and obtain 

{abed) {efgh) {pqrs) {abep) {qrgh) {defs). 

This follows from a twelve-rowed determinant Ag expressed in 
two equivalent ways as in (40), p. 47. 


2. Partitions by Rows and Columns. Double Currency. 


At p. 37 currency has been defined by colu m ns. It is useful 
to extend the definition to rows also. Just as A and B have been 
used to denote the fixst r and the next n — r columns of a deter¬ 
minant (or matrix) of n columns, so let X and Y denote the first 
s and next n — s rows. More precisely let the deter m inant be 
written 


A = 


U. 


■Bx! 


where, for example, A = ah, B = cd, X — 123, X = 4, and 


I i — 


aha. 


cd^ 


Here ah-^^ denotes the submatrix consisting of the first two 
columns and first three rows of the whole determinant (or matrix), 
with analogous meanings for the other submatrices. Evidently 
tbi« process of partitioning by rows can proceed independently of 
that by columns. 


3. Conformable Partitions for Addition and for Multiplication. 

It is an immediate consequence of the definition of matrix 
addition that, when two matrices are partitioned into submatrices 
in the same way by rows, and also in the same way by columns, 
then the same law of addition applies to the submatrices as to the 
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elements composing them. Two such matrices are said to be 
partitioned conformably for addition. 

For example, [P, Q~\ + [R, /S] — [P + i?, Q + provided 
that the submatrices P and P have the same number of columns, 
and so have Q and while all have the same number of rows. 

Two matrices are partitioned conformably for multiplication 
when the column partitions of the fore-factor agree with the row 
partitions of the after-factor. This at once allows the rule of 
multiplication by row into column to operate without further 
breaking the partitions. 

For example [P, Q] = [PF QW~\ provided that P has 

the same number of columns as F has rows, and Q has the same 
number of columns as TF has rows. Also P, Q have the same 
number of rows and F, IF the same number of columns. This 
follows at once from the definition of matrix multiplication. 
More complicated examples of partitioning both by rows and by 
columns, whether for addition or for multiplication, are easy to 
construct. 


4, Schweias’ Theorem. 

Consider a d 3 terminant from which a rectangular (or square) 
block of elements have been removed, as for example 

a^ bj^ Cj • • • 

^2 ^2 C2 . 

% 63 Cg <£3 63 /g 

^4 64 C4 d ^ ^4/4 ^ 

*^5 ^5 ^5 ^5 ^5 Js 

^6 ^6 ^6 ^6 ^6 y *6 


If this is expanded by the y Laplace development it yields 

S (< 26)12 (^^}3456 • ^^<3. since neither suffix 1 nor 2 can occur with 
dy e or/, we infer that a, 6 , c alone are deranged, and 


A — (<^6)12 (cc?^) 34 ge. 

By the same reasoning the (3 j 3) development yields 


A = (<26c)i23((f#)4*5*6- 
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TEe conseq^uent identity 

(“&)ia(«^e/)3456 = W'bc)-^.^(def)iil„ 

wMcE is obviously akin, to the Sylvester identities of an early 
chapter, was discovered by Schweins as early as the year 1825 
in all its generality. We take such a determinant A of n rows 
and columns, with a vacant array in the first 'p rows and the last 
r columns. The corresponding Laplace development then yields 


the identity 



A = 

Ar 

0 , =AABO),,^(AB)^fOi. (4) 
B^ G, 


This is Schweins’ Theorem, although his original statement and 
proof were much more cumbersome. Here are square 

arrays of p, q, r rows and columns respectively, so that 

In the above example ^ = 6, p — q ~ r = 3, A — ah, 
C = def, X = 12, T = 3, Z = 456. If ^ = 0 then A 
merely factorizes into (A^) (B^). 


1. Expand 


EXAMPLES 


6i Cl 

_ C 2 

^3 ^3 ^3 ^3 


and deduce that 
(ahc\^-d-^= {ah)^^(cd)^^. 


2 . (abcd)^—(efg)-^ = (abode) 

[Place the zeros in the lower left block of A. 

3 . (abcd)-^—(efa)-^^ = (abc(U)^^{fa)^^. 

4. (abcd)^-(eab)-^^= (abode) 

All these identities have arisen through equating two separate 
Laplace developments of A, one by rows and one by columns. 
Had these operations proceeded in succession, still another form 
of the expansion would emerge. For instance in Ex. 1 we should 
then obtain {ab\^cgdi, where separate marks • and — must 
now be used, to denote the separate determinantal permutations 

(d884) 
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Erst of ah, c and next of 3, 4. In aU it is a series of six terms. 
In general 

A = 

We shall call this a double Laplace d. velopynent of the determinant. 
It applies usefully whenever A has a square or rectangular block 
of zeros: and the method was used on p. 102 for a bordered 
determinant, with a square block of zeros. 


5. Further Use of the Unit Matrix. 


Let (123 . . . n) denote the determinant | | of the unit 

matrix, where 1 denotes the column {l, 0, - . . , O}, 2 denotes 
{O, 1, 0, . . . , 0} and so on. This gives a very easy way of ex^ 
pressing the cofactor for any element in a general determinant. 
Thus, in (abed), 

Oj . Cl d. 


= (aZed) = 


<^2 

Og 

«4 


^2 d^ 

1 Cg dg 

. C 4 d^ 


for on-multiplying the second column here by we obtain the 
expression which is equal to A when = b^ = 0. This 

gives a useful rule for denoting the cofactor of in A: namely, 
replace of column m by the integer i. 


EXAjVIPLES 


1 . What cofactors do (16c), (26c), (a3c), {abl) represent in the three- 

rowed determinant {ahe) = | 62 I ? Write them out explicitly. 

Ans. Those of a,, 63 , c^. 

2. Veriify" that (12cd) represents the eofactor of (« 6 )i 2 in {abed). Gen¬ 
eralize this feature. 


I 

Aq 

B^ \ 
B. 1 

[ (ibed) {a2cd). 

■^1 

Cl 

A 1 



C 2 

-Do 

— (ibed) (ab2d) (abc4). 

■^4 

C 4 

A 



The above examples throw certain minors occurring in the 
ad jugate determinant [ A-^B.^G^T>^ [ into a new form, let us say 
the dilated form, where every minor is expressed as a determinant 
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of tlie same order as the original. By the fundamental identities 
we obtain, from Ex. 3 and 4, 

{12cd) (abed) and (1624) (abed)^ 


respectively. But 

(12cd) = (cd)^, (1524) = 

Hence | A-^B^ | == | | A, 


1 6, 

6^ 1 

K . 


( 5 ) 


This method gives another proof of Jacobi’s theorem on the 
adjngate (p. 79), and it also indicates how to prove the general 
theorems epitomized in the examples of p. 56. 


6. Schweins’ Series. 

Besides the theorem already given, Schweins found an im¬ 
portant series, in 1825, for the expansion of the quotient of two 
n-rowed determinants wMch differ only in one column, say of 
(ah . . . cd)l(ab . . . ce). This series is of great use in many branches 
of algebra and analysis; and many interesting cases arise by 
treating d or a as a column, of the unit matrix. The series, which 
depends upon the repeated application of Jacobi’s theorem on 
the adjugate, is illustrated by the following examples. 


EXAMPLES 

1. By applying Schweins’ Theorem to the determinant 


(Xg 

CL, 

fel 

Cl 

Cg 

Cl 




prove that (<zbc)x2z ~ 

{abcd)x23i, which is a particular case 

“'1 

&2 

'^1 

C 2 

'^1 

2»2 


of Jacobi’s theorem on the adjugate. 
2 

«3 

&3 

^3 

«3 

Z >3 

d's 

[Use the -- and 3 ! 3 developments. 

«4 


C4 

«4 

^4 

d'A 

4 


2 . Provided that none of (^^)234 vanish, prove that 

(a&cd)i234 _^_ (a6)23(^<^)i2 _ (<z5c)234(&cd)i23 ^ 

(bcd)2- 1 - 62 ^2.{P^)2S, (^^)23 (^^^)234 

which is a case of Schweins^ Series. 

[The sums of the first two, three, four terms, respectively, of this series 
are Jacobi’s theorem. 

62 (^®)23 (®^^)234 
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+ —• 

{QhCB)iiy^ (^^^)l23 (®^^)l234 (®^)l2 (^^®)l23 % (®®)l2 % 

{8chweins‘ Series, 1825.) 

4 == (g^^’) (cf^a;) {dxy) 

(ah^ ^ (acoj) {a6c) {cooy) {acx) {cxy) ’ 

jabc) (gy5) (flga:) {axy) {cyz) _ (a;yc) 

{a 52 ) ' {ahz){ayz)~^ {ayz){xyz) {xyz)' 

[Use the fundamental identities. On putting the unit matrix for xyz these 
series revert to series of tj^pes shown in Ex. 2 and 3. 

5. Generalize the above results. 

[In Ex. 1, take m X (m + 1) for the size of the zero block. In Ex. 2 
the left-hand denominator is an w — 1-rowed minor of the %-rowed numer¬ 
ator. 


7 , Dodgson’s Method of Evaluating a Determinant hy Conden¬ 
sation. 

Eorm the sequence of determinants whose orders are indicated 
by their suffixes: 

^ ^1 • • * (^^)l2 (^'^)l2 • • * 

A„ = a.2 . • • , = i^)zz i^^)2z ' • • 


((ihc)i2z {bcd)i2z 

An-2 “ (^^^)234 (^^^)234 


then the last A^ is a single term . )i 2 ... which is A^. These are 
formed by cross multiplication of each set of four adjacent ele¬ 
ments and then dividing by their common pivotal element. It is 
the technique already used in Ex. 2 above. Thus, in A^_ 2 , (<^^< 2)123 
arises from the leading two-rowed minor of A^-t divided by 
Aitken modified the method to suit the case when it fails through 
the vanishing of this pivot. 


Example .— 

Evaluate the four-rowed alternant a^b^c^d^\ directly by Dodgson’s 
method. 
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8. The Bordered Unit Matrix and the Binet-Canchy Theorem- 

The bordered imit matrix, which is an important type of 
bordered determinant, may be written 

^ ~ X. I ~ ^ •..» 

where I denotes the n Y. n unit matrix, X is a set of r columns 
Xy . each of n elements, and A is a set of r rows a, 6, .. . each 
of n elements. The proof follows at once by a double Laplace 

development as before; and the summation has terms, due to 

the combinations of r distinct suffixes in a term. 


Example ,— 

• » CL-i CL^ <23 CL^ 

• • ^2 ^3 ^4 

a?! ^1 1 , . , a series of 

ajg 2/2 . 1 . . six terms. . . (7) 

x^ yl .. 1 . 

y 4. ‘ - • I 

If r = Uy A = (—Y \^ \ I 1 5 which is now a product of 
two !«,-rowed determinants; and if r > n then A vanishes. We 
may, if we prefer, change the sign of each element in X, writing 
—X instead; and this avoids the awkward sign preceding the 
summation. Thus, for odd or even r, 

j =S(ffi6. (a^ •••)«...==(-4|-X^)- (8) 


Hence the bordered unit determinant is expressible as an rth 
compound inner product, or bideterminant (p. 82), the width of 
the border being r. 

ISfext, let Ir be the r Y r unit matrix. Then, by matrix multi¬ 
plication, 

. A Ir . AX A R A 

—X I XI —X + X I . I ^ ^ 


where R = AX is an r X r matrix. But AX == 


, while 


the two determinants in the left-hand side product (9) are (A \ X) 
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and unity respectively; and tEe right-Eand side of (9) is | | 

simply (p. 32). Hence 


. A 
-X I 


AX\ 


ay 

6. b„ 


( 10 ) 


By equating (8) and (10) we obtain tEe Binet-CaucEj tEeorem 
(p. 81), wEicE can be written more succinctly as 


{A\X) = \AX\ 

9. Bideterminants. 

Bet tEe bideterminant be written as follows: 


(11) 


(A\X) 


*1 .. 

.. 


y ± • ■ 

. . 

^2 ^2 * ■ 

. . ^2 

X2 

Vz • • 

. . 2^2 

b ^ . . 



Vn 

. 


( 12 ) 


witE r columns on tEe left and r columns on tEe rigEt of a central 
vertical barrier. TEose on tEe left are tEe transposed of tEe 
matrix A; tEose on tEe rigEt are tEe matrix X. TEis bideter¬ 
minant tEerefore admits of an expanded form (8) in terms of 
7-rowed minors cEosen in pairs from A and X, and also of a 
determiTiantal form 


Az ^xby . • - dg 


(13) 


(14) 


as in (10). Several of its properties wEicE Eave been given on 
p. 82 may now be supplemented: namely, the hideterminant is 
uyialtered by 

(i) tEe intercEange of any pan of rows, 

(n) tEe operation row^- -j- p row^-, row^- — p row^- 
appEed to its left- and rigEt-Eand matrices respectively, 

(iii) tEe insertion or removal of a completely zero row. 

TEe proof of (i) follows from (13), since aU its parts aaj(= S%ir*) 
are symmetrical in tEe row sufiS-xes i. ISText (u) follows since 

- .4~(az"!-p%)a7f+. . .+% (a?,-—pa;^.) + • ■ - A-Cf^n^n 

for all values of p, wEile (iii) involves adding or subtracting zero 
terms only. 
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Bideter m inants are useful in numerical cases, but we shall 
now consider one of their general properties which throws light 
on the dual form of the Sylvester identities. 

Consider the identity 


% 





2a 



61 


iTi 

Vi 

% 

a <^ 

62 

hz 

^2 

X ^ 

2/2 

^2 


<^2 



2^2 


2^2 

a ^ 

^3 

x ^ 

Vz 

% 



h 


^3 

yz 

% 


• 


• 


—% 


- 



1 % 

2/1 

- 

• 

• 

C2 

• 

- 

^2 


• 


<^2 

X .2 

2^2 


• 

• 

^3 

- 

- 



• 


<^3 

i ^3 

yz 



which follows from (ii) by the operation 

upper — lower haK matrix, lower -f- upper half matrix 

applied to the bideter min ant on the left. Both bideterminants 
can either be expanded or take determinantal form. The latter 
in each case gives 

C^u; Clfy 

ha: , where == %% + (16) 


which is a determinant of the type needed in Schweins’ Theorem, 
with a zero block of elements (here a single element). The absence 
of Cg is due to cancelling, within the six-term series, of the 
relevant columns, as inspection will show. The former operation, 
expansion by three-rowed minors in pairs, yields the result 

{abc) {xyz) — {ab | xy) (c\z) = {ah | yz) {c | x) — {ah j xz) {c ) y\ (17) 

which the reader may verify by taking each bideterminant in the 
form S {ahc)ijjc {xyz)^^]., summed for aU possible choices of three 
out of the six rows, and allowing for the zero elements. The 
identity just obtained is of course trivial; but it suggests a more 
general result. In fact, the same reasoning gives the identity 

ahcdxyzt ah x y z t 

. c d ~z —t c d X y . . ^ ^ 

from the above operation, this time applied to an 8-column ed 
and 2rz--rowed bideterminant, each letter denoting a column of 
n elements. Let each bideterminant be expanded by its four- 
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rowed minors in pairs. On the left the terms due to all possible 
choices of four distinct rows among the upper n rows sum up to 

{ahcd I xyzt). 

Three upper and one lower row [. . Cidi \ . , —Zi —yield 
— {abc I xyz) {d\t), 

which is a series of four terms, where c, d are permuted indepen¬ 
dently^ of 25, t, while the negative sign is due to the single column 
oi z OT t selected from the lower matrix. Two upper and two 
lower rows yield 

-j- {ah I xy) {cd [ zt) 


only, while terms involving three or more of the lower rows 
vanish, owing to zeros in their first two columns. On the right 
only one term survives. Hence 

{ahcd I xyzt) — {abh | xyz) {d\t) {ah [ xy) {cd ] zt) 

— {ah I zt) {cd I xy)i .(19) 


which proves identity (29) of p. 95 without recourse to its dual 
(27). The more general results (30) and (31) of the same page 
follow similarly from the identity 



A Qi 

„ M. ■ 

. S, 

• - Qi 

11 


P. Qi 

Pi 


( 20 ) 


The identity 


ABC. X Y . . 


A B G . 

. B G D . . Z T 


—A..D 


Y Z T 
. Z T 


( 21 ) 


which follows from the operation row 2 — row^ | row^ -{- roWg, 
leads by a similar expansion to the further result 

{AJB\XY) {CD\ZT) = Y.e{AiBG\XYZ,) {Aj,D\Z^T). (22) 

i 


Here A and X each have 'p columns, B and Y have q, O and Z 
have r, and ID and T have s columns, while all eight matrices 
have n rows. Moreover A = AiAj^ when partitioned into its 
first i and next Jc {= p — i) columns, while Z = Z^Zj^, j Jc — q. 
The summation runs through the values of i from p downwards 
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(and of h from zero upwards), wliile e = (—ppe series 
terminates as soon as eitEer A or Z is exEausted, wMcEever 
happens first. 

The most important case is that when C has one more column 
than A. For example, the identity 

a a' b c c' d' x x' y 
bed d' d 


a a’ h c c' 
—a — a' 


X X' 

d 



on expansion takes the form 

{ad b I xx' y) {cd d'd | zd z" t) 

= {aa'bcd d' | xx' yzz' z") {d\t) — {abed d' | xx' yzz') {a'd | z" 
-{- {bed d' I xx' yz) {aa'd | z' z"t). . . . (23) 


These identities are of course closely allied to those of p. 45. In 
each case the implicit convolution of C on the left is replaced 
by their explicit convolution on the right. The columns a oi A 
are removed one at a time (but always appear convolved ex¬ 
plicitly or implicitly), and a set of columns from Z and T is drawn 
into the right wing of the first factor to balance the currency of 
the left. 

The determinantal form of each of the above bideterminants 
is readily found to have one or more characteristic blocks of 
zero elements. 

Conversely any such determinant, with a rectangular block 
of zeros such as 


b^ 



% 

^17 ^7} frj 

d^ 


'y '^y 

Oz 


% = s n> Q, (24) 


can be written as a bideterminant 

A/__ ahcdefinql 

. . . . e f —X —V 


(25) 


(D 884r> 


2* 
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as is easily verified. "V\lien A' is expanded systematically as in 
(16) above it gives 

(abcdefl irj^xyz) — (abcde [ (/| z) 

4- {abed I (e/I yz) = A'' say. (26) 

Tims any determinant lacking a rectangular block of elements 
can be expanded in the form of a series (26). In eack term botk 
sets of letters a .. .f and i . , , z preserve their original order; 
but the sign changes at each successive term. In each term the 
letters ef are convolved, explicitly or implicitly, and so are xyz, 
corresponding to the original zero block in A. The series starts 
with all six letters of each set in one factor: thereafter one letter 
of each set is transferred to a second factor at each new term. 
The series ends as soon as one (or both) of the sets ef^ xyz are 
completely transferred; in this case ef. 


EXAIMPLES 


1. CTi \ 

&5 


«5 


di /i 

do ^2 4 

ds 63 ^3 

d4 

ds 

d, 


— (adede/) i23456 — (<^bcde)i2SiB 

+ (^3^2>Cd)i23i(®/)36* 


[Use the first six columns of the unit matrix for ^'fd^xyz. 
2. Prove that 


\aho 12 

63 C 3 d 3 1 - 6 c 3 4 I 

64 C 4 d 4 

where the bideterminant has 2n rows (ji > 3), and the numerals denote 
the first four columns of the n "X 71 imit matrix. 

3. Prove that each bideterminant of (21) can be written in the form 


Ax -j^x Ox 

I Ax Oy 

Bz Oz Dz 

. JB Y Gy By 1 


and give the corresponding determinants for (18), (20), (23) above. 


10. Kote on. Matrices. 

The formula XB — AB =f(X)I, which occurs on p. 100, shows 
that B can be written as /(A)/ (A7 — A) provided that the 

divisor is a non-singular matrix, which is the case when A difiers 
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from eacli latent root of A, Since tMs expression involves the 
matrices I and A only, it may be worked out in powers of A as 
an ordinary long-division sum; and since is a polynomial in 
A without remainder, the expressionmust, by the remainder 
theorem of elementary algebra, vanish* Each coefficient in 
this polynomial is a polynomial in as is apparent either from 
the formulse on p. 100 or from actual division. Thus B itself 
commutes with A. 

In special cases the matrix A satisfies an equation iff(X) — 0 
of degree less than its order n: for instance a scalar matrix 
[aS^-j] of order n always satisfies the linear equation A — oJ = 0. 
The equation of lowest order satisfied by a given matrix A is 
called its reduced, characteristic equation^ the theory of which is 
due to Frobenius.^ 

If A is a latent root of an ^2- X ^ matrix A then the matrix 
A — XL must be singular, for its determinant vanishes. Con¬ 
sequently its rows are linearly dependent and, let us say, S rovr^ 
= 0, where the coefficients x^ are not all zero. On writing x for 
the column of n elements we have at once 

{A — XL)x = 0, a? =h 0. 

This gives Ax = Xx, Conversely if this relation holds and x is 
not identically zero, then A must be a latent root of A : otherwise 
the matrix B = A — AZ is non-singular so that B-^ exists, and 
B~^Bx = X, which is impossible since Bx = 0, a? =]= 0. 

EXAMPLES 

1. Prove that the latent roots of a real symmetric matrix mast be real, 
and those of a real skew symmetric matrix must be pure imaginary or else 
zero. 

Let A denote the result of changing the imaginary i_to — i wherever it 
occurs among the elements of the matrix A. We call A the complex con¬ 
jugate of the matrix A, Likewise 6c is the complex conjugate of x. If 
Ax = Tur, then Ax — Xx. Whence, by transposition, x'A' = Xx'. Thus, 
by post-multiplication with x, 

x'A'x = 5^'x. 

Now x'x = 'Zx^x^, which is the sum of the squares of the moduli of the 
elements x^. It is real, and can only vanish if all x^ vanish. Hence x ^0 
implies 6c'x 4 = 0 . _ 

Again if A is real, A = A, and if symmetric also, A = A'. Thus x'Ax = 
Xx'x. Also x'Ax = Xx'x^ by pre-multiplication in the original equation. 

^ Of. Turnbull and Aitken, Canonical Matrices (Grlasgow, 1932). 
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Tims 7jx'x = Is-'x, so that X = T since the other factor is non-zero. Thus 
X must be real. _ _ 

Further if A is real and skew S 3 rmmetric, A = — A', so that X = — X, 
which means that X is pure imaginary or else zero. 

2. Deduce the result §S, p. 107. 

3. If A == A', A is said to be Hermitian. Prove that its latent roots 
must be real. 

4. If A'A == J, so that A is orthogonal (p. 152), and if A is real, prove 
that the modulus of each latent root X is unity. 

From x'A' = Xjk' and Ax — Xo;, we have x'^A'^Ax == Xkx‘'x, Put A = A, 
A'A — /, x'^x 4= 0. Hence XX = 1, which proves the result. 

5. If A'A = J, A is said to be unitary. Again XX = 1. 

11. The Case of Failure for Cayley’s Orthogonal Matrix (p. 156). 

From the formula AL = (J + ;S) (7 — S)-^ we may at once 
deduce the correlative result /S = (A + 7)“^ (A — 7), by the 
methods of ordinary algebra, provided of course that neither 
7 — S nor A + 7 is singular. This is so when A is any matrix 
whose latent roots differ from —1. Further, if A is orthogonal 
(real or complex), so that A'A = 7, it follows that S = — 
on simplifying the consequent expression for A'A; namely 

(7 _ ^')-i (7 + S') (7 A-S) (I- S)-^ = 7. 

Since there is a one to one correspondence between A and /S, it 
follows that such an A cannot be more general than this skew 
symmetric S{— — S'). Hence Cayley’s formula (37), p. 156, gives 
any orthogonal matrix whose latent roots differ from —1, and 
therefore not the most general orthogonal matrix. 

If, however, A is orthogonal and A + 7 is singular, then the 
formula must be modified and written 

A = e7(7 + S) (7 — S)~^ 

as in Ex. 4, p. 157, where J is one of the 2” matrices 
diag (±1, dzl, . . - , ±1) 

consisting of ±1 upon the leading diagonal and zeros elsewhere. 
Evidently J = J', = 7, so that A = JB also is' orthogonal, 

where B = {I + S) {I ~ 8)-\ Note also that JA = B. 

To prove that every orthogonal matrix (real of complex) is 
capable of the above form it suffices to show that at least one 
of the 2” matrices J allows JA to be free of the latent root —1; 
for then B can be taken in Cayley’s form, and the result follows: 
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Now if e7A + 7 is singular, so is e7(A!, -j- J) and therefore A J, 
since J is non-singular. If possible let all 2” matrices A 4- J be 
singular, and tberefore let all tbeir determinants [ X -f~ *^ | 
vanish. Select a pair of the J wMch differ in sign at the 

first element only but are otherwise the same. Then the deter¬ 
minants \ A \ \ A J 2 \ differ by twice their common 

first principal minor, as is seen on expanding each determinant 
by its top row. Hence this minor also vanishes: and this is true 
for all its modes, due to the further ambiguous signs. Eor 
the same reason the first principal minor of this minor vanishes, 
and so on until the last such minors, which are a^n zb 1> are reached: 
and certainly not both of these can vanish. Hence at least one of 
\ A ^ \ cannot vanish, and the theorem is proved.^ 

Example .— 

Prove that every unitary matris: can be expressed by the analogous 
formula 

J{I + H) (7 — H)-\ 

where Z?” is a Hermitian matrix and J = I unless H has unity for one 
latent root. (I owe this extension to Dr. A. G. Aitken.) 

12. Matrix Representation of the Binary Symbols. 

Recently it has been shown by Professor Temple how to 
explain the Clebsch-Aronhold symbols by means of matrices. 
Consider the following rectangular matrices 



where each column contains just the two elements x^. Let 
continued products be formed &c., all of which 

exist, since each X^ has as many columns as its predecessor 
Xr-x rows. It is then easy to verify that 

[ao, a J cc = a-Q + % X 2 , [^ 0 = ^2 a? = <^o % ^2 + ^2 ^ 2^5 

and, in general, if a = [xq, 

aX^Xn-^ • . . XoX = aQX^^ + + . . . + 

which is the binary n — ic with the set a for coefificients. 

1 This proof is due to Professor H. P. Baker. Cf, Principles of Geometry, 4 
(Cambridge, 1940), 252. 
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This continued product of rectangular matrices, which has 
rather unexpectedly produced a scalar result, can be associated 
with a certain matrix, written in partitioned form as 


consisting of zeros except for these rectangular sub-matrices 
which are arranged on the first over diagonal. For example, if 
n = 3, 




Such a matrix has ^n{n 1) + 1 rows and columns. 

Since B is linear in % and it can also be written 

Bx = B-^x^ B^x^, 

where and B 2 are constant matrices involving the a,-, and of 
the same size as B, Now let 

5o = 

be a matrix of the same size with the single unit at the top right- 
hand corner as its sole non-zero element. By raising B^, to its nth 
power it is straightforward to verify that 

where <f> = aXn^n-^ • - • which is the binary n-ic. 

It is also easy to verify that Bj^, B^ commute, and that any 








XXII.] 


AN ALGEBRA 


351 


term such, as is equal to Bq when t s — n, and vanishes 

when T s ':> n. Thus the ‘inutrices B^, B^ behave like the sym¬ 
bols, say ag, of ag a binary n—ic ; with this diSerence, that 
a combination of exactly n matrices B-^^ B^ corresponds to a 
matrix with a single element in the top right-hand corner, 
instead of to the element regarded as a scalar quantity. 


Example .— 

If u = 2, a = [czq, %, aol, X = Xg, then 


B^ = 


r- clx r* ‘ r* • 

. -B/= • . J = .8^’= 0, 


where cp = aXx == a^x^ 2a^XiX^ -{- a^x^. 


To polarize, we merely replace one of the x or by a corre¬ 
sponding y or Yi. Thus 

aXy — ax^y^ + + a-^‘X^y-^ 4- a^x^y^ = aYx. 

In general Yi_^ ~ Y,- Similarly for further polarization. 


These matrix symbols Bq, B^, B^ act as a homogeneous variety 
of the Clebsch-Aronhold symbols, replacing 1, a^, ao, by B^, B^, 
B^, and the relation ^ by <^Bfy= {B^os^ + 

they go further, for they enable us to link the symbolic theory 
of invariants with the abstract theory of linear associative algebra. 
The symbols Bq, B^, B 2 which belong to a given binary 7^r~-^c 
are said to belong to an algebra B. This B, which happens to be 
commutative as well as associative, consists of the elements B^ 
each of which can be defined as a polynomial in Bq, B^ and B^, 
together with a principal element I. Eor our purpose we can 
take this I to be the unit matrix of the same size as the previous 
matrices. Any element Bi, being a polynomial in jBq, B^, B^, 
then reduces to a set of terms containing, at most, /, Bq and terms 
of degree less than n in -Bx, ^ 2 - Those of degree n reduce to jBq, 
and those of higher degree vanish, as we have seen Thus every 
element is a linear combination S y^ of a finite number of ele¬ 
ments Ci which are in fact 

/, J5o, ^ 1 , ^2. • - - . ...,lcr + scn, 

where the coefficients y,- are ordinary complex numbers. This 
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set C constitutes a basis of tliis algebra, while these polyno¬ 
mials form a ring. (Of. p. 13; and p. 235, where the basis of still 
more general sets of elements is considered.) 

To represent more than one binary form, and to represent, 
products of degree higher than one in the coefficients, it is neces¬ 
sary to introduce still larger matrices which are called direct 
products of the factor matrices representing these binary forms. 
Ternary and higher categories can be treated in similar fashion, 
but the constituent sub-matrices are now more complicated.^ 

^ Of. G. Temple, “ Representation of Algebraic and Differential Forms ”, 
Journal London Math. Soc., 12 (1937), 114-120. D. E. Rutherford, Proc. Roy. 
Soc. Edinburgh^ 62 (1943), 25-27, who introduces skew commutative complex 
symbols. 



CHAPTER XXIII 
Stahdard Forms 


1. Compound Polarization. 


The theorem of p. 252 expresses anj form / in ^ cogredient 
sets of n variables as a form in certain compound variables 
modified only by polar operators, 



( 1 ) 


where each of pi and tti is an -ith compound of the original co¬ 
gredient variables. The same general result may be attained, 
but with greater flexibility, if we replace this by the alternative 
operator, of the ^th order. 





11 \ 
dv *' 7 ’ 


. . ( 2 ) 


which has already been discussed in Chap. VII. Here .. . = pf 
and xy,. so that these compound variables are now 

resolved into their ultimate components, each consisting of i 
cogredient points. We may suppose that operators such as A' 
are introduced for each value of i, and that polarization of a 
more general type is considered as a result of replacing each such 
A by A'. 

0 

For example, if /= {oh | xy)G^, then would yield 

A/ — {ab I where xy in/has first been replaced by its alter¬ 
native 772 = ^ operated upon this first factor 

only, leaving undisturbed. But 

= 2{ab I ^-ij)Ca, + (ah ] 057}) c|. 
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(Cf. p. 120 .) The first term is a niiraerical multiple of A/, whereas 
in the second term the variables i, 77 which appear in the operator 
A' are no longer explicitlv but implicitly convolved. By a funda¬ 
mental identity 

{ab I xr])c^ = {ah | ^r])c^ — {abc | ^ 773 ;). 

Hence A'/ = Z{ah | f 77 ) — {abc | ^ 773 ?), 

where the first term is 3A/ and the second is a higher (here a 
third) compound. Now this argument is general and proceeds as 
on p. 121 : for when Is! contains i variables x, . . . and i vari¬ 
ables i, rjj . . , , then A'f is a sum of terms Tj., where Tj. is obtained 
from f by substituting i for one x, 77 for one y, , and then 
permuting these 77 , . . . determinantally in their i ! ways. The 
different possible choices of 3 ?, in / necessitate the dijfferent 

terms Tj^. If r of the 77 , . . . , appear in one factor of a term, 
5 in another, and so on, then r! s! . . . terms are identical; and 
we group them together. 

Thus, in the above example, ^ replaces x in two ways, and 77 
replaces y in one way, giving two terms. The determinantal 
permutation of ^77 in the first term then yields the coefficient 2 , 
since {ah [ ^rj) — {ab | 77 ^^) = 2 j{ab | ir/). 

Moreover, any term Tj^, where 77 , . . . are only implicitly 
convolved, can be replaced by a term where they are explicitly 
convolved, together with terms vdth more than i such variables 
convolved. This follows from the fundamental identities involving 
two or more factors (p. 48 and ( 22 ) p. 344). In the case under 
view at least one term, say, has ^ 7 ] .. . explicitly convolved 
since we are considering a form f to which the original operator 
A applies. The requisite fundamental identity can then be 
written Tj, == + ST', where all the terms T' are of higher 

convolution. On equating Tj. in this way to each separate term 
T of the series A/, summing the results and then summing for 
k we obtain the further result 

A'/=AA/ + /', .( 3 ) 

where A is a positive coefficient and /' is a form with higher con¬ 
volution. Hence each polar operator ( 1 ) can be replaced systema¬ 
tically by ( 2 ), which in turn can be expressed as an aggregate 
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of simple polar operators | . Thus any form/is expressible 

as a series of terms ISf'F, where 

F’ == n {xy . . . 5i5} n {xy ... s} ... IT {xy] 11 {x} . (4) 

and A" is an aggregate of operators (2). 


EXAMPLES 

1. Show that (Zri | (ah \ xyY =- &(ab | xy)(ab \ 5-/j). 

Here there are four terms, due to two choices of £v and also of ?/• 
These terms yield the four distributions 

^ 7 ), ary; ar/j; a:y, ^ 73 . 

Determinantal permutation of 73 produces the term (ad | ^ 73 ) (u5 | a:y) in 
each case, but with the coefficients 2, 1, 1, 2, total 6 . (Contrast the 
example on p. 249.) 

2. (^73 I («& I a;2/) | = 3 (a 5 | ^73) (ac | a;y) 

+ 3 (a& I (ah | ^ 73 ) — (ale | ^ 730 ;) (a | y) — (ahe | ^ 73 ^) (a | x). 

2. Young’s Standard Forms and Tableaux. 

The forms F to which the general forms / have been referred 
are characterized by having their variables x^ y, . , . in. standard 
order. Consider such a form 

F = (ahc\xyz) (de\xy) (g'h\xy)h^ ... (5) 

where the letters a, h, . , . , k are the symbols belonging to the 
original form/, but deranged. To express/we may need several 
such terms F (differing among themselves by the arrangement 
of the letters a, ... ,k), together with polars of such terms. All 
this is comprised in the theorem of Clebsch. The next step is to 
find out how many of such terms F are linearly independent. 
This was first done by Young, who discovered a way of standard¬ 
izing both the coefficients a and the variables x. By so doing he 
rendered the theory very precise, and brought it into relation 
with the theory of groups as developed by Frobenius. 

Let the above form be written 

/a d g 

p = ( h e h . . ( 6 ) 



STANDARD FORMS 


[Chap. 


356 

wliere tlie symbols are now arranged in separate columns instead 
of in the separate factors. Tbus the second column de means 
that tbe second factor of F contains de, and therefore necessarily 

also, owing to the standard way in which the variables always 
appear in F, If the letters of the jth column are ^ 

this order, then theyth factor of the form F must be (piP 2 • - • 
I , . .). The suffixes 431 indicate the lengths of the rows in the 
diagram, which is called a tableau. Obviously there is no lack of 
generality in arranging the columns in descending order of length, 
each column starting from the same top row. This automatically 
puts the rows also into descending order of length. The partitions 
4+3 + 1 and 3 + 2 + 2 + 1 of 8 , which correspond to the 
lengths of the rows and of the columns respectively, are called 
conjugate partitions. There are 8 ! ways of arranging the eight 
letters in the tableau corresponding to the partition {431}, but 
owing to the nature of the original form F many of these ways 
belong to the same form: for instance, the six arrangements of 
ahe in the first column would yield ±jP thrice each: or again, de 
may be interchanged with gJi without altering F: but de inter¬ 
changed with ah would alter F. This suggests the inquiry, how 
many of these 8 1 forms differ, and how many of them are linearly 
independent? 

Let T 431 (and generally F^^a^,, he called a standard 
tableau w+en the letters appear in a fixed order upon each row 
and in each column. The form F is then called a standard form. 
This means that initially some conventional order, say the alpha¬ 
betical order, is adopted for the letters a, ... ,h and that this is 
to be regarded as their standard order throughout. This concept 
of standard order, which is of capital importance, was introduced 
into the theory by Young. The letters occurring in the tableau 
may contain repetitions, but not within the same column other¬ 
wise F vanishes ofi-hand. 

Eanmjp ^.—Siiow that 

c “) - c '■) - e ')• 

This expresses a non-standard form in terms of two standard forms, based 
on the alphabetical order a, h, c. 

lihc 1 xy)a^ = (czc ] xy)h^ — {ah [ xy)c^. 
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3. Young’s Standard Theorem. 

Every Olehsch form E can he uniquely expressed as a linear co 7 n- 
bination of standard forms which in turn are linearly independent. 
Proof, Let the letters in their standard order be denoted by 
Oj 1, 2, . . . respectively. If after arranging the elements down 
each column in ascending order the tableau is not yet standard, 
there must be a first element w'hich is out of order in the tableau 
read by columns from left to right. For example, in 


0 0 1 0 

1 2 3 1 \ 2 

4 3 4 )’ 4 3 

5 4 / 5 


(7) 


each column is in its proper standard order, but the 4 of the 
first column is the first element to be out of order. Mark with a 
dot this 4 and each succeeding element of its column, together 
with the 3, next upon its row towards the right, and all the 
preceding elements of its column. Since each column is in ascend¬ 
ing order, it follows that each marked element of the first column 
exceeds each marked element of the next column. Now perform 
the operation 45, upon these marked elements: in terms of 
the original form this gives an identity 

(01451 xyzt) (62^41 xyzt) ==(... 45023... | = 0 (8) 

/5\ 

(p. 344) where the series on the left, consisting of terms, is 

necessarily equated to a set of terms with all five marked symbols 
explicitly convolved, and therefore with at least five of the 
variables x, y, . , . also convolved. Since only four such variables 
are distinct {F ha'^ing only four rows), there must be a repetition: 
hence the expression vanishes. 

But this identity expresses F as a sum of terms in each of 
which at least one marked letter of the later replaces a marked 
letter of the earlier column. Also if a repeated letter now occurs 
within a column the resulting term vanishes. In any case each 
new non-zero F is of the same shape, but the sum of the integers 
within its first altered column is lowered. 

On repeating the whole process upon each such new F an end 
must be reached in a finite number of steps, since this lowering 
cannot go on indefinitely for a finite sum of positive integers. 
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Also when the end is reached and no element is out of order the 
elements can only be in standard order. Hence a standard form 
must finally be reached in every case. 

Next, these standard forms are non-vanishing and linearly 
independent. This follows by induction upon N the number of 
distinct elements 0 , 1 , 2 , . . . . For, in particxilar, let these ele¬ 
ments represent the consecutive rows of the unit matrix, so that 
= Oa; = Xq, 633 = la- = &c., where {xq, %, . . .} are the com¬ 

ponents of X. Similarly for &c. A standard form then reduces 
to a single-term product of compound co-ordinates, say 

/O 0 1 3\ 

^443 = ( 2 3 3 5 1 = {<ioyz)Q^^{xyz)Q^^{xy\^{xy\^, (9) 

5 / 

as is easily verifiable. Delete from this tableau the final (Nth) 
element 5 wherever it occurs. By the nature of standard tableaux 
this not only leaves the rows and columns in proper diminishing 
lengths but leaves them still in a standard form. This form 
furthermore denotes {^yz)Q^^{xy)Q^{xy\^x^, whieh is, the complete 
cofactor of the product y^z^ in the undiminished form F, Hence 
by induction upon N, starting with ( 00 ), that is with the 
form F is non-zero. Again, the product y^z^, which may usefully 
be called the most advanced product occurring in the terms of 
F, win occur in any other such F, provided only that the final 
element 5 occurs in exactly the same places in the other’s tableau. 
A linear relation between any F’s would then imply a linear 
relation between the cofactors of this most advanced product, 
that is between standard forms of A — 1 distinct elements. By 
induction again this is impossible since, in the case of one element, 
but one such form, namely (00 . . .), exists and it is non-zero. This 
proves the theorem. 

4. Enumeration of Standard Forms. 

’When all the elements of a tableau are distinct the num¬ 
ber of difierent standard forms belonging to the same partition 
. . . a*} of A is usually denoted by 

Sa.j^a .2 - ‘ ‘ afii with 0 .^^ ^ ^ ^ C£,^. 

Young found this number to be 

A" 1 n (a^ — — r + 5 ) / n (a,. + h — r)\ . (10) 
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where r and s run through all the pairs of values chosen from 

1 , 2 , . . . , h. This follows from the fundamental difference 
equation satisfied by the number, namely 

/tti ao . . , ==-f Jj-I, tto . . . a;^ ~r • • • "T~ faj^ ao . . . a^-l> ' (H) 

where unity is subtracted in turn from each of the h suffixes, 
giving Ji terms on the right-hand side. If, as a result, the monotonic 
decrease among the suffixes of a term is disturbed, the corre¬ 
sponding/is defined to be zero. 

For instance /s42 =/44a+/532 +/541. /saa =/222 +/321 
only since/312 ~ 

This difference relation is the immediate consequence of the 
standard construction of a tableau: for if, from all the distinct 
standard tableaux consisting of N different elements arranged 
according to the same partition {a^ . . . a*} of iV, we delete the 
final (or iV'th) element, we obtain all the possible tableaux enu¬ 
merated by the terms on the right of ( 11 ), and no others. 


This number is also given by the expression 

= . ( 12 ) 

where N\ is multiplied by an A-rowed determinant whose t^'pical ijth 
element is indicated. If cc^ <Z i — j the corresponding element of the deter¬ 
minant is zero; ii oc^= i — J it is unity. 

This is proved as folloA\'s: expand the determinant into its h ! terms 

each of which is then a multinomial coejBfieient ^ with h parts 

whose sum is N. By the fundamental property of such coefficients 
/ N \ / N-1 \ / N-1 \ 

\p, q, . . . ,rj — 1, g, , . ., r/ ^ ' \p, q, . . . , r ~~ 1/ 


whence by resumming for p, q, . . . , r the difference relation (11) is satisfied 
by the expressions (12). The proof is completed by induction. 


Examples .— 

1 . 


7! 


1 

1 

1 

3 ! 

4! 

5 ! 

1 

1 

1 

1 ! 

2 ! 

3 ! 

*1 

1 

1 

X 

1! 

2 ! 


= 21 . 


The reader wall find it instructive to work out why the determinantal form 
vanishes. In practice, to write down such determinants, first fill in the 
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aiain diagonal elements, which tally wnth the suffixes of f; then proceed 
by unit steps along each row forwards and backwards, placing zeros if 
necessary to precede 1/0!. 

2. Prove Young’s formula (10) by using Hodgson’s method for evaluat¬ 
ing the determinant. 

The process is interesting and straightforward. It is well to experiment 
first for the cases when h = 2 and h = 3. 


5. Double Standard Forms. 

AnotEer approacE to this tEeory of standard forms is to 
dispense witE polarization by introducing a double tableau. 
For brevity of exposition tEe trilinear form a^hyC^ in tEree 
cogredient sets of n variables will be considered. 

Let tEe symbols a, b, c be deranged in any manner; likewise 
tEe variables. We sEall tEen obtain six diffierent forms including 
tEe original, eacE repeated six times. Suppose tEat a double 
tableau notation be introduced and written 

I .. (1^) 


TEen bea | yxz, for instance, would denote one of tEese remaining 
Eve forms. WEat, it may be asked, is tEe effect of bringing tEese 
symbols hca back into standard order as before, and doing tEe same 
for tEe variables? TEe answer is tEat tEis can be done in every case 
provided tEat all possible tableaux, sEaped out of tEree (or iV) 
letters, are admitted, just as before. For tEree letters we may 

XX 

have tEe sEapes XXX, , X; and it is found tEat exactly 
^ X 

six forms, in double standard order, are necessary: 


Here 


ah 

xy ac 

xy 

c 

z ’ h 

z ’ a 

xyz\ 


; b 

ah 

xz ac 

xz c 

c 

\y' ^ 

y ’ 

— {ac 1 xz) by, and 

b y = {abc 


( 14 ) 


In tEis notation tEe single tableau, EitEerto used, sucE as 

Clb f 3(jX ^ 

would appear as ^ . TEe proof of tEese results is a corollary 
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of Young’s Standard Tlieoreni. TLe same systematic reduction 
is used upon botL. tbe symbols and tbe variables: tbe only dif¬ 
ference is that eacb fundamental identity will now introduce 
terms wbicb, so to speak, deepen tbe tableau, owing to tbe 
presence of unrepeated symbols and variables. Tbus, to reduce 
ahc I xzy by tbe rule of tbe theorem, we start on 2: tbe first element 
wbicb is out of order, and permute z, y determinantally, getting 

ahc I xzy = ahc | xyz -|- ' 

Tbis introduces a deepened form, where both h and 2: are out of 
order. Two separate operations are needed, and they replace 
tbis form by tbe four standard forms of its own shape together 

a X 

with a still further deepened form h y. Since these operations 

c z 

upon one wing, left or right, of a form either deepen tbe form or 
else leave tbe other wing undisturbed, they can be performed 
systematically, and tbe result is proved. 

Tbis suggests tbe remarkable formula 

S/2=S/|.a=...a,=-ZV! (15) 

or in tbe present case, with Y — 3 , 

/I +/2\ +/Ax = 1 + 4 + 1 = 3!. 

For tbe double standard forms can be grouped into classes as 
shown, one class for eacb shape of a tableau, and members of 
eacb class can be arranged in a square array by columns accord¬ 
ing to tbe diEerent standard orders of u, 6, ... , and by rows 
according to those of a;, 3/, ... ; in all members. Tbe formula, 
wbicb is due to Frobenius, can then be proved on first estabHsbing 
tbe linear independence of all these double standard forms. Tbis 
follows by showing that in any assumed linear identity between 
tbe forms, any one of the forms may be left non-zero at pleasure 

while tbe rest are caused to vanish. Tbus, ^ ^ being chosen, 

put a — b, X — y. Then all tbe forms to its right, or in its own 
class, in tbe arrangement ( 14 ) vanish. Operate on it with a, c 
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and all tLe forms (here one form only) to its left vanish. But we 
already know (p. 358) that the form is non-zero. Hence it is 
linearly independent of the rest. 

6. Polarized Double Standard Forms. 

Let the form , obtained by sjnnmetrizing the 

y c 

row (or rows) of a double standard form as regards its variables, 
be called a polarized double standard form, and be written 

ah xz 
c y ‘ 

Thea '=(^1-)^^ =(*.-)(f) 

c \ dx' G y dx' / 

in terms of the original notation for standard forms. This sug¬ 
gests the connexion between the present theory and the earlier 
work of Glebsch, Gordan and Capelli. By means of standard 
forms Young rendered the Gordan-Capelli series (which we have 
stated hitherto only in general terms) unique and precise. For 
the form in three sets of variable the series now runs as follows: 

6 = aba [ + 2 | 

This may easily be verified. On the right there are three classes 
(or shapes) of term. The first class has a single term, the second 
class has two terms, wherein both sets aho and xyz are not only 
in standard form but strictly match each other, a with x^ h with 
y, and c with z, in each term. The third class has one term. 
Each class has in fact/c^ terms, where a as usual denotes the shape 
of the class. Finally the numerical coefficients of the three classes 
are 1, 2, 1, which are once again the values of /^. On counting 
the number of forms on each side of this Gordan-Capelh series 
(which is the same thing as equating the 3x3 matrices \ahc\ 
and IpcyzJ to the rows and columns of the unit matrix), we revert 
to Frobenius’ formula, here 6 = 1 + 4: + Ij and in general 
Y! = The Gordan-Capelli series for the case of N distinct 
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factors a^. hy, . . , of the form cj) = a^by. , . can be written 
uniquely as 

S/4S [Ap\Xp + ^±A^\ X^]}, 

a p y - 

where and denote corresponding standard forms within 
the shape a, the outer summation running through the number 
of drffierent partitions a of N, the first inner summation running 
through the number/^ of standard forms of this same shape, 
while the su mm ation for y runs through a certain definite 
selection of the same standard forms each accompanied by an 
appropriate sign. This y summation is absent in the instance 
quoted above, and makes its appearance first when iV' = 5. 
It is beyond our present scope to give a formal proof of this 
last result, the source of which—but in another notation, that of 
Quantitative Substitutional Analysis—may be found in Yoimg’s 
Third Memoir.^ The conception of standard forms has opened 
up a wide field of inquiry, in which considerable new develop¬ 
ments are still being worked out.^ These range from the syste¬ 
matic investigations of D. B. Littlewood, who has carried the 
classical theory of generating functions a stage further by linking 
it with Schur’s theory of associated matrices, to the geometrical 
applications of W. V. D. Hodge, who has solved hitherto in¬ 
tractable problems in enumerative geometry. 

1 Proc. London Math. 80 c., (2) 28 (1928), 255-292 (p. 266). 

The critical step introducing what has here been called Young’s Standard 
Theorem occurs on p. 259 of this Memoir. Cf. also Young, J ournal London Math. 
Soc., 3 (1928), 14-19. 

2 D. E. Littlewood, Jour. London Math. 8oc,, 11 (1936), 49. Proc. London 
Math. 80 c., (2) 40 (1936), 49. “Invariant Theory, Tensors and Group Charac¬ 
ters ”, Phil. Trans. (A) 239 (1944), 305-365, and 387-417. Proc. Cambridge 
Phil. 80 c., 38 (1942), 394-396, and 39 (1943), 197-199. 

H. Weyl, The Classical Groups (Princeton, 1939). 

H. W. 'Turnbull, “ The Invariant Theory of a General Bilinear Eorna ”, Proc. 
London Math. 8 oc.i (2) 33 (1932), 1-21, and The Theory of Critical Forms (1942). 

W. V. D. Hodge, Proc. Cambridge Phil. Soc., 89 (1943), 22-30. 

I). E. Rutherford, “ On the Relations between the Numbers of Standard 
Tableaux”, Proc. Edinburgh Math. Soc., (2) 7 (1942), 51-54, and “ On Substi¬ 
tutional Equations”, Proc. Roy. 8 oc. Edinburgh, 62 (1944), 117-126. 
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Complex, linear, 212, 329. 
quadratic, 258. 
quaternary line, 329. 

Complex variable, 243. 

Compound co-ordinates, 85, 86, 209, 249. 
determinants, 49, 87. 
inner product, 81, 83, 209. 
transformation, 163, 163. 

Cone, 299. 

Conformable matrices, 34, 336. 

Conic as binary form, 284. 
as ternary, 178, 286, 289, 298, 302. 
polar, 178, 286. 

Conjugate matrices, 5. 
points, 287, 289. 
primes, 287. 

Continued fractional matrix, 331. 

Contracted functional notation, 20. 

Contragredience, defined, 149. 
and correlation, 295. 
fundamental property of, 149. 
of point and prime, 150, 131. 

Contravariant, 206, 329. 

Convolution, implicit, explicit, 46, 325, 253. 
and resolution, 207. 
double, 193. 

Co-ordinates. See Cartesian, Compound. 
homogeneous, 3, 86, 151, 212, 265, 283- 
308, 31S, 325 - 
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Correlation, 295. 

Correspondence, 2S0, 2S1, 2QI. 

Corresponding matrices, theorem of, 79, 116. 

Covariants of binary.- fo’-ms, 143. 

as invariants of lii.e.ir 145. 307. 

defined, I44._ 

in the relativity theory, 329. 
of degree tvvo, 330, 274. 
of general forms, 206. 

Cramer, 13, 31. 

Cross ratio, 2S3. 

Cubic, binary', 344, 266. 
syzygy, 244- 

twisted, 386. 

CuUis, 296. 

Currency, defined, 37. 

Degree defined, 134, 172. 

Derangement, 13* 

Desargues, 332. 

Determinant. See Adjugate, Alternant, 
Compound. 
bordered, 101, 299. 
characteristic, 55. 
dcfinirion of, X7- 
dineremiated, no, 123. 
duality of, 51, 89, 93. 
expansion of, 19, 9S. 
extensional, 43—9, 287-^. 
functional. See Jacobian, 
irresoluble, 33. 
logarithm of, 124. 
multiplication of, 65. 
notation of, i, 27, 37. 
reciprocal, 66, 89, 103. 
skew symmetric, 105, 348. 
symmetric, 104. 

Decerminantal permutation, 27. 38, 43~5. 
48—51, 310. 

_as a differential operation, 121. 

Dinco-".’ rr.-'-riv. loi. 

Dic>'-.o-'. f. ■. ay's 304. 

Ditierential equation satisfied by deter- 
minantal series, 123. 
satisfied by normal forms, 256—8. 
forms, 327. 
invariants, 329. 

Differentiation of a determinant, 123. 

T>imcnsions of a group, 161. 

Discriminanr, 129, 131, 140, 191, 192, 2lS. 
of conic, 2S7, 29S, 322. 

Distributive lave, 57, 61. 

Division law, 57, 64. 

Dodgson’s method, 340, 360. 

Double binary forms, 13S, 243- 
con volution for quadrics, 193. 
suffix notation, 63. 

Dualitjs principle of, 362, 2S2, 2S4, 298, 301. 
and determinants, 51, 92. 
formal, 54- 

EJimination leads to invariants, 245, 274. 

Elliott, 332, 246. 

Elliptic geometry, 315. 

Equations, linear, solution of, 10, 75, 84, 195. 

Equivalence problem, 277. 

Equivalent forms, 277. 
symbols, 179, 191, 201. 

Euclidean geometiy, 315, 316. 

Euler, III, 157, 256. 

Extensionals, 43, 49, 2S7. 

Extrinsic terms, 116. 

Factor. See Symbols. 

Ferrar, 55- 

Field. See Binary, Tertiary. 
currency, 37, 54. 
number, 9. 

Finiteness theorem, 233-40. 

Fore and after factors, 64. 


Form, 30, 133, 16S, 176. 

Formal dual, 54. 

Forsj'th, 333- 

Frame of reference, 293- 

Franke, 108. 

Frobenius, 64, 128, 258, 330, 347. 361. 
Fundamental theorem, first, iSa. 
second, 224, 225, 314. 
afiine, 312. 

for general forms, 190, 303, 308. 
for linear forms, 1S3, 187. 
Hermitian, 322. 


Gauss, 12S. 

Gauss plane, 285. 

General fo-ms. 

Generate- (:u..d -c. 299. , 

Geomet^*, 280—96. See Cartesian, Co¬ 
ordinate. 

Gilham, 223, 307. 

Gordan, 172, 193, 214, 234. 23S, 242, 243. 

247, 2SS, 258, 307, 314- 
Gordan’s theorem, 233, 261- 
proof of, 238. 

Gordan-Capelli series, 253, 254, 25S. 270, 

273, 313. 363. „ 

Grace, 273, 274, 27S. 

Grace and Young, 114, 334. 238, 242, 246, 
2S3, 261, 284, 307. 

Gradient, 134, 231. 

expressed as sum of coefficients of co¬ 
variants, 270- 
Gram, 270—4. 

O—irs-^ann. “8. 

(Jrounc .b—1-. 172. 

CJ: 160. 

> 6 :, "iog. 

general projective, 161. 

Hermitian, 320. 
homogeneous, 309. 
isobaric, 310. 

Lorenz, 322. 
orthogonal, 160, 333. 

Group property, 283. 


Hamilton, 58, 99. 

Hr-r’.0’'5c T.'-rge. 283. ^ 

01 auadratic, 316- 
exxensional of, 28 7. 

Hermite, 159, 320. 

Hessian, iSi, 222, 231, 233- 
identical v'anishing of, 274. 

Hilbert, 172, 234, 235, 240, z6i, 3 14- 
Hod ge, 363. 

Holder, 57. 

Homogeneity, 30, 280. See Co-ordinates. 
of invariants, 171. 

Homographic ranges and transformations, 
291- 

Hyp erbolic geometry, 315- 
Hyperdeterminants, 132. 


Identical transformation, 161, 270. 
Identities, fundamental, 44, 334. 
binary, 213, 278. 
dual, 93, 344. 
general, 214, 278. 

Laplace, 41—56, 93. 

Sylvester, 45, 94—7. 

Improper orthogonal group, 322. 

Index law, 68. 

Induced transformation, 135. 

Inner product, 63, 83, 83, 316. 
compound, 83. 

Integration of a rational fimction, 28. 
Intrinsic terms, 116. 

Invariant, defined, 13S, 169. 
as elim.'n'fio'i 27<. 

as so of di-L-'t riii'il equation, 230. 

equations, 271 - 
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Invariant factors, 304- 


of ■ I--' ". 1S4, iSg. 

of -‘via-. 240. 


of amne group, 309. 
of orthogonal group, 130, 316, 330. 
process, 141. 
projective, 129, 139, 169- 
Inverse transfoxrnation, 135. 

Inversion, 243- 
Involution, 219, 2S4, 293. 

Irreducible systems of forms, 233. See 
Complete systems. 

Isobaric. See Weight. 

Jacobi, ratio theorem of, 77, 89, loS, 339. 
lemma of, 125. 

Jacobian, 124—7, I 5 ij 331 . 342, 337 - 
and canonical forms, 26S, 302. 
is a covariant, 143, 182. 
of a Jacobian is reducible, 323. 
of binary forms, 143, iSi, 219, 221, 2S4. 
of tw'O quadratics is harmonic to both, 284. 
product of two, 223, 307- 
rank of, 126. 
vanishing of, 126- 
Jessop, 304. 

Jordan’s lemma, 279. 

Kasner, 343. 

Klein, 334. 

Kronecker, 33. 

Lagrange, 138, 229. 

Laplace’s development of a determinant, 32, 

83, 323, 336. 

Lasker, 267. 

Latent points, 393, 396, 315- 
primes, 314. 
au'd-:r. 3-3. 

<;S. ;o;, .-72, 347 - 
L.-ac! co^.. . 326. 

di h e' -!>-'~-on by, 9S. 

Lelinen, 343- 
Levi-Civita, 338. 

Line co-ordinates, 85, 86, 285. 
geometry, 85. 

Linear dependence, 8, 50, 73. 
equations 6, 10, 285. 
forms, 31. 

forms, invariants of, 145. 

Linearity, 30. 

Littlewood, 363. 

Macmabn”. iig. 

3. 

commutative, 71, 333. 
diagonal, loi. 
tlermitian, 348. 

Jacobian, 337. 
null, 5- 

orthogonal, 132, I 53 “ 7 , 331 , 347 - 9 - 

reciprocal, 68. 

scalar, 71. 

singular, 70. 

imit, 68. 

Matrix properties, 34, 59, 70. 
and quaternions, 166. 
canonical form of, 296. 
function of, 71. 

goomofT'cal i-tcrpre*':r-on of, 29X, 395. 

Tr ill.-loj---:.'.’o”, : iQ. 

Mertens, 35S. 

Metrical properties, 324. 

Meyer, 334, 242, 30S. 

Minor determinant, 21, 26. 

Mixed concomitant, 206. 

Modulus of transformation, 169, 311. 

Muir, 29, 46, 87. 

Multilinear forms, 197—201- 


IVIultilinear invariants, 142, 261. 

Multiple fields, 240. 

Multiplication of matrices, 59—62. 
scalar, 61. 
fore and after, 64. 

Napier, 331- 

National independence, 334- 

Net, 260. 

Noether, 247, 258, 361. 

Non-commutative, 59, 119, 

Norm, 166. 

Nr.-rr n ^vc. 285. 

1. 255- 

Nuli matrix, s, 61- 
system, 295. 

Operator. See Aronhold, CapelU, Cayley. 
differential, 327. 

Order of matrix, i, 7, 17. 
of polynomial, 30, 133. 

Orthogonal. See Group, Matrix. 
inx’ariants, 315. 

Outer product, 183, 316. 

Pappus, 333. 

Parallel property, 310. 

Paniul fractions, 38. 

Pascal, 214- 

Peano, 243, 360. 

theorem of, 261, 314. 

Pencil, 218, 260. 

Permanent, 14, 251. 

Permutation, 13. 
determinantal, 37. 

Perpetuant, 346. 
double binary, 243. 

Picquet, 109. 

Platonic solid, 234. 

Polar, adjacent terms of, 251. 
foms, 137. 
prime, 386, 394. 
reciprocation, 295. 
symbolical expression for, 177. 

Polarization, no, 353. 

n-ocess, 207, 250. 

PclyiM''--.-.! .'unc -or of matrix, 71. 

Prepared system, 329. 

Prime, 86, 163, 2S2. 

Product of matrices, 61, 63, 71. 
inner, 63. 
outer, 183. 

Projection, 290. 

Projective property, 271, 290. 

determined by invariant equation, 272 

Proper orthogonal group, 316. 

Pythagoras, 335. 

S numbers, 59- 

u'-dmt'c. Ccv.'p.Vir system. Conic. 


.. rn-nsioici'-.v;-', 158, 315. 

reduction, 194. 

Quantic, 133- 
Quartic, 245. 

Quaternary variables, 263. 
Quaternion, 166. 


Rank of matrix, 5, 73, 75, 84. 

of quadric, 299- 
Rational curve, 2S5. 

Rationality^ 10, 12, 137, 233 320- 
Reciprocal matrix, 68. 
Reciprocation, 16, 2S3, 394 

rr?. 

TcS.'-09. 

R -.hi .. 129, 277. 

.'33, 326. 
Resolution, 208. 

Restricted transformation, 227. 
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Resultant, 275. 

Reversal law, 68. 

Riemr.’^ian ryeonnetr}’, 315, 329. 

J-.'-.L.-jne:::, 131, 155. 

K')/i; iCVv.^, 157. 

Rothe, 29. 

Rutherford, 352, 363* 

Saddler, 243. 

Salmon, 132, 302. 

Scalar instance of sjTnbols, 173, 177. 

Scalar matrix, 71. 

Schur, 363. 

Schwartz, 243. 

Schweins’ series, 339. 
theorem, 336. 

Self-conjugate simplex, 299, 304. 

triangle, 299. 

Seminvariant, 226. 

Similar forms, 259. 

dual forms, 262. 

Simplex, 84, 293, 299, 304. 

Singular matrix, 70. 

point, apolarity theorj’ of, 263. 

Skew sjtTnmetrj'', 105. 
of determinants, 105-7. 
of matrices, 36. 
of null system, 295. 

Smith, 33. 

Space of n — i dimensions, 282. 

Standard forms, 250 353-8. 

Standard order, 19. 

Strright line, geometry on, 283. 

Stroh's lemma, 27S. 

Study, 214, 243, 258, 325. 

Subgroup, i6r, 309. 

Submatxix, 38. 

Substitution, 128. 

Substitutional analysis, 119, 330. 

Summary' of matrix laws, 71. 

theorems on compound determinants, 108. 
Sylvester, 46, 55, 56, 87, 108,121,132,133, 
165, 227, S34> 350. 

Symbols, defined, 173,175, 198, 349. 
contragredient, 200. 

effect of linear transformation on, 183,201. 
Symbolic factor types, 182, 

Symbolic linear equation, solution of, 196. 
Symmetric function of roots, 134. 

matrix, 36. 

Syzygy, 224, 231. 
cubic, 244. 


Syzygy, finiteness of system of, 239. 
for qiwdratics, 220. 
quartic, 246. 

Tableau, 355. 

Tangential equation, 285. 

Temple’s symbols, 349-52. 

Tensor, 89, 90, 200, 329. 

Transference principle. See ClebscL 

Transformations, linear, 59, 128, 168. 
defined, 147. 
form a group, 160. 
general functional, 151, 336. 
induced, 135-7, 148. 

See Group. 

Transposed matrix, 5, 36, 71. 

Transposition, 70* . 

Transposition properties of determinants, 

38. 

Transvectants, 221. 

Turnbull, 46, 55, 243, 307, 363. 

Types, 217. 

Unit determinant, 32. 
matrix, 61, 68, 339. 

IHtan' matrix. 3.4;. 

L'ppLi'V.iTix por77, 89, 200. 

Vaidyanathaswamj, 243. 

Valency condition, 186, 190, 191, 231. 

Van der Waerden, 225. 

Variables, dual, 90. 
compound, 86. 

Veblen, 328. 

Vector, point, 36, 84, 86, 91. 
of orthogonal group, 317. 
prime, 36, 84, 86, 91, 
properties of, 59. 

Von Gall, 346. 

Wakeford, 267. 

Weierstrass, 105. 

Weight, 134,170, 310, 
homogeneity of, 171. 

Weitzenbock, 46, 214, 225, 239, 240, 258, 
261, 308, 309, 315, 325, 328. 

’ 363. 
ker, 55, 56. 

Williamson, 307. 

Young, 247, 258, 330, 355. See Grace and 
Young, 






